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Improved linear shrinkage estimators of large
structured covariance matrices
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Abstract

The problem of estimating large covariance matrices with use of factor models
is addressed. In this article, we consider a general class of weighted estimators
which includes (i) linear combinations of the sample covariance matrix and the
model-based estimator under the factor model and (ii) ridge-type estimators without
factors as special cases. The optimal weights in the class are derived, and the plug-
in weighted estimators are suggested since the optimal weights depend on unknown
parameters. Some asymptotic arguments are given. Numerical results show our
methods perform well under both normal and non-normal distributions.
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1 HROBEEHME
1.1 FEOER(1); BRITHDHRTH

o FRITLNY MLy, DFEILSZEITI X1, = Cov (y,) DHEERE:
RupWY Y TVEN 2B 5L EHEGHFELET.
p< N THp BHEHNKIZKENWERLE.

o BETERRZE : SWMOIR (2 2 TIRIHT 2 DF35)
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— weighted estimators(ridge-type estimators);
Ledoit and Wolf (2004), Schafer and Strimmer (2005), Chen, Wiesel, Eldar
and Hero (2010), Kubokawa and Srivastava (2013),...

~ 8 ~ ]. b
Y=wEg+(1- w);tr (1)1, (1.1)

— regularization/thresholding estimators;
Bickel and Levina (2008a, 2008b), Rothman, Levina and Zhu (2009), Cai and
Liu (2011), ...

— fiZ % Bayse #ER, EIE 0 L A ¥ — 4R, [THIFBEREL,. ..

1.2 HROERR2); 7779—FETI

o TDHBILDHITINZHEKD D 5B y, DM HE R o, DRIATTRERIBEE - ((RF)
T7 IR —FTIN

e 3-7 7Y% —%7J)V(Fama and French (1993)):
it = bi1 fie + biafor + b far + s,

Tis:€xcess asset return, fis:sensitivity to the market excess return, fo;:market capi-
talization, f3;:book-to-price ratio.

o 77U RXR—ETINIBITBERITILSTEAITIDHE:
Fan, Fan and Lv (2008)

o LT 7 7 R—EFINIZBIFBERTESBTHIOHE:
Fan, Liao and Mincheva (2011, 2013)

e 2N 5 Fan, etal. (2011, 2013) &, Error covariance matrix (Z thresholding % j&
(Error covariance matrix (2 A3 — A DRE).

1.3 HEDOER (3); weighted estimators E 7 7 V¥ —FF I
e Ledoit and Wolf (2003), Ren and Shimotsu (2009):

— pERE, N = co(FFERT) T, (1) BASBILSEITIIE (2) 77 7 X—ET IV
NORBINIHEBOMIEEA L RE.

o KFEK :p, N = co DERTDMAT, 77 72— FINVEFA L GER/INERE
B (linear shrinkage, weighted or ridge-type estimators) % f2%.

o EARMZLT A 77X, Ledoit and Wolf (2003), Ren and Shimotsu (2009) & [Fl%k:
EARDBHESEBATIE 77 2 Z—FEFAHBKDILDD & TREBI NI HER DR
MEEEPORDE I I AREZ, Bl weight 23R, TDOH L TDY AT %252 7.
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o BIHEROMRE, EF - HFERSAT T, REACRRBIOBLNBUATIIZ I TRH
TP DHETH, ARSI HATFIX Fan, et al. (2011) ZELMOHEERIZHA, R
MREL AT

2 Weighted Estimators & % ® MSE

2.1 Unrestricted model and Factor model
e Yy cRPBIUVy, LHEDODHALER ¢, c RIDVRD LI IZERINTVWB LT 5:

Yy, ~ i.i.d.(ul,En), €ZT; ~ 11d(u2,222) (21)
Ty KHALT kB 77 7 R—EFAHBRVIL->TWB LIKET 5:

yi=a+ﬂwi+ei, i=1,...,N,

2.2
€; ~ 11d(0, D), r; ~ lld(}lq, 222), ( )

Y12 =Cov (y;,,x;) LB L, ERRRDISIZEEETHI LW TES.
Y, =y — Ti12Z55 py) + 12 @i+ €, i=1,...,N, 2.3

€; lld(O, D), ; ~ lld(uz, 222),
o BB T 7 X—F T ) (strict factor model) Tik D = dI, (sphericity) %7l
D = diag (dy, ..., d,)(diagonality) % F83E.
e TRLEDT T I R—FEFTIHBEIIULDESIE,

1 :=Cov(y,) = D+ 87208 =D + X135, Za1.

2.2 Weighted Estimators

en=N ’Tl, g=N! Ef\;l Yy, T=N"! Zf\; T, i11 = EiIL(yi -9y, — 97 /n,
Y =3y =1ZiN:1(yi ~g)(x: —T)T/n, Ty = Zf;l(mi ~T)(z; — )" /n, By1p =
31— BioXp, o

e 3, DHEFER S 1%, BL'FD mean squared error (MSE) D% & TFHEi§ 5:

R(w,8) = p~ Eltr[(8 — =11)?]),

72720 wiERHID NG A — X2 DH.

o 2 ELHLVLARVWE, ORBEEN TR,



o ~Ha, XLBBERT 7/ R—ETNIHRAIND & EIZIE, UTOHEEIER:
S = AS1s) + S8, Sar. - (2.4)
IZTARDODOHERTHY,
(C1) Case of sphericity: A(f)u,g) = p~ltr (211,2)1.
(C2) Case of diagonality: A(E112) = diag(S11.).

o T 77 R—EFNFETEMT 2720, PEANBITH S, &, BERT 72 & —
ETIVIZBII2ERLHMER S DAHFIHR/NUZUATO LS R#EEEEFE RS,

Y=oy +(1-a)%;, ac(01] (2.5)
THLUTDLSIZESEYS:
~ ~ —~ ~ ~—1o~
Ea = 042112 —+ (1 — Oé)A(zle) -+ 212222 221. (26)

® 112 O sphericity & %\ & daigonality DEAWANS KR BIEL i3 1ITETE,
3, RERIEARSBTIIGEELTWoTLE S, ZITUTOLIREDIA
WIS ARERD

§(7a B) = V12 + (1- ’Y)A(gu.z)
~ A—lo ~ Al
+ 5212222 Yo + (1 — B)A(212222 221). (27)

-1~

(C1) Case of sphericity: A(ilzf:;;flm) = p~lr (8155, Ea1)1,
(C2) Case of diagonality: A(§12§2—;§21) = diag(f}lzf);;flgl).

e THLE W y=ahDB=11HiETS.

e & <IZ (Cl)(sphericity) D7 —ATIH, v==w &H < &, Kubokawa and Srivas-
tava(2013) THRONT W B HEE % E 5 R\ weighted estimator

Sr=wE + (1 —w)AE)T (2.8)
2725,
(C1) Case of sphericity: A(f]ll) =p ltr (f)ll)I,
(C2) Case of diagonality: A(f]ll) = diag(f)ll).
o UFTTIHEDHERDZ SA 27 IZEWT, MSE2F/NMIT2 8L y2RDS.
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2.3 risk function MiE{L
o F—A(Cl) ¥ (C) DHET, 81,8 DV AZIRUTDOLS Iz XN B:

= _ Ju Ji2) (7 _ v
R(w,Z(v,8)) = (v B) <J12 Jzz) (ﬂ) 2(Jio Joo) ( ﬁ> + Ry, (2.9)
UDioTRER Y T by B ik
-1
v Ju Ji2 J1o
= . 2.1
(5*> <J12 J22) (J20> (2.10)
THEXON, Zhb 4" B2V T NI OHERS(1,8) DY A2
Ju Ji\(J
R i *’ * — _ J J 11 l2> ( 10) ,
((.U, (7 /B )) -RO ( 10 20) (le J22 .]20
o /272U,
(C1) Case of sphericity: A(Xq;) = p~tr (X1)1,
(C2) Case of diagonality: A(X;;) = diag(Z11),
LT,
1 ~ 1 ~ ~
Ry =;Etr(211 - A(211))2, Ju= I—)Etr(zu.z - A(En.z))z,
1 ~ ~—1~ ~ ~—1~
J22 =;Etr(2122221221 — A(2122221221))2,
1 ~ & PPN ~ ~-la
Jiz =5Et1‘(211.2 — A(X112))(B12355 Xo1 — A(E12X55 1)), (2.11)
1 ~ ~
Jio =Z—)Etr(211.2 — A(Z112))(B1 — A(Z1)),

1 ~ ~—-1~ ~ ~—1~
J20 =5Etr(212222 221 — A(212222 221))(211 — A(Ell))

o LIF, By =3 — 2122{21221 95,
o UTTIIfiB- D, 7 — X (Cl):sphericity D& EDAE R 5.

o HERDY A EEMTZIZHT->T, BATD (A1)(A2) 2IKEL, X 5T (A3) X
72X (A) DEL SN ERIRET 5:

(A1) n, p and ¢ satisfy that (n,p) — 0o, n > ¢ and ¢ is bounded.

(A2) a; = p—ltl' (211) = 0(1), bl = p'ltr (211_2) = O(].), b2 = p_ltr (2?12) = 0(1)
and ¢y, = p~'tr (B Xn2) = O(1).

(A3) ay = p~ltr (T3)) = p~Hr (B112 + 1285 T )? = O(p).
(A4) gy = O(1).



o z;, €(L7M o Ty,) ITERMZIKETNIE Ry, Ju DERITHNIZRE .
o T—Z(CL) D& ZITiZ, IKE (A3) £7/21X (A4) DT,
(m=@-@+§@+mwﬂ+om4m

Jig =¢11 — arhy — by + 63+ O(n7Y),
Jio =¢11 — ar1b; + O(n™1),
Jz() =Q9 — (1% - ¢11 + a1b1 + O(?’Lal).

THY, HE (A3) DL Fid,
Jag =(1+n"as — 2¢11 + by — (a1 — b1)®
+ 2@} =) + 0(n™) +0(n™?p),
552 (Ad) D & &2,

J22 =Q9 — 2¢11 + b2 — (a1 — b1)2 + %(a% — b%) + O(n'_l) + O(n‘zp)

e Risk of $;: ¥R E» S Risk(S11) = az/n + (p/n)al.

e Risk of %,: 7 —Z (C1):sphericity D& ¥, (29) RTy=qa, =1L BVTH
R=VDAEHHWNWB L

meﬁ@=4@—b?+§@m2—ﬂm—m@a+%f
+ L@l ) + b =B+ O(m ) + O(n %),
L) INEBMET B o i

by B
by — b+ (p/n)b}

*

o (2.12)

S DU AZIE

s %2 P o o fP p(b2/b%—1) -1 -2
Risk(X) = —f—na1 b] (n (b2 —1) + +0(n™") + O0(n"*p),

Z N leading terms 2B \WT Sqp & DAL,

3 Plug-In#EEDHERK

3.1 Plug-In#tEE

o ZZETI,, B(7,8) PEEAR Y TA FETMEL T X720, HEICHEZITO IR
NoDYIA MEHETILELDS.
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o aj, ay, by, by WU TIEUTOEHEEE B\ 5 (Srivastava (2005)):

Gy = %tr(iu), Gigo = ;)ﬁtr((diagﬁuf),
®:pm-éin+90”§;**“§“ﬁm) o
t mtr@”)’ = p(n — Q)(n:— N ((diagua)) |
b= e (2 (Bh) - ( Bna/ (- 0),
o 7oy KELTHUTESL NS
ou = p(n—4q) (tr EuSa)- (n— qn:l)qé; - 2" Eua)
"Yn—q—qif—q+2f“§”ﬂﬁ'

o ZNSHE (21D ITRATEZLIZED, Plughn#ER ;. 288K T 5. /I ho
%15 R—Y D% J D leading terms IZARA L. T HIZ(2.10) ITRATBHZ &ITLD,

S5, B*) #IRET 5.

3.2 —HH
o XTLIIUTORMEERFEL, FROEERO—BMEIZEL CERT 3.

(A5) ay = p~Hr (1)) = O(p®), b3 = p~itr (Td,) = O(1), by = p~'tr (Th;,) =
0(1),

tr (211_221222_21221)2 = O(p2) and tr (2%1'22122;21221) = O(p)

Theorem 3.1. Assume (A1), (A2), (A3) and (A5), then under normality, a1, G, by, by
and ¢11 are all unbiased and

&1 = a; + Op(n_1/2), &2 = Qa2 + Op(n_l/zp),
by =b+ Op((np)_l/z): 82 =ba + Op((np)_l/z) + Op(n_1)>
511 = ¢ + Op(n_—l/z)-

Thus, all of the aboves are reasonable estimators of the corresponding ones except as.



4 BIEEER

4.1

.« 7

%IIPII

E
R B @A

y,=a+IpSeite, €= Ziﬁui, T; = 2342'01-
T IT s = (i) 1 Vi = (Vi)1<j<q REVICHSI L T 5.

® E%ﬁ-ﬁ?ﬁ (Dl) Uij, Vig ™~ N(O, ].)
j’F‘lE%ﬁﬁﬁ (DQ) Usj, Vij = (U)ZJ — I/)/\/—Q—V_, Wsj ~ Xz(l/) DOy =2

® [y = 0, 222 = Iq, (212)1’}' ~iid. N(05, 1)

o WERT 77X —ET I (MI):Ey, =3I,
BT 7 7 X —E )L (M2):

o1 p|1—1|/7 P|1_2V7 ees p|1—P|/7 o1
9 ‘ p12_1‘/7 p|2_2i/7 [N p|2_p|/7 D)
T = . : : .. : . ’
g‘p plp_1|/7 plp_2|/7 e ptp*p|/7 o'p

272U o; =3+402(-1)Y"p—i+1)/pDp=02.

« TODHERES,, S, S0 . S S50, 50, S5, B) 1R HEE. % %1000 [

a&*) ax*)

OB, ROUATHEINEGRRY A7 Lt d 2EEFEEZEZHEL .
o ¥y, I DHERIZEL T, TNEFNT THME.
p_ltr [(6 — 211)2] for 211,
p Hr (6% — I)?] for >
e N=100,¢g=3kEZEL, p=50, 100,200 & L7z,

4.2 Numerical Results
FKE®D Table 1-4 IZRLTW5S,

YRZFD s, d 1XZNEH (C1):sphericity, (C2):diagonality %73, Sr iE (2.8) RTHEX SN TS
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5 R
5.1 iR

o VR DEBDFHET, Op(n~2p) DEAHTL 720, ZOEIEHTERNMEL
pHKEFVE Fid, WEMELTL 3,

- 7727 RX—=0—71 7 (factor loadings) %5, (L 72 H30 T ay = tr B2, /p) D
BED Gy DPR L — ML Db o T3,

— (Ad)az = O(1) D & EIHRE (A5) IZHB W T gy = p~tr (B4,) = 0(1) LEEL
THHBEWTIZRL, (np) V250D L & 4, I—FM%2 DD,

o (A3)trX?=0(p?) D & TIRIHEMIZIZ |y —a*| = 0, 8* = 1 &R BDT, WHEH
LS, b T, DY RZIBELL 2B,
(AYtr =2 =O0(p) DH L TIREHERIZE |[v* —a*| » 0, B* » 1 L2 0, BHEKIZ
S iCNTBE, s DYV RAIOREVASND.

o MENR =4y b:(tr £/p)I,, diag $,...

5.2 i

. 2&%5'@@2\, BRITOBMAICBE Ty, ORLER 2, BN B L &7, y, 0)%7'5%'\:
AEATII S 2 2 IC&B 77V R—EFVERELZS L CRRINIHERS,
DHEANENL =2 SADHEREEX, S5 Fh 2L IV TR
3(v,8) DY A7 % Mean Squared Error O F TR 7=,

o BIERBEOMR, y, = DERMOH 572 LIZEb 5T, BBLR/SEMT 77 2 —%
FUDH LT, Sy, B) RABIHABAITI, BATHIOHET, LB IZRVERESR
TV3.

e AILKHBMERIZLY, R— b 74V ADHEEREFN T THEY X — > oEA1l
MEEAEX e 25 BRI IBREENENEFIRT VI LA DA T,

o 2FITERMITEKIL -BHATHZZ 0 S, REHDOBEOHE R LARET
H5,
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Table 1: Comparison of Estimators of 3;; under Strict Factor Model (M1)

p dist. 211 E;’ E;l‘ EZ E(dx 28(77 6) Ed(/y’ B)
50 (D1) 245 22.6 22.7 20.0 20.2 18.7 18.9
(7.1)  (6.6) (66) (7.1) (7.1)  (64)  (6.4)
100 (D1) 473 429 43.0 384 386 35.4 35.7
(12.3)  (9.9) (9.9) (12.3) (12.3)  (9.8) (9.8)
200 (D1) 939 89 8.0 762 764 70.8 71.0
(23.1) (19.2) (19.2) (23.1) (23.1) (18.8)  (18.8)
50 (D2) 38.2 34.7 34.9 33.2 33.9 30.5 31.2
(27.2) (21.7) (21.7) (27.3) (27.2) (22.0)  (22.3)
100 (D2) 752 684 686 658  66.5 60.5 61.2
(19.6) (38.9) (38.9) (49.7) (49.7) (39.6)  (39.9)
200 (D2) 158.3 142.7 1429 140.1 140.8 127.5 128.3
(93.8) (7L.7) (7L.7) (94.0) (93.9) (73.4)  (73.6)

Table 2: Comparison of Estimators of £7;' under Strict Factor Model (M1)

p dist. By %, 3 s 5 S8 (.8
50 (Dl) 10.57 2.07 2.24 0.58 0.68 0.48 0.57
(2.50) (0.36) (0.39) (0.10) (0.12) (0.08)  (0.10)

100 (Dl) NA 8.29 9.90 1.16 1.34 0.96 1.11
(1.04) (1.29) (0.18) (0.15) (0.13)  (0.15)

200 (Dl) NA 33.06 44.47 2.37 2.71 1.97 2.24
(3.47) (5.11) (0.25) (0.28)  (0.22)  (0.24)

50 (D2) 12.16 2.26 2.63 0.61 0.82 0.51 0.67
(3.24) (0.44) (0.52) (0.14) (0.18) (0.12)  (0.15)

100 (D2) NA 9.57 11.89 1.28 1.64 1.07 1.32
(1.65) (2.07) (0.24) (0.30)  (0.22)  (0.26)

200 (D2) NA 38.06 54.52 2.63 3.27 2.19 2.64
(6.46) (10.2) (0.45) (0.54) (0.40)  (0.48)
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Table 3: Comparison of Estimators of ¥;; under Approximate Factor Model (M2)

=S ~d o8

p dist. X ZT ET Ea EZ ES (7/ ﬁ) Ed(’)/v B)
50 (D1) 102.1 88.6 90.0 92.6 94.0 88.1 89.6
(19.0) (15.6) (15.7) (17.1) (172) (15.6)  (15.6)
100 (D1) 175.3 144.2 145.4 147.0 148.4 138.5 140.1
(26.7)  (19.2) (19.2) (23.1) (23.0) (189)  (18.9)
200 (D1) 3385 2626 263.7 257.1 258.6 235.2 236.9
(37.1)  (28.2) (28.2) (34.0) (339) (25.6)  (25.6)
50 (D2) 108.0 90.5 92.2 96.6 98.4 90.8 92.7
(20.8)  (20.5) (20.6) (26.2) (262)  (20.9)  (21.2)
100 (D2) 212.6 171.3  173.1 181.3 183.5 166.2 168.8
(65.3) (40.3) (404) (622) (62.1)  (43.0)  (43.5)
200 (D2) 410.8 325.5  327.3 325.7 328.3 296.5 2994
(125.7)  (79.6) (79.6) (120.1) (120.2) (84.8)  (85.3)

Table 4: Comparison of Estimators of X7; under Approximate Factor Model (M2)

p dist. ¥, 3, 5 = 5 50,8 208
50 (Dl) 21.92 1.29 1.42 1.51 1.71 1.15 1.30
(4.97) (0.17) (0.19) (0.19) (0.23) (0.14)  (0.17)

100 (Dl) NA 2.54 2.89 2.06 2.37 1.71 1.96
(0.32) (0.38) (0.18) (0.22) (0.15)  (0.18)

200 (Dl) NA 5.5 6.41 2.89 3.32 2.42 2.76
(0.58) (0.73) (0.21) (0.25) (0.18)  (0.21)

50 (D2) 24.01 1.33 1.49 1.55 1.82 1.26 1.44
(5.42) (0.20) (0.23) (0.22) (0.28) (0.18)  (0.22)

100 (D2) NA 2.67 3.05 2.22 2.65 1.78 2.07
(0.2)  (0.39) (0.47) (0.32)  (0.20)  (0.24)

200 (D2) NA 6.87 8.37 3.07 3.66 2.62 3.08

(1.41) (1.92) (0.31) (0.38) (0.28)  (0.33)




