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dimensional algebras
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Abstract
This paper is based on my talk given at the Symposium on Cohomology Theory
of Finite Groups and Related Topics held at Kyoto University, Japan, 18 February
to 20 February 2015. In this paper, we consider finite dimensional quiver algebras
over a field k with quantum-like relations. We determine the projective resolution
of the algebras and the ring structure of the Hochschild cohomology ring modulo
nilpotence.

Introduction

Let A be an indecomposable finite dimensional algebra over a field k and chark =
0. We denote by A® the enveloping algebra A ®; A" of A, so that left A°-modules
correspond to A-bimodules. The Hochschild cohomology ring is given by HH*(4) =
Ext%e (A, A) = @n>0Ext%(A, A) with Yoneda product. It is well-known that HH*(A)
is a graded commutative ring, that is, for homogeneous elements n € HH™(A) and
# ¢ HH"(A), we have n0 = (—1)™"0n. Let N denote the ideal of HH*(A) generated
by all homogeneous nilpotent elements. Then A is contained in every maximal ideal
of HH*(A), so that the maximal ideals of HH*(A) are in 1-1 correspondence with those
in the Hochschild cohomology ring modulo nilpotence HH*(A)/N. In [6], Snashall and
Solberg used the Hochschild cohomology ring modulo nilpotence HH*(A)/N to define
a support variety for any finitely generated module over A. This led us to consider the
ring structure of HH*(A)/N. In [5], Snashal gave the question whether we can give
necessary and sufficient conditions on a finite dimensional algebra A for HH*(A4)/N to
be finitely generated as a k-algebra. With respect to sufficient condition, Green, Snashall
and Solberg have shown that HH*(A)/A is finitely generated for self-injective algebras
of finite representation type [1] and for monomial algebras [2].

Let 12 and g3 be a non-zero element in k. We consider the quiver algebra A = kQ/I
where () is the following quiver:

m
a
@ C e1 — e :) a(3,1)
and I is the ideal of kQ) generated by
ot 1y, (a1 + 022) ™™ 5y))

a1, (a2,1022) — qi2(az,102,2)a0 1), (a2,202,1)a(3,1) — 923a(3,1)(a2,2a2,1),
a(1,1)2(2,1)4(3,1)> 3(3,1)2(2,2)2(1,1)
Paths are written from right to left.
In this paper, in the case of n; = ng = n3g = 1 and ¢12 = ¢23 = 1, we determine
the projective resolution of A and the ring structure of the Hochschild cohomology ring
modulo nilpotence HH*(A)/N.



In [3] and [4], we have the minimal projective bimodule resolution and the Hochschild
cohomology ring modulo nilpotence of the quiver algebra defined by the two cycles and
quantum-like relation. Then, the projective resolution of this algebra was given by the
total complex depending the projective resolutions of two Nakayama algebras. Similaly,
the projective resolution of A is given by the total complex depending the projective
resolutions of the quiver algebra defined by two cycles and the Nakayama algebra. Using
this resolution, we have the ring structure of the Hochschild cohomology ring modulo
nilpotence.

The content of the paper is organized as follows. In Section 1, we introduce the
projective bimodule resolusion and the Hochschild cohomology ring modulo nilpotence
of the quiver algebra defined by two cycles and a quantum-like relation given in [3] and
[4]. In Section 2, we determine the projective bimodule resolusion and the Hochschild

cohomology ring modulo nilpotence of A in the case of ny = ng = n3 = 1 and q12 =
g23 = 1.

1 Quiver algebra defined by two cycles and a quantum-like
relation

In (3] and [4], we have the projective resolution and Hochschild cohomology ring modulo
nilpotence of the quiver algebra defined by two cycles and a quantum-like relation. In
this section, we introduce these of the following algebra as a simple example.

We consider the quiver algebra A; = kQ1/I; where Q; is the following quiver:

a(2,1)
——
a
(1,1) €1 - €2
(2,2)

and the ideal I of kQ generated by

0%1,1), a(1,1)(a(2,1)a(2,2)) - (0(2,1)0(2,2))0(1,1), (0(2,1) + 0(2,2))2-

Then we have the minimal projective resolution of A; as the total complex depending
on the minimal projective resolutions of two Nakayama algebras.
We define projective left A$-modules, equivalently A;-bimodules:

Py = Aje1 ® e1A1 @ Arez ® ex Ay,
Q.0 = Are1 ® e1 Ay for Iy > 1,

A A A A if I5 is od

Qeous) = 11 ®@e2A1 [[ Aie2 ® 14, .1 2.1s odd, for Iy > 1,
Are; ® ey A; [[ Area ® e2A;  if Iy is even,

Q(ll,lg) = Aje1 ® e14; for 11,15 > 1,

Then we have the following complexes.
Proposition 1.1. (1) Ifl; > 1 and l; = 0, we define the left Af-homomorphisms
B801.,0) * Quur,0) = Quu-1,0) by
e1®aq ) —ap)®er il is odd,

A0y el ®er > { o ,
(l1,0) - €1 1 Z 0’21,1) ® a%l“;) if 11 is even,
i=0
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Then we have the complez:

5(1 0) 9(2,0) O

Py «— Qqu,0) &9 Q2,0 P Q(n-1,0) & Qo) ¢ -

This complez is the minimal projective resolution of k[a( 1)} /<a?1,1)>'

(2) If Iy = 0 and Iz > 1, we define the left Af-homomorphisms do1,) : Q1) —
Qo,2-1) by

d(0s)

( {81 ® ez — €1 ®@az1) — a2,1) ® €2,
e2®e1 > e2®a2) — az2) @ e,
rel Rey —
1
] 2(0(2,1)0(2,2))i(61 ® a2 + o) ® e1)(ape@e:2)
i=0
< e Peg >
1

Z(a(2,2)a(2,1))i(62 ® az,1) + a2 ® €2)(a2)821)

\ \ =0

if l2 is odd,

if la is even,

Then we have the complex:

30,1) 30,2)

50.3) Som
Py ¢ Qo,1) &2 Q2 &2 e Qeon-1) o Qo) & -+ -

This complez is the minimal projective resolution of the Nakayama algebra kQ'/{(a(2,1)+
0(2,2))2> where Q' 1is the following quiver:

a(2,1)

€1 €2
e
a(2,2)

(3) Ifly,lz > 1, we define the left AS-homomorphisms 0y, 1,) : Qy 12) = @i-1,1) and
Ot ka) * Q(ll,lz) = Q(iy,1p—1) a8 follows:

(-1)2(e1® a1 — a1 ®e1) ifly s odd,
1

(-1 Y dh e ®ewaly) i by is even(#0).
=0

3(11,12) e ey —>

6(l1,l2) ce1@ey —

([ (e1® (a)a22) — (a@1ya@2)) ® €1 if bz is odd,
1 .
\ [ —3 . . 'lf l2 Z 27
Z(a(z,l)a(z’g)) e1® 61(&(2,1)0(2’2))1 t ’Lf lz 8 even,

{ Vi=0

(61 ® (a1)a@22) — (6@ 1)0@2) ® €1 if l1 is odd,

1 (e1 ® a2) + a1y ® e1)(a,1)a2,2) iflg =1.
- (a(gyl)a(u))(a ® a2 +a@21)® e1) ifly is even.
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Then we have the following complezs:

91, a(n’JQ

9a, )
v Q1,12) &9 Qi) ¢« Q-1 — Qi) «

é(ll,n”)

5 5
Q0 al Qu.n a2 Qu2) ¢ Qunr—1) ¢ Qumry + -

Q(0,2)

The total complex P; of these complexes hold that
P; ®A1/radA1.

So P; is the projective bimodule resolution of A;.

Theorem 1.2. We have the minimal projective resolution of A;:
PlIO(—Al(LP()(d—lP1<—diP2<—~'--Pn-1<—dLPn<—--- ,

as the total complex of the above complezes where P, is the projective left A§-modules:
Po= ]| Quu
Li+la=n
and dn, is the left AS-homomorphisms
dn = Z 8(11,12) + 6(11,12)’
l1+la=n
forli,lo >0 andn>1.

We consider the cohomology of the complex Hom 4¢ (P, A1) and Yoneda product.
Then we have the generators of the Hochschild cohomology ring of A; modulo nilpotence
as follows:

€1,(,12) * €1 ® e1 = e1 € Homye (Qq, 1,), A1) for I3 and I are even(# 0), and
e1,(1,0) : €1 ® e1 — e1 € Homa: (Q, 0)), A1) for 1y is even, and

61’(0’l2) + 62,(0,12) where

€1,0,z) * €1 ® e1 — e1 € Homae (Q(o,), A1),

€2,(0,l2) : €2 ® €2 — e2 € Hom e (Q(0,1,), A1) for Iz is even.

with the following Yoneda product:
€1,(11,12) © €1,(m1,m2) = €1,(I1+my,la+ms)>

€1,(1x12) © (€1,(0,m2) T €2,(0,m2)) = (€1,(0,mz) + €2,(0,m32)) © €1,(11,12) = €1,(11,lp-+m2)>

(e1,(0,12) + €2,(0,12)) © (€1,(0,mz) + €2,(0,mz)) = (€1,(0,i2+ma2) T €2,0,1+m3))-
So we have the following result.

Theorem 1.3. The Hochszhild cohomology ring of A1 modulo nilpotence is the polyno-
mial ring of two variables.

HH"(A1)/N = kle1, (2,00 €1,00,2) + €2,00,2)]-
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2 Quiver algebra with quantum-like relation

In this section, we consider the quiver algebra A = kQ/I defined by the following quiver
Q and the ideal I:

a(2,1)

a(1,1) C €1 €2 D a(3,1)

a(2,2)
I is the ideal of kQ generated by
0%1,1), (0(2,1) + 0(2,2))4’ a%3,1)1

aq,)(az;1a2:2) — (az182.2)a(1,1), (a2,2a2,1)e(3,1) — a(3,1)(az,2a2,1),

@(1,1)8(2,1)4(3,1)> 4(3,1)3(2,2)(1,1)-

The projective resolution of this algebra A is given by the total complex of the
following complexes.

(1) Let the complex

9(1,0,0) 9(2,0,0) 0(3,0,0) O(n,0,0)
Py R(10,0) R2.0,0 = Rino100) € Rnpo) < s

be the minimal projective resolution of A; given in Theorem 1. Then we denote
e1®e; € Q(ll,lz) by €(4,0,0),(1,1),(I1,l2) for l,lp > 0 with Iy + l3 = 7. And we denote
e2® ez, e1 @ ez and e2 ® e1 € R(;00) by £(:,0,0),(2,2)» €(3,0,0),(1,2) and €(3,0,0),(2,1)-

(2) Let the complex

8(0,1,0) 4(0,2,0) 4(0,3,0) 30,n,0)
Fo < R0 ¢ Rpg0 ¢ Ron-10 < Rono ¢,

be the minimal projective resolution of Nakayama algebra ka3 )]/ a‘(?&l). Then we
denote e3 ® e3 € R(O,j,O) by €(0,4,0),(2,2)*

(3) We have the complex

8¢i,1,0) 8(i,2,0) 8(:,3,0) 8(i,n,0)
Ri0,0) Ri1,0) Ripg ¢« Ripn-10) € Ripnoy ¢+

where R(; ;o) is the projective module defined by

R(zaJ’O) = H As(ivjvo)r(lvz))(ll :lZ)A H Ae(iyjy0)1(272)A’

L+lp=i
1, >1
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and &(; 0y is A®-homomorphism defined by the following images:

6(ivja0) : R(’L,J,O) — R(i’j_170) .
€(4,4,0),(1,2),(3,0)

E(iﬁj—170)»(1)2)7(110)0(3,1) if] 2 2,

€(4,,0),(1,2),(1,i-1)

€(1,0,0),(1,1),(1,i-1)3(2,1)8(3,1) 1 @(1,1)€(1,0,0),(1,2)%(3,1)

€(4,0,0),(1,1),(1,i~1) 3(2,1)2(3,1)

€(4,5-1,0),(1,2),(1,i-1)2(3,1)
€(1,5,0),(1,2), (11 k2)
{5(1:,0,0),(1,1),(11,lz)a(2,1)a(3,l)

€(4,j—1,0),(1,2),(11,12) 3(3,1)
€(4,3,0),(2:1),(5,0) 7

0(3,1)%(2,2)€(4,0,0),(1,1),(,0)
a(3,1)€(i,j—1,0),(2,1),(4,0)

if j 22,

if j > 2,

€(4,5,0),(2,1),(1,i-1) —

a(3,1)2(2,2)€(1,0,0),(1,1),(1,i—1) +a(3,1)€(1,0,0),(2,1)4(1,1)

a(3,1)4(2,2)€(4,0,0),(1,1),(1,i—1)
@(3,1)€(4,5-1,0),(2,1),(1,i-1)
€(4,5,0),(2,1),(I1,12)
{a(3,1)0(2,2)6(1,0,0),(1,1),(11,lz)
a@31)E3,i-10),(1,2) (k) 522
€(1,5,0),(2:2) 7
((£0,0),2,1)8(2,1) T 3(2,2)€(:,0),(1,2))9(3,1)
— a3,1)(66,0),21)82,1) T 22,2)E36,0),(1,2)
| EG-1),22)3,1) T A3,1)E(,5-1),(2.2)
€(i,j-1),(2,2)2(3,1) ~ A(3,1)€(5,5-1),(2,2)
I 0'53,1)5 (z‘,j—l),(z,z)a%s_,f)

(4) We have the complex

ifi>2and j=1,

if 7 is odd and j =1,
if  is even and j =1,
itj=>2

ifi,l1 >2and j =1,

ifi>2and j=1,

if ¢ is odd and j =1,
if i is even and j =1,
ifj > 2,

if 4,11 > 2 and j =1,

ifiisodd and j =1,
ifiiseven and j =1,
if 7 is odd and j > 3,

if j is even.

9a1,5,0) 8(2,5,0) 83,5,0) Bn,5,0)
Rz <2 Rujo €22 Rojo) €22« Rpo10 = Rpgo <
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where 95 j o) is A°>-homomorphism defined by the following images:

9,50) * Riij0) = Rii-1,0) :

€(:,4,0),(1,2),(:,0)

{ a(1,1)%(2,1)€(0,5,0),(2,2) ifi=1,
(—1)'aq,1)€(i-1,0),1,2),-1,0) if & >2,

€(1,4,0),(1,2),(1,i—1) —*

r Ei:o(a(2,1)a(2,2))k€ (i—1,5,0),(1,2),(1,i—2) (0(2,2)0(2,1))1_k

— 0(1,1)8(2,1)€(i-1,5,0),(2,2) if i is odd and 7 > 2,

E(i-1,4,0),(1,2),(1,i-2) (2(2,2)8(2,1))

[ — (a(2,1)82,2))€(1-1,7,0),(1,2), (1i-2) + &(1,1)8(2,1)E(i-1,j,0),(2,2) if @ is even and i > 2,

5(1‘,3’,0),(1,2),(!1 1l2) -

(a,100,08040.22 ifi=1,
E;lc=o(‘1(2,1)0(2,2))kfs (i-1,7,0),(1,2), (11, l2-1) (8(2,2)8(2,1)) *F
+ (=1)'a(1,1)€3-1,4,0),(1,2),(t1 - LI2) if I is even(# 0) and I; > 2

A

6(1-1,;,0),(1,2),(1,,12—1)(0(2,2)0(2,1))
~ (8@,1)2(2,2))€6-1,50),(1.2), (1 la-1)
|+ (1)*a(1,1)6(-1,4,0),(1,2), (1 - 1,12) if I is odd and I; > 2,

€(4.5,0),(2,1),(3,0) ~?
{6(o,j,0>,(2,2)a(2,2)a(m) ifi=1,
€(i~1,4,0),(2,1),(i-1,008(1,1) if ¢ > 2,
€(:,5,00,(2,1),(1,i-1) =
'lec=0(a(2,2)a’(2,1))k5(i~—1,j,0),(2,1),(1,i—2) (‘1(2,1)&(2,2))1_’C
4 + €(i-1,5,0),(2,2)%(2,2)&(1,1) if i is odd and 7 > 2,
E(i-1,4,0),2,1),(1,i-2) (2(2,1)8(2,2))
| — (a2,2)8(2,1))E(i-1,4,0),(2,1),(1i-2) — E(i-1,j,0),(2,2)3(2,2)8(1,1) if ¢ is even and i > 2,
€(1,5,0),(2,1),(l l2) —*
(£0,50),229¢200,1) ifi=1,
S h—0(a2.2)82.1)) € (i-1,,0).2,1), (1112 -1) (@(2,1)8(2,2)) T F
+ (_l)lls(i—l,j,o),(2,1),(l1—1,12)0'(1,1) if I is even(s#£ 0) and ; > 2
E(i-1,4,0),(2,1), (11 12— 1) (@(2,1)2(2,2))

— (a(2,2)8(2,1))€(-1,5,0),2,1), (I J2-1)
[~ €(i-1,3,0),(2,1), (11~ 1,l2) 3(1,1) if lo is odd and 1; > 2,

o c—

€(4,5,0),(2,2)

€(i-1,5),22)(82282,1)) — (a@22)82,1))€(-1,j),(2,2) if i is odd,
211c=0(‘1(2,2)‘1(2,1))ké‘(i—l,j),(m)(‘1(2,2)0(2,1))1“’C if 7 is even.



(5) Let Iy, lg, I3, l4 > 0. We have the complex

&6,5.1) £(3,5,2) €(5,5,3) £(im)
R;,5,0) R 1) R j2) 4 R jn-) Rijny <

where Ry; ;o) is the projective module defined by

R k) =
( H ( H Ae(iaj7k)a(1)1)7(l1712)1(13)l4)A ® H Aa(iuj!k))(272)v(l17l2)7(l3’l4)A)
i+l =1 l3+l4=k l3+l4=k‘
3 22

@ H AE(i’j,k),(1’1)’(1,7:__]_)’([3”4)14 @ H As(i,j,k),(2,2),(1,’l:-—l),(lg},l4)A

lat+tly=k+1 lat+lag=k+1
13,14 are odd 13,14 are even

) if k is odd,
IT I (Aeimaz.aumnsiod® I Acaim. @i isin4)

li+lp=1 l3+l4=k l3+l4=k
122
o [I Aewmanninewd® [ Acwmeneoesnd
la+ly=k+1 lg+lg=k+1
l3:even, l4:0dd l3:0dd, l4:even

L if k is even,

for 4,7,k > 1 and §(; ;) is A¢-homomorphism defined by the following images:

(a) In the case of k is odd,

£i.,5,0) : Bigiky = Riijk-1) *

E(4,4,k),(1,1), (I1,12),(k,0) ~* € (4,5,k—1),(1,2),(}1,l2),(k—1,003(2,2)&(1,1)>

€(4,4,k),(2:2),(I1,12),(k,0) ™ €(4,5,k—1),(2,1),(l1,l2),(k—1,0)3(2,1)4(3,1)»

€(5,5,k),(1,1),(I1,k2), (I3,44)

€(i,jk—1),(1,2),(11,12),(1s—1,1a) #(2,2) 3(1,1) T (—1)"a(1,1)8(2,1)6 (5.5, k—1),(2:1), (t1.42), (L3 la— 1)1
€(i,5,k),(2:2),(11,12), (13 la)

E(i,drk—1),(2,1),(10,k2), (s~ 1,1a) B(2,1) 4(3,1) T+ (—1)" (3,102,285, jik—1),(1,2), (1,82l la—1)1
€(4,4,k),(1,1),(I1,12),(0,k) ™ G(1,1)3(2,1)€ (4,5,k—1),(2,1),(I1,l2),(0,k— 1)

€(1,3,k),(2:2),(11,42),(0,k) 7 3(3,1)4(2,2)€ (4,5,k—1),(1,2), (1, 12), (0,6 —1)

€(4,4,k),(2,2), (Lii—1),(k+1,0) > €(4,5,k—1),(2,1),(1,i—1),(k,0)%(2,1) &(3,1)>
€(12,k),(2,2),(1,i—1),(0,k+1) 7 &(3,1)H(2,2)€ (i.5,k—1),(1,2),(1,i-1),(0,k)>
E(i,,k),(1,1),(Li-1),(Ia,la)

€(4,5,k—1),(1,2),(1,i-1),(l3—1,la) 3(2,2)@(1,1) — A(1,1)%(2,1)€(4,5,k—1),(2,1),(1,i~1),(la,la—1)>
€(i,5,k),(2:2),(Li—1),(Is.da)

E(i,5,k—1),(2,1),(1,i—1),(ls—1,la) 3(2,1)(3,1) T G(3,1)®(2,2)€ (i,5,k—1),(1,2),(1,6—1),(la,la~1)"

23
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(b) In the case of k is even,

$.3.0) * Biagk) = Reijk-1) :

€(i,5,k),(1,2),(I1,l2),(k,0) ™ €(i,5,k—~1),(1,1),(l1,l2),(k—1,0)8(2,1)3(3,1)>

€(4,5,k),(2,1),(I1,02),(k,0) ™ €(3,5,k—1),(2,2),(41,d2),(k—1,0)8(2,2)8(1,1)»

E(i.4.k),(2,1), (11 k), (13, la)

€(i,j,k—1),(2,2),(I1,12), (I3 - 1,1) @(2,2)8(1,1) + (—1)110(3,1)0(2,2)€(i,j,k-1),(1,1),(11,12),(13,14—1),
E(i,5,k),(1,2), (11 12), (I3,da)

E(i.gk-1), (LD, 2. (- L1082 D8ED) + (=1 801,1)0@1)86,k-1),(22), (1 k), (s le=1)>
€(1,5.6),(1,2),(11,12),(0.k) —* A(1,1)%(2,1)€(4,5,k—1),(2,2),(l1,12),(0,k 1)

E(0,.k),(2,1),(11,02),(0k) 7 B(3,1)%(2,2)8 (5,5,k—1),(1,1),(01,02),(0,k—1)>
€(4,5,k),(2,1),(1,i—1),(k+1,0) 7 €(5,5,k—1),(2,2),(1,i—1),(k,0)%(2,2) 3(1,1)>
€(4,5,k),(1,2),(1,i=1),(0,k+1) ~* (1,1)®(2,1)€(3,5,k—1),(2,2),(1,i—1),(0,k)>
€(5:5ik),(1,2),(1,i-1),(s,le)

€(i,5,k—1),(1,1),(1,i-1),(la—1,l4) 3(2,1)8(3,1) T B(1,1)@(2,1)€ (3,5,k—1),(2,2),(L;i—1),(I3,la—1)
E(1.5,k),(2,1),(1,i~1),(3,0a)

€(45,5,k~1),(2,2),(1,i~1),(Is—1,la) 3(2,2) 3(1,1) — 4(3,1)3(2,2)€ (3,5,k—1),(1,1),(1,i—1),(I3,l4—1)"

(6) We have the complex

i,4,k) 6(i.n,k

i,2,k )
4 Rin-1k) ¢ Rink) <)

i,3,k

S 2.k) Sis.k) s
R 1.k R;2.k) R(; 3k

where 4(; ; 1) is A®-homomorphism defined by the following images:
(a) In the case of k is odd,
0sk) * Ragk) = Raj-rh) *

€(i,3,k),(2,2),(11,d2),(k,0) ~> A(3,1)€(4,j—1,k),(2,2),(I1,12),(k,0)»

E(ivjak))(2’2)a(ll)12)7(0!1‘:) - €(i’j_1’0)1(2!2)v(l1112),(07k)a(311)’
(b) In the case of k is even,

Oigik) * Rigk) = Bij—1,k) :
€(4,4,k),(2,1),(I1,d2),(k,0) — @(3,1)€(3,5-1,k),(2,1),(l1,l2),(k,0)>

g(i,j)k),(zwl)v(ll 712)’(0”9) - E(i,j—l,O),(Q,l),(l]_ ,l2),(0,k)a’(3,1)'

(7) We have the complex

8(2,5,k) 9(3,5,k) 9(4,5,k) O(n,j,k)
Rujm €2 R Rajp €2 By €2 Rpjr < s

where J(; ; x) is A°-homomorphism defined by the following images:



(a) In the case of k is odd,
k) * Reije) = Ri-1,k) °
6(i,j,k),(1,1),(l1,l2),(k‘,0) -

( . i
(=1)*a(1,1)€(i—1,j,k),(1,1),(i~1,0),(k,0) if I =0,
P k=0((2,1)8(2,2)) F€(i-1,56),(11), 11, -1),(k.0) (@2,1)8(22) *
¢ + (-l)za(l’l)e(i_l’j)k)i(l,l)r(ll_1’l2)7(k70) if l2 is eVen(-‘,é 0),

E(i"'lvjvk)v(lal)’(ll 112_1)7(k10) (a(z!l)a(zaz))
= (8(2,1)@(2,2))€ (1-1,4,8),(1,1), (t1,l2—1),(k,0)

|+ (=) a(1,1)€ (- 1,5,k),(1,1), (1 ~L12), (k,0) if I3 is odd,
£(6.4.0),(11), (11 12),0.6) |
'E(i—l,j,k),(l,1),(z‘—1,0),(0,k)a(l,l) if Iz =0,
> r—0(8(2,1)8(2,2)) € (i=1,3,k),(1,1), (1 2~ 1),(0,0) (B2 1) B(2,2) ) F
F (—1)Me(o 1k, (1,1, (1 12), 06)F(L,1) if Iz is even(# 0),

T E(i-1,4,K),(1,1), (1,2 ~1),(0,k) (4(2,1)8(2,2))
- (a(2,1)a'(2,2))5(i—1,j,k),(1,1),(l1,lz—l),(O,k)
= E(i—1,,k),(1,1), (11 ~1,12),(0,k) B (1,1) if I is odd,

(65,k),(1,1),(t,k2), (I3 la)

Zl1=0 (a(2y1)a’(2»2) )ls(z_ 11]7’0)7(111))([1 1l2 _1)7(13114) (a(zvl)a(2i2) ) -

™

if ¢ is odd,
< E(i=1,,k),(1,1),(1nl2— 1), (lala) (3(2,1)8(2,2))
| — (a2,1)@(2,2) )€ (- 1,5,k),(1,1), (1 o~ 1), (3.ba) if i is even,
i1y > 1,
€(4,4,k),(2,2), (1 k), (I3,0a)
Y k=0(a(2.2)8(2,1)) € (i-1,5.),@.2), 11 da- 1), (s ko) (@222, F
if 7 is odd,
E(i-1,4,k),(2,2),(I1,l2—1),(1a,1) (@(2,2)3(2,1))
— (a(2,2)0(2,1))E(i-1,j,k),(2,2), (11 J2—1), (I3, la) if 4 is even,
il > 1,
€(5,3,k),(2,2),(Li~1), (s la)
(Z/lg=o(‘1(2,2)@(2,1))kf(i—1,j,zc),(2,2),(1,z-_z),(za,l‘l)(a(z,z)a(z,n)l_’c
) if 4 is odd,
€(i—1,5,k),(2,2),(1,i—2),(I3,l4) (0(2,2)0(2,1))
| — (@2,2)82,1))€(i-1,5,k),2,2),(1,i~2),(I3la) if 7 is even,

€(4,3,k),(1,1),(1,i-1),(Is,la) —

' —
Y k=0(22,1)22,2) e i-1,50),1, 1, (Li-2) (s ko) (22, 82,2)F

if Iy is even(## 0),

€ (i=1,4,k),(1,1),(1,i-2),(Is.1a) (3(2,1)2(2,2))
[ — (8(2,1)8(2,2))8(i—1,5,8),(1,1),(1,i—2), s ba) if Iy is odd,
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(b) In the case of k is even,
Oijy * By = Bia-1k) :

E(’i,j,k),(l,2),(ll ’12)»(k10) -

r (_ l)ia(l,l)e(’i—1,j,k),(1,2),(’i——1,0),(’{:,0) if l2 = O’
Zi=0(a'(271)a(2?2))ke(i_lyj,k)r(laz))(ll 712—1)9(k10) (a(212)a(2a1))1_k
J (1 a0,0)86-1,8),0,2),(1-12),(80) if Iy is even(# 0),

E(i-1,4,k),(1,2), (11 l2-1),(k,0) (3(2,2)8(2,1))
= (a(2,1)@(2,2) )€ (i-1,4,k),(1,2), (11 l2—1),(k,0)

|+ (—1)ia(l,l)e(i—1,j,lc),(1,2),(11—1,!2),(k,0) if I3 is odd,
€(1,5,k),(2,1),(11,12),(0,k) —*
(E(i—lij»k),(2,1),(i—1,0),(0,k)a(1,1) iflp =0,
Y k=0(0(22)8(2,1)) € 1,3, 2,1),1.-1,0.0) (2, 1) B(2.2)
!t (—D)Re-1,50),@.1),(11 - 112),(0,4)3(1,1) if Iz is even(# 0),

E(i-1,3,k),(2,1),(11.12-1),(0,%) (3(2,1) (2,2))
— (8(2,2)8(2,1))E(i-1,,k),(2,1),(11 12— 1),(0,k)

L~ €(i=1,4,k),(2,1), (11— L,12),(0,k) &(1,1) if I3 is odd,
€(3.3,k),(1,2), (11 l2), (13, la)
rZzl=o(a(2,1)a(2,2))16(1—1,j,k),(1,2),(z1,12-1),(13,14)(0(2,2)0(2,1))1‘1
) if 7 is odd,
E(i-1,4,k),(1,2), (11 l2— 1), (lala) (8(2,2) 2(2,1))
[ — (a(2,1)8(2,2) )€ (i—1,5.k),(1,2), (11 2~ 1), (I3, La) if i is even,
if Iy > 1,
€(6.5.k),(2,0), (L1 02), (I3,0e)
> k=0(0(2,2)82,1))*€ i-1,5,k),2,1), 01 2 1), (la.ka) (A(2,1)F(2,2))
if 4 is odd,
E(i=1,4,k),(2,1),(l J2—1), (Ia,Le) (2(2,1)8(2,2))
= (@(2,2)2(2,1))E(i-1,5,k),(2,1),(t1,l2— 1), (I3 la) if 4 is even,
ifly>1,
€(6,5,k),(2,1),(1,i—1),(l3,ba)
rZI{::O(G(2,2)a(2,1))ks(i——l,j,k),(2,1),(1,i——2),(l3,l4)(a(2,1)a(2,2))1~k
J if 7 is odd,
E(i-1,7,k),(2,1),(1,i-2),(Is,le) (3(2,1)8(2,2))
| — (22,2)8(2,1))€(i-1,5,k),(2,1),(1,i—2),(I3,la) if 4 is even,

E(iaj3k)1(1!2)7(11i_1)»“31‘4) -

rE:lc=0(11(2,1)a(2,2))'“tf(i~1,j,xc),(1,2),(1,i_2),(13,14)(a(z,fz)a(z,x))l_k

if I is even(# 0),

E(i-1,5,k),(1,2),(1,i-2),(Is,le) (8(2,2)8(2,1))
| — (a2,1)@(2,2))E(i—1,5,k),(1,2),(1,i~2),(Ia.la) if I is odd.




The total complex P of these complexes hold that P ® A/rad A is a exaxt sequence.
So P is the projective bimodule resolution of A.

Theorem 2.1. We have the minimal projective resolution of A:
P00 A B P& P ... P &Py

as the total complex of the above complexes where P, is the projective left A®-modules:

P, = H R o) © H Rij k)

i+j=n i+tji+k
i, Jy k2>

7
and dy, is the left A°-homomorphisms
dn=" > Bugm+ (=105 + &g,
i+j+k=n
forn > 1.

We consider the cohomology of the complex Hom 4¢ (P, A) and Yoneda product. Then
we have the generators of the Hochschild cohomology ring of A modulo nilpotence as
follows:

€1,(:,0,0),(0,i) T €2,(:,0,0) Where
€1,(1,0,0),(0,3) * €(4,0,0),(1,1),(0,s) —* €1 € HOInAE(R(i,o,O),A),
€2,(1,0,0) © €(3,0,0),(2,2) —* €2 € Hompe(Ry; 0,0y, A) for i is even.

with the following Yoneda product:

(€1,(5,0,0),(0,) + €2,(:,0,0)) © (€1,(7,0,0),(0,) T €2,(1,0,0) = (€1,(i+#,0,0),(0,i+7) T €2,(i+i,0,0))-
So we have the following result. |

Theorem 2.2. The Hochszhild cohomology ring of A1 modulo nilpotence is the polyno-
mial ring.
HH*(A)/N = kle1,2,00),02) + €2,200)]

We conjecture that the projective bimodule resolution of the finite dimensional al-
gebra with quantum-like relations and monomial relations is given by the total complex
of the complexes depending on the relations.
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