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1 Hardy spaces H? and H*®
BRFEOBMEMKE D, BAHEZ20D 35, £/, D FOERBEREEOESZ
H(D) &35 :
D:={zeC: |z| <1}
0D :={2€C: |z|=1}
H(D) :={f : f is analytic in D}
O<p<ool&d5b.

HP = {f € H(D) : |fll = sup ( / " |f<%~e?9)|p§—§)% < oo}

= {1 HD) - 1l = sl <
zeD
H?P, H* |Z |
(Ff+9)(z) = f(z) +9(2) (z€ D) : pointwise addition (1)

(af)(z):==a-f(z) (z€ D,aeC)

CEOMERANS —EEREDDIET, HP, H® ZT TR ERL 5.
0<p<lDZZE, [|fIPXHPIZEWTHMZED, H? (ITHEMERL 5.
1<p<ooD&E, |fll,F HPIZEWT /WL %ED, HPIX Banach & 425,
| flloo W& H® IZEWT VA% FED, H® Ik Banach B 45, 51T

(f9)(2) == f(2) - g(2) (2€ D) : pointwise multiplication (2)

CEORMEEDBE, [|flle < |Iflloollglloo &7 L, H™ & Banach algebra & 72%.

(H*)* % Banach ZZfE] H* ® dual space, 2% b, H* LOFRBRHNEREEOELL
5. M(H*®)(cC (H*®)*) % H® £® (nonzero %) RIEMAH R NERLEDELE L T 5.
M(H*)Z weak-*-topology Z ANDHIZ LD, M(H*) X compact Hausdorff Z2f}iZ72 5.
M(H>) % H® OBKA 77 NVEBEES. Zhid, TERERNESENER m ¢ M(H™)
? kernel] & [Banach algebra H® OfBEA1T F7)V] &AW1/ 1ICHIET2HIZL 3.



-

fm)=m(f), feH™ meM(H>),
LEDDHE, flEMH®) EOEEERE LS.
H® > f — f e C(M(H%®)).
Z @ homomorphism % Gelfand Z#t& 5. 7, fDE% f D Gelfand ZHi L H 5.
fECMH®) & fe H® &AL, frBITfLRTHIZT S,
H®-BI% f ~D D D55 2 DRA
H*> f— f(z) eC

i, (1) DX IERTLIZH, (2) DESITBETLICHEEDZET, H® LOREME
RERER L R TENTES. 20D, DCM(H®)TH5. £IZT, RO L S5%ME
WEUT

D& M(H®)iZ85WT dense TH 25 ?

ZOBBIRRERMBIRTS 570, 1962 &, Lennart Carleson 12 & D HEMNITER I N7z
([2)). 2% b, DIFM(H®)IZHWT dense TH5H. % Carleson’s Corona Theorem &
W3,

2 Singular inner function
feEHP (0<p<oo)ZbiE, dIIZDVWTIEFLAE WD e c 0D IZXH LT lim_f(z)

z—et
(nontangentially) B EET 5.
F(e) = lim 1(2)

L. Zhiz kY, 0D EDIFE A X WZE L2 Z A (almost everywhere, a.e.) TEZRI 1
7B f* BRSO B D,

6 _de
16 = [ Gy

Def — 2z

I2EoT, D EOBS f(2) #MVETENTES. Lo, fFL fARA—BTIHIIL, &
L fERTEIIT S, x2HBL, fe HOD) L f* € H®(OD) & f € C(M(H®)) %E—
5.

Y e H® DD |yY(e?)| =1 ae e € 0D &/~ d & &, 1 % inner function &\ 3.



O#feH (0<p<oo)eTd. fRERMEOEREROLIRETS. fOERI%Z
{Za}n T2 L, 300 (1 —|zm|) < co ZHi7d. T % Blaschke condition £\5. {z,}n
7% Blaschke condition %73 & &, ROBEMb(2) #EHT HEHNTE 3.

Zn Rnp —
b
(2) = H Iznl 1— 2,z

b(2) & {2, }n Z2BRINE UTED. be H® 7D |b(e?)| =1 ae. € € 0D %273 DT, b
I& inner function T# %. b % Blaschke product £ \5.

P e ([ S uglie) )

Fe HP T®»%. F % outer function £\»5. (F % f @ outer part £\ 5. )

u) =ow (- [ S auo)

ZIZT, ulddTHd. 29, p& dfid mutually singular TH 5. u % singular measure
EWS. Y, € H® D |y, (e)| =1 ae. e € 0D %73 DT, ¢, & inner function TH
%. Y, % singular inner function £\ 5.

EED f e HP i, —#1Z, f=ChpF (CeC, |C|=1) LREHMET 5HNTES,

3 Douglas algebra

0D EOKEREF LTI SEDOEE % L™ ;= L=°(0D) £ 35. L™ i& Banach algebra
THB. [° OWAALFTIVERE M(L®) 2E 58, H®CL® X0, M(H®) > M(L)
THb. ROFRVHONT WS, ZOFRIL, inner function & M(L*®) DRI &5
ATW5,

Theorem 1 ([6]) m & H® @ complex homomorphism &3 %. D& &, ROFMHIIFE
TH5.

(i) mix H® @ Silov BHRIZH 3.

(i) mi%, L*® D complex homomorphism ® H® ~DHIRTH 5.

(iii) |p(m)| =1  for every inner functions .

(i) |b(m)| =1 for every Blaschke products b.

(v) Y(m)#0  for every inner functions .

(vi) b(m)#0  for every Blaschke products b.

2%D, £ED inner function Y I LT, |[¢|=1on M(L®) TH 5.
H>® & L*® Of]® uniformly closed subalgebra % Douglas algebra & 5.

H®+C:={f+g: fe H®(D), ge C(dD)}
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X H® 2 EIZBEEHR/ND Douglas algebra TH 5. H® & A(C L®) THEE I NS closed
subalgebra % [H®, A L RTEIZTSH. H*+C=[H®, 2| TH3. ZTI T, z I :EEEK
ERU, 13 OFEERKRERT. H® + C OBKA T7NVERZ M(H®*+C) 2§53,
M(H®+4+C)= M(H®)\D THh5EIFHoNTWS. Mo :={me M(H®) : z(m) =€’}
Z M(H®) D e £ fiber 5. M(H®)\ D = scop Mo TH 5.

ROEVHONTWS.

Theorem 2 ([6]) f € H® (® Gelfand Z# f) 1S Moo ET constant TH 5 1= DBHEA+
DR, [P DPS (e} NEGHRIZILRTESETH 5.

fEH® T 5. ¥DED
{Ifl <1}i={me M(H%) : |f(m)| <1}

Z(f) :={m e M(H%) : f(m) =0}
&Bl.

%&)=ap<—ADém+ﬂm@%).

e’ — 2

p @ closed support set & S(u) &35 &, ¥,(z) & C\ S(u) ~EFKIZHLRT 2FHMNTE
5. =7, [Yu(2)| & D25 S(p) DEDKALEGIHERT 2F X TE V. LOKER
EMABEDED L, Uocop\spy Mer PET || =1 THY, BE Z(y,) BET {|y] <1}
& Ugocsgy Moo KBNS :

Yy =1 on U Mo

€i9€OD\S ()

Z(Yu), {lvul <1} C U M. o

efeS(u)

{2,322, ® accumulation points DEE% Sb) T2 L, b(z) & C\ S(b) ~EHHIZHLER
THERTES. —F, |b(2)] 12 D 55 S(b) OX DA ERKICIRT 5 ERTER .

EEEBRIZ,

bl=1 on |J M
98D\ S(b)

Z®), {bl<1yc |J M

e¥eS(b)

TH5.



4 Douglas algebra ICEIT2EIURICET 2R EM[E
Douglas algebra (ZH 1350 BIZETHHER 2N DN T 5.

Theorem 3 (Axler-Gorkin, [1]) A % Douglas algebra, M(A) % A DFEKA 7 7 ILZE[H]
9%, ¥5iT, fe AL, b#% interpolating Blaschke product £ §5. FD L %, {me

M(A) : b(m) =0} C {me M(A) : f(m)=0} RO IO%ESIE, %eAw)é.

Theorem 4 (Axler-Gorkin, [1]) A % Douglas algebra, M(A) % A DRKRA 77 WVZE[H
&35, I6IZ, fe Ak, b#% interpolating Blaschke products @ finite product &3 5.

TOLE, M(A)IRBWT |f] < b B ID%H 51, geA'C“a*o%.

b A% interpolating Blaschke product D&, M(A) ZEI2FREROLEBEN,S A
BT AE ) ERREEAE AN D, TN LT, b4 interpolating Blaschke products @
finite product DZFE, M(A) BT 2FREGOALEHROEROATIZE Y Brreit %
HLHEITET, MA) B3R EX» 5 EAREMELEI NS,

H> % & B/ND Douglas algebra H® + C (2B} 2 & h BizBI$ 28R I1X, RDED T
»H5.

Theorem 5 (Guillory-Sarason, [5]) ¥ % inner function, f € H® &3 5%. ZDk ¥, X
DERMIZFAETH 5.

(i) —1/{; € H®+ C  for every positive integer n

(@) fA—=[y))=0 on M(H®+C)

(i) Jim F(:)(1 = [9()) = 0

Theorem 6 (Guillory-Sarason, [5]) £E®D inner function ¢ IZX U T, Blaschke product
bWEAELT, ¢ & bid HO+C iZBWT codivisible TH 5. 2F YD, £ED inner function

Y IZX UT, Blaschke product b B 1FIEL T, % € H*® + C, % € H®*+C %Hr=d &51
TE5.

b & 1 I¥ inner function %D T, % € H*+C, b € H®+C % b€ H®+C, by € H*+C

v
ERTENTES. &7, QC:=(H*+O)N(H=+C) L BL L, Ybe QC LRTHNT

E5.

EOEENPS DS XD, H+CIZBI1FT 580 ErlgeE2 BT 5121, Z(f), {|f] <1}
EWSEEVEETHIENLSNS.
T, TIZT, ZTO® RIMS H£E#HFZD T —~ TH 5 Guillory-Sarason DEEZRRTH

> >
- 2.
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Guillory-Sarason O H*® 4 C IZ8B W T codivisible 7% singular inner functions &7

ETH”?DED, % € H*® +C, % € H® + C %¥i7=9 singular inner functions ¢, ¢,
n v

BT )7L, % M T I

i

5 BETHHER

singular inner function % &3 5HD TE 5 singular measure 2AEDEEE M} L9 5.
M} :={u : pis finite positive, u L df}

pe M IZRLT,
Ll (w) := {v € M : v is absolutely continuous with respect to p, v # 0}

Definition 1 p € M} IZXUT, {|jy, <1} C Z(¢y) 27T 0 € Lt (u) PEET DL
&, p & outer vanishing measure ZFD L\ .

RDOFEMIL, 2 DD singular inner functions ¥, ¥, #* H® + C IZH W T codivisible & 7%
57O p BT AREZRGEEEZTEY, Guillory-Sarason OREIZT Xy 75 5BOF
BPrhiznsBbhd.

Theorem 7 (Izuchi, [8]) pe M} £53. HL, u Lv THH, D, ¢, & ¢, B H°+C
IZEWT codivisible £ 725 & 572 v e M} PEET B0, pid outer vanishing measure
2RO,

1999 FFtH, Rith& FHRIL, singular inner function ¥, 12X LT, Z(y,), {|[v.l <1}, B&
¥, TNSORED Y € L (1) KB BMEE Uerr ) Z(W0), Uer (o{ltn] <13 220
THEHLUSHFARE.

AT, S(u) = 0D % #7-3 singular measure pu (ZB3 28R TH 3.

Theorem 8 (Izuchi-Niwa, [9]) € M & S(u) = 0D %2§-3235. zDr %, IR
O Blaschke product b (XU T, v e Lf(p) PEELT, {b|<1}CZ(y,) 2WT LS
IZTEDS.

Guillory-Sarason OEB L 0, {|b| <1} C Z(+p,) %2HF7=T ¢, & bITRL T,
Yy

o € H* 4 C for every positive integer n

THLEVDIHD.

Corollary 1 y€ M I& S(u) = 0D %2 dLT5. TDL %, fe L*OD) IZHULT,
veLi(p) WEELT, ¢,f € H®+C %7,



Theorem 9 (Izuchi-Niwa, [9]) pe€ M} L35, TDOLE, ROFEIIRMETHS.

(i) S(u)=0D.

@) | Z@)=MEH®)\(DUML®)).
veLl ()

(i) | {l] <1} = M(H*)\ (DUM(L®)).
veLl ()

(iv) L= [H*®, {f, :v e L (w}.
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