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Abstract

In order to study length minimizers on a generalized sub-Riemannian manifold,

we consider the optimal control problem associated to the polynomial driftless
control-affne systems on a finite dimensional smooth manifold with the Euclidean
topology such that the formulation coincides with the ordinary normal Hamiltonian

formalism in sub-Riemannian geometry in ordinary meaning. Then we have the

following theorem: for generic polynomial driftless control-affine systems such that

every degree of polynomial vector fields is sufficiently high and that the number
of polynomial vector fields is two or more, any non-trivial abnormal extremal is
strictly abnormal.

1 Introduction

A sub-Riemannian manifold is a triple such that a finite dimensional smooth manifold, $a$

subbundle of the tangent bundle on its manifold, and a Riemannian metric on the fibres
of its subbundle. In a sub-Riemannian manifold, there can exist length-minimizers not
depending on the metric but depending only the subbundle. These geodesics never rise

in Riemannian geometry, which are called abnormal geodesics.
By a rigorous application of the Pontryagin maximal principle of optimal control

theory, every length-minimizer associated to a sub-Riemannian structure is either a nor-
mal extremal or an abnormal extremal. Note that, abnormal extremals do not depend

on the metric but may be geodesic, and the two possibilities of normal and abnormal
extremals are not mutually exclusive. It may happen that an extremal is both normal

and abnormal. An abnormal extremal that is not the projection of a normal bi-extremal
is called strictly abnormal.

Until recently, it was not clear whether strictly abnormal extremals that actually

are length-minimizers can exist. Montgomery ([11]) and Kupka ([9]) seperately gave
an example of length minimizer and strictly abnormal extremal for a two-dimensional
subbundle of the tangent subbundle in $\mathbb{R}^{3}$ . Moreover, since different authors had written
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false proofs of the fact that an abnormal extremal cannot be length-minimizer associated

to a sub-Riemannian structure, Montgomery gave in [11] the list of several false proofs by

different authors. After that, Liu and Sussmann constructed in [10], [14] more examples

of strictly abnormal and length-minimizer by more simply proof.

Belliaiche widely generalized in [2] a sub-Riemannian structure. The metric in a

generalized sub-Riemannian structure is defined by using the system of vector fields on

a finite dimensional manifold. Note that, the metric can be defined even if the system

of vector fields is not always linearly independent everywhere on a finite dimensional

manifold. If linearly independent everywhere, then the system generates a subbundle

of the tangent bundle of the manifold and the metric in a generalized sub-Riemannian

structure is the same as the sub-Riemannian metric in ordinary meaning.

Bonnard and Heutte showed in the preprint of [3], that for a generic linearly inde-

pendent driftless control-affine system, any non-trivial abnormal extremal associated to

the sub-Riemannian metric in ordinary meaning is always strictly abnormal. After that,

Chitour, Jean and $h\acute{e}_{ノ}1at$ gave a more complete proof in the Appendix in [5] and had

generalized the result of Bonnard and Heutte in [6].

In our paper, we consider the length-minimizer on a generalized sub-Riemannian

structure by Belliaiche as an analogy of a sub-Riemannian geometry and generalize

the result of [5] to driftless control-affine systems including possibly linearly-dependent

systems of vector fields.

Let $X$ be an $n$ dimensional smooth manifold $M$ . Let $X=(X_{1}, \cdots, X_{m})$ be a system

of smooth vector fields over $M$ . Consider the driftless control-affine systems

$\dot{x}=\sum_{i=1}^{m}u_{i}X_{i}(x)$ .

Moreover, consider the optimal control problem associated to the driftless control-affine

systems to minimize the energy functional

$e(u)= \frac{1}{2}\sum_{i=1}^{m}u_{i}^{2}.$

on an $X$-admissible control with the fixed initial point and the end point. Our for-

mulation coincides with the ordinary normal Hamiltonian formalism in sub-Riemannian

geometry (see \S 2.2).
To formulate the main theorem, we reintroduce the important concept of an X-

strictly abnormal extremal (see Definition 3.1). An $X$-abnormal extremal $x:[0, T]arrow M$

is called strictly if it is not the projection of a normal X-bi-extremal. Let $VF(M)^{m}$

denote the set of systems of smooth vector fields $X=(X_{1}, \cdots, X_{m})$ over $M$ . We endow

$VF(M)^{m}$ with the Whitney smooth topology. Then, the following holds (see Theorem

3.2) :

Theorem $A$ (Y. Chitour, F. Jean, and E. Tr\’elat, [6]) Suppose $2\leqq m\leqq n$ . Then,

there exists an open dense subset $G\subset VF(M)^{m}$ such that, if $X\in G$ and if an X-

abnormal extremal $x$ : $[0, T]arrow M$ is non-trivial for the fixed initial point $x_{0}\in M$ and

end point $x_{1}\in M$ , then $x$ is strictly abnormal.
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Theorem A is the special case of Proposition 2.19 in [6] and Thom’s transversality theo-
rem (for instance see [8]) is used in the proofs of the result. However, since the proof of
Proposition 2.19 in [6] is hard to read and in particular, as an important part, the con-
crete construction of $G$ seems to be not written and the codimension of its complement
as a semi-algebraic set is not computed. Therefore, in this paper, we give more complete
proof of Theorem A in this paper, independently from Proposition 2.19 in [6]. Note that
the idea of the proofs of Theorem A are performed basically following the ideas from [5]

and Thom’s transversality theorem (for instance see [8]) is used in the proof.

Note that an abnormal trajectory is of corank one if and only if it admits a unique

(up to scalar normalization) abnormal extremal lift. It is strictly abnormal and of corank
one if and only if it admits a unique extremal lift which is abnormal.

On the other hand, we consider abnormal extremals for a generic polynomial drift-
less control affine system: Let $D=(d_{1}, \cdots, d_{m})$ denote an $m$-tuple of integers, and
$VF_{poly}^{D}(\mathbb{R}^{n})$ denotes the product space of $m$-tuple systems of polynomial vector fields

over $\mathbb{R}^{n},$ $Q=(Q_{1}, \cdots, Q_{m})$ , such that the degree of $Q_{i}$ satisfiies $\deg Q_{i}\leqq d_{i}$ for every
integer $i(1\leqq i\leqq m)$ , and we endow $VF_{poly}^{D}(\mathbb{R}^{n})$ with the Euclidean topology.

For $Q=(Q_{1}, \cdots, Q_{m})\in VF_{poly}^{D}(\mathbb{R}^{n})$ , consider the polynomial driftless control-affine
systems

$\dot{x}=\sum_{i=1}^{m}u_{i}Q_{i}(x)$

with the control parameter $(u_{1}, \cdots, u_{m})\in \mathbb{R}^{m}$ . Moreover, consider the optimal con-
trol problem associated to the driftless control-affine systems to minimize the energy
functional

$e(u)= \frac{1}{2}\sum_{i=1}^{m}u_{i}^{2}.$

on a $Q$-admissible control with the fixed initial point and end point. Then, the following

theorem holds (see Theorem 4.1):

Main theorem Suppose $2\leqq m\leqq n$ and suppose that, an $m$ -tuple of integers $D=$

$(d_{1}, \cdots, d_{m})$ satisfies the inequality: $\min\{d_{1}, d_{2}, \cdots, d_{m}\}\geqq 3n+2$ . Then, there exists an
open dense semi-algebraic subset $H\subset VF_{poly}^{D}(\mathbb{R}^{n})$ such that, if $Q\in H$ , if a $Q$ -abnormal
extremal $x$ : $[0, T]arrow \mathbb{R}^{n}$ is non trivial for a fixed initial point $x_{0}\in M$ and end point
$x_{1}\in M$ , then $x$ is strictly abnormal.

The ideas of the proof of the main theorem are performed basically following the ideas
from [5] and Tarski-Seidenberg theorem (for instance see [7]) is used in the proof of the
main Theorem.

In \S 2, we recall a generalized sub-Riemannian geometry by Belliche and consider the
necessary condition for length-minimizer on a generalized sub-Riemannian manifold. We

show Theorem A in 3 and the main theorem in \S 4 repectively.
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2 Generalized sub-Riemannian geometry and length

minimizers

In \S 2.1, we recall the generalized sub-Riemannian geometry by Belliche (see [2]). In \S 2.2,

we consider the geodesic on generalized sub-Riemannian manifold.

2.1 Generalized sub-Riemannian geometry

Let $X=(X_{1}, \cdots, X_{m})$ be a system of vector fields over an $n$-dimensional smooth man-
ifold $M$ . Given a point $x\in M$ , let $L_{x}\subset T_{x}M$ be the vector space over $\mathbb{R}$ generated

by $X_{1}(x)$ , $\cdots,$ $X_{m}(x)$ , namely $L_{x}=\langle X_{1}(x)$ , $\cdots,$
$X_{m}(x)\rangle_{\mathbb{R}}$ . Let $L\subset TM$ be the union of

the sets $L_{x}$ with $x\in M$ . In particar, if the system of vector fields $X=(X_{1}, \cdots, X_{m})$

is linearly independent, then $L\subset TM$ is a subbundle of $TM$ , and $L\subset TM$ is called a
distribution of $TM.$

Definition 2.1 Let $X=(X_{1}, \cdots, X_{m})$ be a system of vector fields over an $n$-dimensional

smooth manifold $M$ . Let $L\subset TM$ be the union of the sets $L_{x}=\langle X_{1}(x)$ , $\cdots,$
$X_{m}(x)\rangle_{\mathbb{R}}$

with $x\in M$ . Then 9 : $Larrow \mathbb{R}$ is called a generalized sub-Riemannian metric or a
generalized sub-Riemannian metric if for $w=(x, v)\in L,$

$g(w)=g(x, v)= \min\{(u_{1})^{2}+\cdots+(u_{m})^{2}|u_{1}X_{1}(x)+\cdots+u_{r}X_{m}(x)=v\},$

where $w=(x, v)$ is canonical coordinates of $L\subset TM$ , namely, $x\in M,$ $v\in L_{x}.$

Note that, if $X=(X_{1}, \cdots, X_{m})$ is linearly independent everywhere on $M$ , then the sys-

tem generates a distribution and the metric $g$ in a generalized sub-Riemannian structure

is the same as the sub-Riemannian metric in ordinary meaning.
Let $x$ : $[0, T]arrow M$ be an absolutely continuous curve. Then, $x$ : $[0, T]arrow M$ is

called $X$ -admissible (or $L$-admissible) if for a.e. $t\in[0, T],$

$\dot{x}(t)\in L_{x(t)}=\langle X_{1}(x(t)) , \cdots, X_{m}(x(t))\rangle_{\mathbb{R}}.$

Then, generalized Carnot Caratheodry distance $d_{CC}:M\cross Marrow \mathbb{R}\cup\{\infty\}$ is defined by

the following:
for $p,$ $q\in M,$

$d_{CC}(p, q)= \inf\{\int_{[0,T]}\sqrt{g(x(t),x(t))}dt$ $x[0, T]x(0)=p,arrow MX-admissiblex(T)=q\}\cdot$

Definition 2.2 An $X$-admissible curve $x$ : $[0, T]arrow M$ is called a length-minimizer if
the length of $x$ is equal to $d_{CC}(x(0), x(T))$ :

$d_{CC}(x( O), x(T))=\int_{0}^{T}\sqrt{9(x(t),x(t))}dt.$
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2.2 Necessary condition of length-minimizer

Let $X$ be an $n$ dimensional manifold. Let $x_{0}\in M$ and $T>$ O. Let $X=(X_{1}, \cdots, X_{m})$

be a system of smooth vector fields over $M$ . Consider the driftless control systems

$\dot{x}=\sum_{i=1}^{m}u_{i}X_{i}(x)$ .

with the control parameter $u\in \mathbb{R}^{m}$ . We denote by $\mathcal{U}_{xo,x_{1)}T}$ the set of admissible X-
controls from $[0, T]$ to $\mathbb{R}^{m}$ such that the corresponding trajectory to $u$ has a fixed initial
point $x_{0}\in M$ and end point $x_{1}\in M.$

We define an energy function $e:\mathbb{R}^{m}arrow \mathbb{R}$ by

$e(u)= \frac{1}{2}\sum_{i=1}^{m}u_{i}^{2}$ , for $u\in \mathbb{R}^{m}.$

Consider the optimal control problem to minimize the energy functional $C_{e}$ : $\mathcal{U}_{x0,x{}_{1}T}arrow \mathbb{R}$

$C_{e}(u)= \int_{[0,T]}e(u(t))dt=\int_{[0,T]}\frac{1}{2}\sum_{i=1}^{m}u_{i}(t)^{2}dt$ , for $u\in \mathcal{U}_{xo,x{}_{1}T}.$

It is known that the problem is equivalent to minimizing the length:

for $u\in \mathcal{U}_{x0_{\rangle}x_{1},T}.$

If $X_{1},$
$\cdots,$

$X_{m}$ are linearly independent everywhere, then the optimal problem (X, e)

is exactly to minimise the Carnot-Carath\’eodory distances in sub-Riemannian geometry
(see [12]).

The Hamiltonian function $H=H_{(X,e)}$ : $(T^{*}M\cross \mathbb{R}^{m})\cross \mathbb{R}arrow \mathbb{R}$ of the optimal control
problem (X, e) is given by

$H(x,p, u;p_{0})= \sum_{i=1}^{m}\langle p, u_{i}X_{i}(x)\rangle+\frac{1}{2}p_{0}(\sum_{i=1}^{m}u_{i}^{2})$ .

where $(x,p, u)=(x_{1}, \cdots, x_{n},p_{1}, \cdots,p_{n}, u_{1}, \cdots, u_{m})$ is the local coordinate of $T^{*}M\cross \mathbb{R}^{m}$

with a canonical coordinate of $(x,p)$ of $T^{*}M$ . Then the constraint $\frac{\partial H}{\partial u}=0$ is equivalent
to the following

$p_{0}u_{j}=-\langle p, X_{j}(x)\rangle, (1\leqq j\leqq m)$ .

For an $X$-normal extremal, we have $Po<0$ . Then we have

$u_{j}=- \frac{1}{p_{0}}\langle p, X_{j}(x)\rangle, (1\leqq j\leqq m)$ .
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Then

$H=- \frac{1}{2p_{0}}\sum_{i=1}^{m}\langle p,$ $X_{i}(x)\rangle^{2}.$

From the linearity of Hamiltonian function on $(p,p_{0})$ , we can normalize $p_{0}$ , so that

$H= \frac{1}{2}\sum_{i=1}^{m}\langle p, X_{i}(x)\rangle^{2}.$

Thus our formulation coincides with the ordinary normal Hamiltonian formalism in sub-

Riemannian geometry.
Therefore, by the Pontryagin maximum principle (see [13],[1]), the following property

holds:

Proposition 2.3 Let $x_{0},$ $x_{1}\in M$ . Let $u:[0, T]arrow \mathbb{R}^{m}$ be an admissible $X$ -controls and
$x$ : $[0, T]arrow M$ be the corresponding trajectory with a fixed initial point $x_{0}\in M$ and

end point $x_{1}\in M.$ Then, if $u$ is optimal namely, $x$ is length-minimizer, then there

exists a pair $(z,p_{0})$ of an absolute continuous curve $z:[0, T]arrow T^{*}M$ and a real number
$p_{0}\leqq 0$ such that, $x=\pi oz$ , and that the following equations hold: for any local canonical

coordinates $(x,p, u)=(x_{1}, \cdots, x_{n},p_{1}, \cdots,p_{n}, u_{1}, \cdots, u_{m})$ of $T^{*}M\cross\Omega$ with a canonical

coordinate of $(x,p)$ of $T^{*}M$ :

$\{\begin{array}{l}(1) \dot{x}_{i}(t)=\frac{\partial H}{\partial p_{i}}(x(t),p(t), u(t);p_{0})(1\leqq i\leqq n) fora. e.t\in[0, T](2) p_{i}(t)=-\frac{\partial H}{\partial x_{i}}(x(t),p(t);u(t);p_{0})(1\leqq i\leqq n) fora. e.t\in[0, T](3) \frac{\partial H}{\partial u_{j}}(x(t),p(t);u(t);p_{0})=0(1\leqq j\leqq m) fora. e.t\in[0, T](4) (p(t),p_{0})\neq 0. forevery t\in[O, T]\end{array}$

with $H(x,p, u)=H_{X}(x,p, u)=\langle p,$ $\sum_{i=1}^{m}u_{i}X_{i}(x)\rangle.$

A curve $z$ : $[0, T]arrow T^{*}M$ is called an $X$-normal $bi$-extremal (resp. an $X$-abnormal
$bi$-extremal) if $p_{0}<0$ (resp. $p_{0}=0$). A curve $x:[0, T]arrow T^{*}M$ is called an $X$-normal ex-
tremal (resp. an $X$-abnormal extremal) if it possesses an $X$-normal bi-extremal lift (resp.

an $X$-abnormal bi-extremal lift).

Definition 2.4 An $X$ -abnormal extremal $x$ : $[0, T]arrow M$ is called strictly abnormal if
it is not the projection of an $X$ -normal $bi$ -extremal.

Note that it may happen that an $X$-extremal $x$ : $[0, T]arrow M$ is both normal and

abnormal.
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3 Abnormal extremals of generic driftless control-
affine system in generalized sub-Riemannian ge-
ometry

We prove Theorem $A$ (Theorem 3.2). In order to formulate the Theorem $A$ , we recall
the strictly abnormal extremal: Let $X$ be an $n$ dimensional manifold $M$ . Let $X=$

$(X_{1}, \cdots, X_{m})$ be a system of smooth vector fields over $M$ . Consider the driftless control-
affine systems

$\dot{x}=\sum_{i=1}^{m}u_{i}X_{i}(x)$ .

Moreover, consider the optimal control problem associated to the driftless control-affine
systems to minimize the energy functional

$e(u)= \frac{1}{2}\sum_{i=1}^{m}u_{i}^{2}.$

on an $X$-admissible control with the initial point $x_{0}\in M$ . The Hamiltonian function
$H=H_{(X,e)}$ : $(T^{*}M\cross \mathbb{R}^{m})\cross \mathbb{R}arrow \mathbb{R}$ of the optimal control problem (X, e) is given by

$H(x,p, u;p_{0})= \sum_{i=1}^{m}\langle p, u_{i}X_{i}(x)\rangle+\frac{1}{2}p_{0}(\sum_{i=1}^{m}u_{i}^{2})$ .

where $(x,p, u)=(x_{1}, \cdots, x_{n},p_{1}, \cdots,p_{n}, u_{1}, \cdots, u_{m})$ is the local coordinate of $T^{*}M\cross \mathbb{R}^{m}$

with a canonical coordinate of $(x,p)$ of $T^{*}M.$

Recall the definition of a strictly abnormal extremal (see 2.4).

Definition 3.1 An $X$-abnormal extremal $x:[0, T]arrow M$ is called strictly if it is not the
projection of a normal X-bi-extremal.

Let $VF(M)^{m}$ denote the set of systems of smooth vector fields $X=(X_{1}, \cdots, X_{m})$ over $M.$

We endow $VF(M)^{m}$ with the Whitney smooth topology. Then, the following Theorem

3.2 holds:

Theorem 3.2 $(Y.$ Chitour, $F.$ Jean, $and E. R\cdot$\’elat, $[6])$ Suppose $2\leqq m\leqq n$ . Then, there
exists an open dense subset $G\subset VF(M)^{m}$ such that, if $X\in G$ and if an $X$ -abnormal
extremal $x$ : $[0, T]arrow M$ is non-trivial for the fixed initial point $x_{0}\in M$ and end point
$x_{1}\in M$ , then $x$ is strictly abnormal.

This Theorem 3.2 is the special case of Proposition 2.19 of [6]. However the proof of
Proposition 2.19 is hard to read, because the construction of $G$ is not written. We will
improve the proof of Proposition 2.19 clearly.

Outline of proof Let $d\geqq 1$ be an integer. Put $N=d+1$ . We denote the space of
all $N$-jets of vector fields $X\in VF(M)$ by $J^{N}(VF(M))$ , and the fibre product over $M$ of
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$m$-tuple spaces of $J^{N}(VF(M))$ , by $J^{N}(VF(M))^{m}$ . Then, we will show Theorem 3.2 by

the following procedures:
[Stepl] Construct the “bad set”’ with respect to minimal order, $B_{sa}(d)\subset J^{N}(VF(M))^{m}.$

[Step2] Show that, if $X\in VF(M)^{m}$ satisfies the condition that any $x\in M,$ $j_{x}X\not\in B_{sa}(d)$

and if an $X$-abnormal extremal $x$ : $[0, T]arrow M$ is non-trivial, then $x$ is of strictly
abnormal.
[Step3] Compute the codimension of $B_{sa}(d)$ in $J^{N}(VF(M))^{m}.$

[Step4] For $N>3n+1(d>3n)$ , let $G$ be the set of $X\in VF(M)^{m}$ such that the jet
$j_{x}^{N}X$ is not included in the closure of $B_{sa}(d)$ in $J^{N}(VF(M))^{m}$ . Then, show that, $G$ is
an open dense subset of $VF(M)^{m}$ in the sense of Whitney smooth topology by Thom
transversality theorem (for instance see [8]).

3.1 Construction of bad set with respect to strictly abnormal

Let $(z^{[n]}, z^{[a]})\in T^{*}M\cross {}_{M}T^{*}M$ and $x=\pi(z^{[n]})=\pi(z^{[a]})$ . For every muliti index $I$ of
$\{$ 1, $\cdots,$ $m\}$ , set

$H_{I}^{[n]}(z^{[n]}, z^{[a]})=H_{I}(z^{[n]})$ and $H_{I}^{[a]}(z^{[n]}, z^{[a]})=H_{I}(z^{[a]})$ .

and define inductively the following functions in $\mathcal{F}$ , depending on $(z^{[n]}, z^{[a]})$

$\{\begin{array}{l}\beta_{i,0}=H_{i}^{[a]}\beta_{i,s+1}=\sum_{j=1}^{m}H_{j}^{[n]}\mathcal{L}_{\vec{H_{j}}}\beta_{i,s}, (s=1,2, \cdots) ,\end{array}$

where $\mathcal{F}$ and $\mathcal{L}_{\vec{H_{j}}}$ are defined in before section.

Definition 3.3 Let $d$ be a positive integer. Let $N=d+1$ . For every integer $i(1\leqq$

$i\leqq m)$ and $(z^{[n]}, z^{[a]})\in T^{*}M\cross {}_{M}T^{*}M$ , we define $\hat{B}(d, i, z^{[n]}, z^{[a]})$ by the set of $j_{x}^{N}X\in$

$J^{N}(VF(M))^{m}$ such that the following conditions hold:

$1)X_{i}(x)\neq 0$ ;

$2)H_{i}^{[n]}(z^{[n]}, z^{[a]})\neq 0$ ;

$3)\beta_{i,s}(z^{[n]}, z^{[a]})=0$ for every integer $s(0\leqq s\leqq d-1)$ .

$\hat{B}((d, z^{[n]}, z^{[a]})\subset J^{N}(VF(M))^{m}$ is the union of $\hat{B}(d, i, z^{[n]}, z^{[a]})$ with $i(1\leqq i\leqq m)$ .

Definition 3.4 Let $d$ be a positive integer. Let $N=d+1$ . we define $\hat{B}_{sa}(d)\subset$

$J^{N}(VF(M))^{m}\cross {}_{M}T^{*}M\cross {}_{M}T^{*}M$ by

$\hat{B}_{sa}(d)=\{(j_{x}^{N}X, z^{[n]}, z^{[a]})|j_{x}^{N}X\in\hat{B}((d, z^{[n]}, z^{[a]})\}.$

Definition 3.5 Let $d$ be a positive integer. Let $N=d+1$ . we define the bad set with re-
spect to strictly abnormal $B_{sa}(d)$ by the canonical projection of $\hat{B}_{sa}(d)$ on $J^{N}(VF(M))^{m}.$
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3.2 The property of abnormal bi-extremals avoiding bad set
with respect to strictly abnormal

Lemma 3.6 Suppose that, $2\leqq m\leqq n$ . Let $d$ be a positive integer and $N=d+1.$
Let $X\in VF(M)^{m}$ such that for any $x\in M,$ $j_{x}^{N}X\not\in B_{sa}(d)$ . Then, if an $X$ -abnormal
$bi$-extremal $x:[0, T]arrow M$ is non-trivial then $x$ is of strictly abnormal.

Proof: By contradiction, assume that there exists a nontrivial abnormal $X$-trajectory $x$ :
$[0, T]arrow M$ with an $X$-abnormal control $u:[0, T]arrow \mathbb{R}^{m}$ such that $x=\pi oz^{[n]}=\pi oz^{[a]},$

where $z^{[n]}$ is a normal X-bi-extremal lift of $x$ , and $z^{[a]}$ is an $X$-abnormal bi-extremal lift
of $x.$

For every multi-index $I\subset\{0, \cdots , m\}$ and $t\in[0, T]$ , set

$H_{I}(z^{[n]}(t))=\langle z^{[n]}(t) , X_{I}(x(t))\rangle, H_{I}(z^{[a]}(t))=\langle z^{[a]}(t) , X_{I}(x(t))\rangle.$

After time differentiation, we have on $[0, T],$

$\{\begin{array}{l}\frac{d}{dt}H_{I}(z^{[n]}(t))=\sum_{m}^{m}u_{i}(t)H_{Ii}(z^{[n]}(t))i=1’\frac{d}{dt}H_{I}(z^{[a]}(t))=\sum_{i=1}u_{i}(t)H_{Ii}(z^{[a]}(t)) .\end{array}$

By Pontryagin maximum principle,

$\{\begin{array}{l}u_{i}(t)=H_{i}(z^{[n]}(t))=H_{i}^{[n]}(z^{[n]}(t), z^{[a]}(t)) ,for every integer i(1\leqq i\leqq m) , t\in[0, T]H_{i}^{[a]}(z^{[n]}(t), z^{[a]}(t))=H_{i}(z^{[a]}(t))=0\cdots(\star)\end{array}$

Since $x$ : $[0, T]arrow \mathbb{R}^{n}$ is nontrivial, there exists an open subset $J\subset[0, T]$ and an
integer $i_{0}(1\leqq i_{0}\leqq m)$ such that $u_{i_{0}}(t)X_{i_{0}}(x(t))\neq 0$ on $J$ . Therefore, $u_{i_{0}}(t)\neq 0$ and
$X_{i_{0}}(x(t))\neq 0$ on $J$ . Since $u_{i_{0}}(t)=H_{i_{0}}(z^{[n]}(t))$ ,

$H_{i_{0}}(z^{[n]}(t))\neq 0.$

on the other hand, by differentiating $(\star)$ with respect to $t\in[0, T],$

$0 = \frac{d}{dt}H_{i_{0}+1}^{[a]}(z^{[n]}(t), z^{[a]}(t))$

$= \sum_{j=1}^{m}u_{j}(t)H_{(i_{0}+1)j}^{[a]}(z^{[n]}(t), z^{[a]}(t))$

$= \sum_{j=1}^{7n}H_{j}^{[n]}(z^{[n]}(t), z^{[a]}(t))H_{(i_{0}+1)j}^{[a]}(z^{[n]}(t), z^{[a]}(t))$

$= \beta_{i_{0},1}(z^{[n]}(t), z^{[a]}(t))$

For every $t\in[0, T]$ , by induction,

$\beta_{i_{0_{\rangle}}s}(z^{[n]}(t), z^{[a]}(t))=0.$

for every $s(0\leqq s\leqq d-1)$ and $t\in J$. Hence, $j_{x}^{N}X\in\hat{B}(d, i_{0}, z^{[n]}, z^{[a]})$ for $t\in J$, which
contradicts the hypothesis. $\square$
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3.3 Codimension of bad set with respect to strictly abnormal

Lemma 3.7 $co\dim(\overline{B_{sa}(d)};J^{N}(VF(M))^{m})\geqq d-2n.$

Proof: We describe only the outline of the proof of Lemma 4.6. Let $VF_{poly}^{N}(\mathbb{R}^{n})$ be the

$m$-tuple product space of polynomial vector fields of degree $\leqq N$ over $\mathbb{R}^{n}.$

Stepl: Construct the typical fiber $G_{\mathcal{S}a}(d)$ of $B_{sa}(d)$ .

Typical fiber $G_{sa}(d)$ of $B_{sa}(d)$ is the canonical projection of $G_{sa}(d;T_{0}^{*}\mathbb{R}^{m}\cross T_{0}^{*}\mathbb{R}^{m})$

by $VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}arrow VF_{poly}^{N}(\mathbb{R}^{n})$ . $G_{sa}(d;T_{0}^{*}M\cross {}_{M}T_{0}^{*}M)$ is defined by the set

of $(Q,p^{[n]},p^{[a]})\in VF_{po1y}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross\mathbb{R}^{n}$ such that there exists $i(1\leqq i\leqq m)$ such that
$(Q,p^{[n]},p^{[a]})$ satisfies the following conditions 1) to 4):

$1)Q_{i}(O)$ are linearly independent;

$2)H_{i}^{[n]}(z_{0}^{[n]}, z_{0}^{[a]})\neq 0$ ;

$3)\beta_{i,s}(z_{0}^{[n]}, z_{0}^{[a]})=0$ for every integer $s(0\leqq s\leqq d-1)$ .

where $z_{0}^{[n]},$ $z_{0}^{[a]}$ are the elements of $T^{*}\mathbb{R}^{n}$ given in coordinates by $(0,p_{1})$ , $(0,p_{2})$ .

Step2: Construct the mapping $\phi_{i}:VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}arrow \mathbb{R}^{d}$ :

Let $i(1\leqq i\leqq m)$ be a positive integer. Then we define the mapping $\phi_{i}$ : $VF_{po1y}^{N}(\mathbb{R}^{n})\cross$

$\mathbb{R}^{n}\cross \mathbb{R}^{n}arrow \mathbb{R}^{d}$ by for $(Q,p_{1},p_{2})\in VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n},$

$\phi_{i}(Q,p_{1},p_{2})=\beta_{i,s}(z_{0}^{[n]}, z_{0}^{[a]})$ ,

where $z_{0}^{[n]},$ $z_{0}^{[a]}$ are the elements of $T^{*}\mathbb{R}^{n}$ given in coordinates by $(0,p_{1})$ , $(0,p_{2})$ .
Step3: Construct the open subset $V_{i}\subset VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}$

Let $i(1\leqq i\leqq m)$ be a positive integer. Then $V_{i}$ is the defined by the set of $(Q,p_{1},p_{2})\in$

$VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}$ such that $(Q,p_{1},p_{2})$ satisfies the following condition:

$H_{i}^{[n]}(z_{0}^{[n]}, z_{0}^{[a]})\neq 0,$

where $z_{0}^{[n]},$ $z_{0}^{[a]}$ are the elements of $T^{*}\mathbb{R}^{n}$ given in coordinates by $(0,p_{1})$ , $(0,p_{2})$ . Then, $V_{i}$

is an open subset of $VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}.$

Step4: $G_{sa}(d;T_{0}^{*}\mathbb{R}^{m}\cross T_{0}^{*}\mathbb{R}^{m})$ is the union of the kernel of restriction to $V_{i}$ of the
mapping $\phi_{i}$ with $i(1\leqq i\leqq m)$ .

Step5: Let $\Omega_{0}^{i}$ be the set of $Q\in VF_{poly}^{N}(\mathbb{R}^{n})$ such that $Q_{i}\neq$ O. It is well-known

that the local coordinate systems on $\Omega_{0}^{i}$ can be constructed (see Coordinate systems in

[4],[5]) Then, for every integer $i(1\leqq i\leqq m)$ , the restriction to the intersection $V_{i}\cap\hat{V}$ of

the mapping $\phi_{i}$ is a submersion for every coordinate neighborhood $\hat{V}$ of $\Omega_{0}\cross \mathbb{R}^{n}.$

Step6: $co\dim(\overline{B_{sa}(d)};J^{N}(VF(M))^{m})\geqq d-2n.$

By step 4,5, $co\dim(G_{sa}(d;T_{0}^{*}\mathbb{R}^{n}\cross T_{0}^{*}\mathbb{R}^{n});VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n})=d$ . On the
other hand, $G_{sa}(d)$ of $B_{sa}(d)$ is the canonical projection of $G_{sa}(d;T_{0}^{*}\mathbb{R}^{m}\cross T_{0}^{*}\mathbb{R}^{m})$ by
$VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}arrow VF_{poly}^{N}(\mathbb{R}^{n})$ . Therefore, $co\dim(G_{sa}(d);VF_{poly}^{N}(\mathbb{R}^{n}))\geqq d-2n.$

Since $G_{sa}(d)$ is the typical fiber of $B_{sa}(d)$ ,

$co\dim(B_{\mathcal{S}a}(d);J^{N}(VF(M))^{m})=co\dim(G_{sa}(d);VF_{poly}^{N}(\mathbb{R}^{n}))\geqq d-2n.$
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Since the dimensions of $B_{sa}(d)$ and $\overline{B_{sa}(d)}$ are equal,

$co\dim(\overline{B_{sa}(d)};J^{N}(VF(M))^{m})\geqq d-2n$

$\square$

3.4 Proof of Theorem $A$

Let $d>3n$ be an integer. Let $N=d+1(>3n+1)$ . Let $G$ be the set of $X\in VF(M)^{m}$

such that for any $x\in M,$ $j_{x}^{N}X$ is not included in the closure of $B_{sa}(d)$ in $J^{N}(VF(M))^{m}$ :

$G=\{X\in VF(M))^{m}|j_{x}^{N}X\not\in\overline{B_{sa}(d)}$ for any $x\in M.\}.$

By Lemma 3.7,
$co\dim(\overline{B_{mo}(d)}, J^{N}(VF(M))^{m})\geqq d-2n>n.$

Then $G$ is an open dense subset of $VF(M)^{m}$ by using the transversality theorem (see

[8]).
Let $X=(X_{1}, \cdots, X_{m})\in G$ . Then, for any $x\in M,$ $j_{x}^{N}X\not\in B_{sa}(d)$ . Therefore, by

using Lemma 3.6, if $x$ : $[0, T]arrow M$ is $X$-abnormal extremal then $x$ : $[0, T]arrow T^{*}M$ is

strictly abnormal. $\square$

4 Abnormal extremals on generic polynomial sys-

tem in generalized sub-Riemannian geometry

We prove the main theorem (Theorem 4.1). In order to formulate the main theporem,

recall that, $D=(d_{1}, \cdots, d_{m})$ denotes an $m$-tuple of integers, and $VF_{poly}^{D}(\mathbb{R}^{n})$ denotes

the product space of $m$-tuples of polynomial vector fields over $\mathbb{R}^{n}$ : $(Q_{1}, \cdots, Q_{m})$ , such
that the degree of $Q_{i}$ satisfiies $\deg Q_{i}\leqq d_{i}$ for every integer $i(1\leqq i\leqq m)$ , and we endow
$VF_{po1y}^{D}(\mathbb{R}^{n})$ with the Euclidean topology.

For $Q=(Q_{1}, \cdots, Q_{m})\in VF_{poly}^{D}(\mathbb{R}^{n})$ , consider the polynomial driftless control-affine

systems

$\dot{x}=\sum_{i=1}^{m}u_{i}Q_{i}(x)$

with the control parameter $(u_{1}, \cdots, u_{m})\in \mathbb{R}^{m}$ . Moreover, consider the optimal con-
trol problem associated to the driftless control-affine systems to minimize the energy
functional

$e(u)= \frac{1}{2}\sum_{i=1}^{m}u_{i}^{2}.$

on $Q$-admissible controls with the fixed initial point $x_{0}\in M$ and the fixed end point $x_{1}$

Then, the following holds:
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Theorem 4.1 Suppose $2\leqq m\leqq n$ and suppose that, an $m$ -tuple of integers $D=$

$(d_{1}, \cdots, d_{m})$ satisfies the inequality: $\min\{d_{1}, d_{2}, \cdots, d_{m}\}\geqq 3n+2$ . Then, there exists an
open dense semi-algebraic subset $H\subset VF_{poly}^{D}(\mathbb{R}^{n})$ such that, if $Q\in H$ , if a $Q$ -abnormal
extremal $x$ : $[0, T]arrow \mathbb{R}^{n}$ is non-trivial for a fixed initial point $x_{0}\in M$ and end point

$x_{1}\in M$ , then $x$ is strictly abnormal.

Outline of proof Let $D=(d_{1}, \cdots, d_{m})$ be an $m$-tuple Let $d= \min\{d_{1}, \cdots, d_{m}\}$ . Then,

we will show 4.1 by the following procedures:
[Stepl] Construct the $(bad set”’$ with respect $to$ minimal order, $B_{sa}(D)\subset VF_{poly}^{D}(\mathbb{R}^{n})$ .

[Step2] Show that, if $Q\in VF_{p1y}^{\mathring{D}}(\mathbb{R}^{n})$ satisfies the condition that any $x\in Q,$ $(Q, x)\not\in$

$B_{sa}(D)$ and if a $Q$-abnormal extremal $x:[0, T]arrow \mathbb{R}^{n}$ is non-trivial, then $x$ is of strictly

abnormal.
[Step3] Compute the codimension of $\pi(B_{sa}(D))$ in $VF_{poly}^{D}(\mathbb{R}^{n})$ by $\pi$ : $VF_{poly}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n}arrow$

$VF_{poly}^{D}(\mathbb{R}^{n})$ .
[Step4] For $d>3n-1$ , let $H$ be the set of $Q\in VF_{poly}^{D}(\mathbb{R}^{n})$ such that $(Q, x)$ is not included

in the closure of $\pi(B_{sa}(D))$ in $VF_{poly}^{D}(\mathbb{R}^{n})$ . Then, show that, by Tarski-Seidenberg

theorem, $H$ is an open dense semi-algebraic subset of $VF_{poly}^{D}(\mathbb{R}^{n})$ in the sense of Euclidean
topology.

4.1 Construction of bad set

Let $(z^{[n]}, z^{[a]})\in T^{*}M\cross {}_{M}T^{*}M$ and $x=\pi(z^{[n]})=\pi(z^{[a]})$ . For every muliti index $I$ of
$\{$ 1, $\cdots,$ $m\}$ , set

$H_{I}^{[n]}(z^{[n]}, z^{[a]})=H_{I}(z^{[n]})$ and $H_{I}^{[a]}(z^{[n]}, z^{[a]})=H_{I}(z^{[a]})$ .

and define inductively the following functions in $\mathcal{F}$ , depending on $(z^{[n]}, z^{[a]})$

$\{\begin{array}{l}\beta_{i,0}=H_{i}^{[a]}\beta_{i,s+1}=\sum_{j=1}^{m}H_{j}^{[n]}\mathcal{L}_{\vec{H_{j}}}\beta_{i,s}, (s=1,2, \cdots) ,\end{array}$

where $\mathcal{F}$ and $\mathcal{L}_{\vec{H_{j}}}$ are defined in before section.

Definition 4.2 Let $D=(d_{1}, \cdots, d_{m})$ be a pair of positive integers such that $d_{i}\geqq 2$

for every integer $i(1\leqq i\leqq m)$ . Let $d= \min\{d_{1}, \cdots, d_{m}\}-1$ . For every integer
$i(1\leqq i\leqq m)$ and $(z^{[n]}, z^{[a]})\in T^{*}M\cross {}_{M}T^{*}M$ , we define $\hat{B}(D, i, z^{[n]}, z^{[a]})$ by the set of
$(Q, x)\in VF_{poly}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n}$ such that the following conditions hold:

$1)X_{i}(x)\neq 0$ ;

$2)H_{i}^{[n]}(z^{[n]}, z^{[a]})\neq 0$ ;

$3)\beta_{i,s}(z^{[n]}, z^{[a]})=0$ for every integer $s(0\leqq s\leqq d-1)$ .

$\hat{B}((D, z^{[n]}, z^{[a]})\subset VF_{poly}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n}$ is the union of $\hat{B}(D, i, z^{[n]}, z^{[a]})$ with $i(1\leqq i\leqq m)$ .
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Definition 4.3 Let $D=(d_{1}, \cdots, d_{m})$ be a pair of positive integers such that $d_{i}geqq2$

for every integer $i(1\leqq i\leqq m)$ . Let $d= \min\{d_{1}, \cdots, d_{m}\}-1$ . we define $\hat{B}_{sa}(D)\subset$

$VF_{poly}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross {}_{M}T^{*}M\cross {}_{M}T^{*}M$ by

$\hat{B}_{sa}(D)=\{((Q, x), z^{[n]}, z^{[a]})|(Q, x)\in\hat{B}((D, z^{[n]}, z^{[a]})\}.$

Definition 4.4 Let $D=(d_{1}, \cdots, d_{m})$ be a pair of positive integers such that $d_{i}\geqq 2$

for every integer $i(1\leqq i\leqq m)$ . we define the bad set with respect to strictly abnormal
$B_{sa}(D)$ by the canonical projection of $\hat{B}_{sa}(d)$ on $VF_{poly}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n}.$

4.2 The property of abnormal bi-extremals avoiding bad set
with respect to strictly abnormal

Lemma 4.5 Suppose that, $2\leqq m\leqq n$ . Let $D=(d_{1}, \cdots, d_{m})$ be a pair of positive
integers such that $d_{i}\geqq 2$ for evew integer $i(1\leqq i\leqq m)$ . Let $X\in VF(M)^{m}$ such that

for any $x\in M,$ $(Q, x)\not\in B_{sa}(D)$ . Then, if $x:[0, T]arrow \mathbb{R}^{n}$ is a $Q$ -abnormal $bi$-extremal
then $x$ is of strictly abnormal.

Proof: By contradiction, assume that there exists a nontrivial abnormal $X$-trajectory
$x$ : $[0, T]arrow M$ with an $Q$-abnormal control $u$ : $[0, T]arrow \mathbb{R}^{m}$ such that $x=\pi oz^{[n]}=\pi oz^{[a]},$

where $z^{[n]}$ is a normal X-bi-extremal lift of $x$ , and $z^{[a]}$ is a $Q$-abnormal bi-extremal lift
of $x.$

For every multi-index $I\subset\{0, \cdots, m\}$ and $t\in[0, T]$ , set

$H_{I}(z^{[n]}(t))=\langle z^{[n]}(t) , X_{I}(x(t))\rangle, H_{I}(z^{[a]}(t))=\langle z^{[a]}(t) , X_{I}(x(t))\rangle.$

After time differentiation, we have on $[0, T],$

$\{\begin{array}{l}\frac{d}{dt}H_{I}(z^{[n]}(t))=\sum_{i=1,m}^{m}u_{i}(t)H_{Ii}(z^{[n]}(t)) ,\frac{d}{dt}H_{I}(z^{[a]}(t))=\sum_{i=1}u_{i}(t)H_{Ii}(z^{[a]}(t)) .\end{array}$

By Pontryagin maximum principle,

$\{\begin{array}{l}u_{i}(t)=H_{i}(z^{[n]}(t))=H_{i}^{[n]}(z^{[n]}(t), z^{[a]}(t)) ,for every integer i(1\leqq i\leqq m) , t\in[O, T]H_{i}^{[a]}(z^{[n]}(t), z^{[a]}(t))=H_{i}(z^{[a]}(t))=0\cdots(\star)\end{array}$

Since $x$ : $[0, T]arrow \mathbb{R}^{n}$ is nontrivial, there exists an open subset $J\subset[0, T]$ and an
integer $i_{0}(1\leqq i_{0}\leqq m)$ such that $u_{i_{0}}(t)X_{i_{0}}(x(t))\neq 0$ on $J$ . Therefore, $u_{i_{0}}(t)\neq 0$ and
$X_{i_{0}}(x(t))\neq 0$ on $J$ . Since $u_{i_{0}}(t)=H_{i_{0}}(z^{[n]}(t))$ ,

$H_{i_{0}}(z^{[n]}(t))\neq 0.$
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on the other hand, by differentiating $(\star)$ with respect to $t\in[0, T],$

$0 = \frac{d}{dt}H_{i_{0}+1}^{[a]}(z^{[n]}(t), z^{[a]}(t))$

$= \sum_{j=1}^{m}u_{j}(t)H_{(i_{0}+1)j}^{[a]}(z^{[n]}(t), z^{[a]}(t))$

$= \sum_{j=1}^{m}H_{j}^{[n]}(z^{[n]}(t), z^{[a]}(t))H_{(i_{0}+1)j}^{[a]}(z^{[n]}(t), z^{[a]}(t))$

$= \beta_{i_{0},1}(z^{[n]}(t), z^{[a]}(t))$

For every $t\in[0, T]$ , by induction,

$\beta_{i_{0},s}(z^{[n]}(t), z^{[a]}(t))=0.$

for every $s(0\leqq s\leqq d-1)$ and $t\in J$. Hence, $j_{x}^{N}X\in\hat{B}(d, i_{0}, z^{[n]}, z^{[a]})$ for $t\in J$, which
contradicts the hypothesis. $\square$

4.3 Codimension of bad set with respect to strictly abnormal

Lemma 4.6 $co\dim(\overline{\pi(B_{sa}(D))};VF_{poly}^{D}(\mathbb{R}^{n}))\geqq d-3n.$

Proof: We describe only the outline of the proof of Lemma 4.6. Let $VF_{poly}^{N}(\mathbb{R}^{n})$ be the
$m$-tuple product space of polynomial vector fields of degree $\leqq N$ over $\mathbb{R}^{n}.$

Stepl: Construct the typical fiber $G_{sa}(d)$ of $B_{sa}(d)$ .
Typical fiber $G_{sa}(d)$ of $B_{sa}(d)$ is the canonical projection of $G_{sa}(d;T_{0}^{*}\mathbb{R}^{m}\cross T_{0}^{*}\mathbb{R}^{m})$

by $VF_{p\circ 1y}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}arrow VF_{poly}^{N}(\mathbb{R}^{n})$ . $G_{sa}(d;T_{0}^{*}M\cross {}_{M}T_{0}^{*}M)$ is defined by the set

of $(Q,p^{[n]},p^{[a]})\in VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross\mathbb{R}^{n}$ such that there exists $i(1\leqq i\leqq m)$ such that
$(Q,p^{[n]},p^{[a]})$ satisfies the following conditions 1) to 4):

$1)Q_{i}(O)$ are linearly independent;

$2)H_{i}^{[n]}(z_{0}^{[n]}, z_{0}^{[a]})\neq 0$ ;

$3)\beta_{i,s}(z_{0}^{[n]}, z_{0}^{[a]})=0$ for every integer $s(0\leqq s\leqq d-1)$ .

where $z_{0}^{[n]},$ $z_{0}^{[a]}$ are the elements of $T^{*}\mathbb{R}^{n}$ given in coordinates by $(0,p_{1})$ , $(0,p_{2})$ .
Step2: Construct the mapping $\phi_{i}:VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}arrow \mathbb{R}^{d}$ :

Let $i(1\leqq i\leqq m)$ be a positive integer. Then we define the mapping $\phi_{i}$ : $VF_{poly}^{N}(\mathbb{R}^{n})\cross$

$\mathbb{R}^{n}\cross \mathbb{R}^{n}arrow \mathbb{R}^{d}$ by for $(Q,p_{1},p_{2})\in VF_{po1y}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n},$

$\phi_{i}(Q,p_{1},p_{2})=\beta_{i,s}(z_{0}^{[n]}, z_{0}^{[a]})$ ,

where $z_{0}^{[n]},$ $z_{0}^{[a]}$ are the elements of $T^{*}\mathbb{R}^{n}$ given in coordinates by $(0,p_{1})$ , $(0,p_{2})$ .

Step3: Construct the open subset $V_{i}\subset VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}$

Let $i(1\leqq i\leqq m)$ be a positive integer. Then $V_{i}$ is the defined by the set of $(Q,p_{1},p_{2})\in$

$VF_{poly}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}$ such that $(Q,p_{1},p_{2})$ satisfies the following condition:

$H_{i}^{[n]}(z_{0}^{[n]}, z_{0}^{[a]})\neq 0,$
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where $z_{0}^{[n]},$ $z_{0}^{[a]}$ are the elements of $T^{*}\mathbb{R}^{n}$ given in coordinates by $(0,p_{1})$ , $(0,p_{2})$ . Then, $V_{i}$

is an open subset of $VF_{po1y}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}.$

Step4: $G_{sa}(d;T_{0}^{*}\mathbb{R}^{m}\cross T_{0}^{*}\mathbb{R}^{m})$ is the union of the kernel of restriction to $V_{i}$ of the
mapping $\phi_{i}$ with $i(1\leqq i\leqq m)$ .

Step5: Let $\Omega_{0}^{i}$ be the set of $Q\in VF_{po1y}^{N}(\mathbb{R}^{n})$ such that $Q_{i}\neq$ O. It is well-known
that the local coordinate systems on $\Omega_{0}^{i}$ can be constructed (see Coordinate systems in
[4],[5]) Then, for every integer $i(1\leqq i\leqq m)$ , the restriction to the intersection $V_{i}\cap\hat{V}$ of
the mapping $\phi_{i}$ is a submersion for every coordinate neighborhood $\hat{V}$ of $\Omega_{0}\cross \mathbb{R}^{n}.$

Step6: $co\dim(\overline{B_{sa}(d)};J^{N}(VF(M))^{m})\geqq d-2n.$

By step 4,5, $co\dim(G_{sa}(d;T_{0}^{*}\mathbb{R}^{n}\cross T_{0}^{*}\mathbb{R}^{n});VF_{po1y}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n})=d$ . On the
other hand, $G_{sa}(d)$ of $B_{sa}(d)$ is the canonical projection of $G_{sa}(d;T_{0}^{*}\mathbb{R}^{m}\cross T_{0}^{*}\mathbb{R}^{m})$ by
$VF_{po1y}^{N}(\mathbb{R}^{n})\cross \mathbb{R}^{n}\cross \mathbb{R}^{n}arrow VF_{poly}^{N}(\mathbb{R}^{n})$ . Therefore, $co\dim(G_{sa}(d);VF_{po1y}^{N}(\mathbb{R}^{n}))\geqq d-2n.$

Since $G_{sa}(d)$ is the typical fiber of $B_{sa}(d)$ ,

$co\dim(B_{sa}(d);J^{N}(VF(M))^{m})=co\dim(G_{sa}(d);VF_{p\circ 1y}^{N}(\mathbb{R}^{n}))\geqq d-2n.$

Since the dimensions of $B_{sa}(d)$ and $B_{sa}(d)$ are equal,

$co\dim(\overline{\pi(B_{sa}(d))};VF_{poly}^{D}(\mathbb{R}^{n})) = co\dim(\overline{\pi(B_{sa}(d))};VF_{poly}^{D}(\mathbb{R}^{n}))$

$\geqq co\dim(B_{sa}(d));VF_{po1y}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n})-n$

$= co\dim(G_{sa}(d));VF_{poly}^{D}(\mathbb{R}^{n}))-n$

$\geqq d-3n$

$\square$

4.4 Proof of main theorem

It is well-known that for every positive integer $K\geqq 1$ , if $B\subset \mathbb{R}^{K}$ is semi-algebraic, then
the complement of $B$ in $\mathbb{R}^{K}$ is dense if and only if $\dim(\mathbb{R}^{K}, B)>$ O. In particular, the
complement of the closure of $B$ in $\mathbb{R}^{K},$ $\mathbb{R}^{K}\backslash \overline{B}$ is open dense subset of $\mathbb{R}^{K}.$

Let $d>3n$ be an integer such that $\min\{D_{1}, D_{2}, \cdots, D_{m}\}=d+1(>3n+1)$ . Let $H$

be the set of $Q\in VF_{po1y}^{D}(\mathbb{R}^{n})$ such that for any $(Q, x)$ is not included in the closure of
$\pi(B_{sa}(D))$ by $\pi$ : $VF_{po1y}^{D}(\mathbb{R}^{n})\cross \mathbb{R}^{n}arrow VF_{po1y}^{D}(\mathbb{R}^{n})$ :

$H=\{Q\in VF_{poly}^{D}(\mathbb{R}^{n})|(Q, x)\not\in\overline{\pi(B_{sa}(D))}$ for any $x\in M.\}.$

By Lemma 4.6,
$co\dim(\overline{B_{mo}(d)}, VF_{poly}^{D}(\mathbb{R}^{n}))\geqq d-3n>0.$

Then $\pi(B_{sa}(D))$ is an open dense semi-algebraic subset of $VF_{po1y}^{D}(\mathbb{R}^{n})$ .
Let $Q=(Q_{1}, \cdots, Q_{m})\in H$ . Then, for any $x\in M,$ $(Q, x)\not\in B_{sa}(D)$ . Therefore, by

using Lemma 4.5, if $x$ : $[0, T]arrow \mathbb{R}^{n}$ is $Q$-abnormal extremal, then $x$ : $[0, T]arrow T^{*}\mathbb{R}^{n}$ is
strictly abnormal. $\square$
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