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1 Introduction

About the problem of estimating the high-dimensional covariance matrix, it is well
known that we cannot invert the standard sample covariance matrix S, when p > N, and
even if N > p but p/N is relatively large it performs poorly. When we have no advance
information about the structure of the population covariance matrix X,, shrinking S,
to some stable statistics improves the performance. There are little research on the
direct estimation of the precision matrix and seems to be room for improvement over
the estimators, U,A,UT, (S, + 71,) ™!, @S, + BI, proposed in recent years. Then we
propose a(S, + vI,) ™! + BL,.

2 Preliminaries

We begin by stating the basic assumptions which are common in estimation of the
high-dimensional covariance matrix based on the random matrix theory. Throughout the
paper, and denote the spaces of real and complex numbers, respectively. Also, * denotes
the half-plane of complex numbers with strictly positive imaginary part. The real and
imaginary parts of z € are denoted by R(z) and (), respectively.

(Al) p/N — y€(0,1)u(l,+oo) asp’N_> + 00.

(A2) T, is a non-random p-dimensional positive definite matrix. X, = (Xp1,..- ,XpN) T
is an N xp random matrix, where X, 1, . .., Xp, v are mutually i.5.d as E[x,;] = 0 and
Cov(xp;) = L. Yp = (¥p1,-..,¥pN)T, Where yy,; = 2%, 5.

(A3) t, = (tp1, -+ tpp)T is a system of eigenvalues of 3, sorted in decreasing order.
The empirical spectral distribution (ESD) of X, is defined by

1 p
Hy(t) = - Y It VEER

t=1
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H,(t) converges to limit H(t) at all points of continuity of H.

(A4) Supp(H), the support of H, is the union of a finite number of closed intervals,
bounded away from zero and infinity.

Let Sy = NT'Y]JY,. £ = (€1, -, 4pp)T and (uy,...,u,) are a system of eigenvalues
sorted in decreasing order and eigenvectors of S, The empirical spectral distribution (ESD)
of S, is defined by

F;’(t) Z ][[p n+00)7 Vt € R

1.-—1
For a nondecreasing function G on the real line, the stieltjes transform mg of G is
defined by

me(z) = /;«%—;dG(m), VzeCH,

where Ct denotes the half-plane of complex numbers with strictly positive imaginary
part.
The stieltjes transform has the well-known inversion formula

G{{a,b]} = = lim / S (mal(€ +in))de,

T -0t

if G is continuous at a and b. Stieltjes transform of F,, is

1 I 1
me(z)zfr:;de(/\)mgt;&"Z”

Under (A1)-(A4) and assumption that entries of X, are independent with common mean
and variance and for any 1 > 0, as p/N—y

Bz} I N2
nng%j (123 P18 > nNY/2) -0,

there exists a distribution function F (limiting spectral distribution (LSD)) such that
Fy(z) — F(z), YzeR\{0}.

F' is everywhere continuous except at zero, and that the mass of F' at zero is
F(0) = max{1 -y, H(0)}.

Under the same assumptions, m = mp(z) is the unique solution to the equation (Silverstein (1995))

1 +
mF(z):/t(1~y~yzmp(z))-—de(t)’ VzeCt.
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3 Estimation of the precision matrix

We consider the following loss function Ly(E;?,€p) = 2tr(2,X, — L) (2,2, — I,)" In-
stead of minimizing R(X;*,Q,) = E[L,(Z;!, )], we minimize the limit of L,(X,*, ;)
obtained from RMT. We consider rotation-equivariant estimator.

Q, = U,A, U] where A, =Diag(ay, -+, ap)

finite-sample optimal a; is

. WS
¥ u;fzgw

Ledoit and Wolf (2012) consider the limit of & = uf Z,u; under L,(Z;?, ;) = Str(Z,t -
Q,)%. 8(¢;), the limit of uf E,u; is , (Ledoit and Peche (2011))

iy —gtemr? L4 >0
6(&)= '(?/:U—lmf_‘ﬁ)—) iff,-=0andy> 1

0 otherwise
¢(£;), the limit of uf 2u; is

{192 -2 2R Imp (L)) -y 2 |mp(4)]}
I}l—y—yl.mr(x))’l

(4) = R TEr T —TT 1 ff& >0
T (e t4H () = slw;) 6 =0andy > 1
0 otherwise

FisLSDof Y, YT = £X,%,XT and mp(2) is the solution of m = —[2—y [ de
By replacing mp(£ ) and mg(0) Wlth their estimator 7p(4;) and mgr(0), we obtain QﬁW

U,,APU}; ar = §(4;)/$(¢;). We use a package QUEST on Matlab introduced in Ledoit
and Wolf to estimate 7 (¢;). In this algorithm, we obtain f;p, the consistent estimator of

eigenvalues of ¥, and solve
g 1
P Ei,?(l - (p/N) — (p/N)tsm) — ¢;
When N, p are relatively small, the approximations of ul £,u;, uf =2u; by 6(13 ), #(&:) be-

come bad, and ﬂ{;w performs poorly. We propose the following estimator of the precision
matrix.

QL = a(S, + L)~ + AL,



In the case of N > p, consider the following hierarchical bayes model.

V(= NS,,) | Xy~ p(N) 2,,)
. n~ (1= nWp(k, Ar) +ndao(EZ51)
n ~ Ber(6)

Denote pdf of V and prior distribution of X! by
VIZ I~ (VIS
S~ (=-S5 | Ar) +ndao(E; )
The joint distribution of (V, X7 1) and marginal distribution of V are
FV, 50 = (VI ZH{ = 0)m(Z57 | Av) + 00a,(;7)}
FOV) = (1= 6) [ (V1 5;m(25" | AdE;* + 6V | M)

QBoves = B[S-1 | V] is

Qe = [ =V, 5)dE; 1 £(V)
(1-6) [ 85 £ (VIS5 )m(25 1 |A1)dE; +0A0F (V] Ao)
(1=6) [ FOVIZ; (S5 T[A1)dE, T+65(V[Ao)

. [BFH Vs n(B5  A)dEs!
(1= wo) 5o E e T Agam T~ + Woho,

where
_ 65(V | Ao)
(1- H)ff(V [ 251)71'(2;1 | Al)dE;1 +0f(V | Ao)
Let vo = (N + k)/N,
SV ENr(E; | A)dE,?
J IV Z0)7m(E51 | Ay)dE;?

Wo

= (N+k)(V+A)T

= (S, + N—1A1)—1,
then, we get
Qfayes = (1 - ’LU())'U()(SP -+ .1\7—1‘[\1)"1 + ’LU()A().

where vp > 1, 0 < wp < 1. Letting A; = NvL,, Ag = (1/0)L,, £ = 30, 4:/p = tx[S,]/p,
a = vp(1 — wp), B = wo/f, we obtain

QL = a(S, + L) ! + FL,.
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We estimate a, 3, 7 to satisfy vy > 1, 0 < wp < 1.
Under Ly(%,*, Q) = 5tr(2,5, — L) (2,2, — L)%,

tr[(Sp+1p) "I Splte[B2] - tr{(Sp+11p) ~ BI]tr[Sp]

(7)) = tr{(Sp+1p) P ERr( ] —{trl(Sp+11;) L BZ))

fix ( ) — tr{(Sp+71p) ~2E3]tr(Ep] —tr{(Sp+1p) ~} Epltr{(Sp+11p) "' B}
V= tr((Sp+11p) P B2 —{er(Sp 1) - B2}

Ly(y) = Ly(Z;, QER(a* (7), (1), 7))

= [tr[(Sp + 1) "2 2)tr[82] — {tr[(Sp + 1) zg]}g} -1

x [ — {tr[(S, +7L,) T B, P tr[ 2]
—tr[(Sp + 7Ip) 2EZ (tr[ )

+241((Sp + 1) ZJtr((Sp + ¥Ip) SRJer(Ey] +1

Wang, et.al (2014) shows , for v > 0

1 — ymp(—7)
- y(1 —ymp(—7))

1 -
;tr[(sp'*"ﬂp) Byl as. 1
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Wang, et.al (2014) shows this by considering the limit of FEr ' (Ss+/12)Zp “” From slide

11, we know

-y + v*mp(—7)
1 -yl —ymp(-v)))?
JtdH(t)
1 —y(1—ymp(=7))

Since p~1tr[(Sy + 7Lp) 2SE] = —(d/dy)p~ tr[(S, +vI,) 1 E7),

%tr[(Sp-l»'yIp)‘lE;",] as. ¢

1 ) dy  =y+7me(=7)
ptr[(S,, +9L,) %] - dy L(1 = y(1 — ymp(—7)))?
JtdH(t)

1-y(1- 7m1~“(—’7))}

We estimate mp(—7) & mp(—y) by p~*tr[(S, + vIp) 7], p~tr[(Sp + 7Ip) %], Consis-
tent estimator of p~tr(X,) — [tdH(t) is p~'tr(S,). For p~itr(E2) = [t2dH(t), 42 =
N
(N=1)N=Y(N=2)~1(N=3)~1p~ [(N-1)(N-2)tr(Sp)?+{tr(8p)}*~NQ], Where, Q@ = (N — 1)—12,-._.1{ (vi—
N (y: — #)}? is a consistent estimator which proposed by Himeno and Yamada (2014).
We look at two estimators: the ridge and the linear shrinkage estimators and check the

optimal values of the parameters in these estimators with respect to our loss function.

[1] Ridge estimator. (Wang, et.al (2014))

The ridge estimator is of the form Q)'%¢ = (S, + 7I,)~" Given 7, the optimal o is
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1 . .
Q99 (ry) = (Sp$§§i§+?;%)(spﬁ,31p) 7, which leads to the reduced loss function

Ly(B5", (a7 (), 7))
1 {1(S, + "/}:p)«lzp]}2 '
ptr((Sy +7Ip) " E2(S, + 1)
[2] Linear shrinkage estimator. (Bodnar, et.al (2014))

aS +p8L, fN>p In the

The linear shrinkage estimator is of the form Qfinee” = 3 - +BL, N <
a p.

case of N > p,
Lp (2;1’ ﬂlinear)
- %{a%r[ ~252] 4 208tr[S; 15
+Bx[52] — 20tr[S;1E,] - Qﬁtr[Ep]} +1

In the case of N < p, Bodnar, (2014) cannot provide estimators for general X, because
the limit of p~*tr[S}" %] is needed, which cannot be obtained without assuming a struc-
ture such as ¥, = o2I,. Without assuming such a structure, however, we can obtain
estimators of the optimal o and 8 in our situation. The loss function is

Ly(Z,", )
- %{ o?tr{(SF)°TE) + 20Btr(SF T + Ftr[])
—2atr[S)%,] — 26tr[Z } +1

so that we need the limit of p~2tr[(S})?E2], p~'tr[S} X2Z] and p~'tr[S; X,]. By Theorem
3.3 in Bodnar, (2014), one gets

Jim p “er[(S7)’Y = lim p‘lz(b / ¢(x)dF(:c)

Np—o0 N,p—o0

N, p—ro0

e g £ [0
pmee Gm M

m p “r[SE Y, = L

N,p—o0 y—1

2 S 2%;2 is the estimator of p~'tr{(S})*%2].

4 Numerical Results

We compare estimators with a(S, + 7I,)~*(Wang, et.al (2014)), aS,* + SL,(Bodnar,
et.al (2014)). Data is as follows. y; = E;/ ’x;



(Dl) .’l,‘,,JZZd ~ N(O,l), 'i=1,~--,N, j=1s""p

(D2) :I:ij=\/(m—2)/mz,~j, Z,L]’I,’Ld ~ tm, izl,"',N, j=1,---,p,m=10

L.S.D of X, is based on Beta distribution

Hp(z) = Ilj((—:);‘—-(b?)) Ozta_l(l - t)b—ldt, z€|[0,1],

and the population eigenvalues are generated by

g 1y
1+9H(a,b)<§—'2};)? 7,—1,~-~,p.

Risk is evaluated by the averaging the empirical losses from 1000 times simulation.

% 1: Empirical Risks of orece, QLW QLR Qridse and Qlinesr with N = 50, (a,b) = (1,1)

p oracle LW LR ridge linear

30 0.1538 0.1710 0.1665 0.1681 0.1830

70 01703 0.1782 0.1770 0.1813 0.8705

Normal 150 0.1769 0.1854 0.1856 0.1901 0.8081
(a,b)=(1,1) 250 0.1791 0.1933 0.1902 0.1951 0.9056
500 0.1800 0.2342 0.1981 0.2209 0.9757

700 0.1799 0.3789 0.2116 0.2561 0.9877

30 0.1544 0.1704 0.1670 0.1689 0.1878

70 0.1702 0.1786 0.1787 0.1823 0.8612

tio 150 0.1769 0.1849 0.1869 0.1896 0.8110
(a,b)=(1,1) 250 0.1790 0.1911 0.1889 0.1932 0.9062
500 0.1801 0.2189 0.2029 0.2117 0.9757

700 0.1799 0.2632 02174 0.2464 0.9876
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We conduct Quadratic Discriminant Analysis using the microarray data where expres-
sion levels for 2000 genes were measured on 22 normal and on 40 colon tumor tissues.

Discriminat rule is
M
Ni+1

N,
Ny +1

(x — %) TN (x — %;) —

(x — %) TP (x — %;) < 0=>x €1,

where QL7, QLW Qridee Qlinear OMP (ydiog are used. Correct classification rates are

evaluated by leave-one-out cross-validation.
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