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Abstract

The existence of global regular axisymmetric solutions to the Navier-Stokes equa-
tions without swirl and in a finite axisymmetric cylinder is proved. The solutions
are such that norms bounded with respect to time are controlled by the same con-
stant for all ¢ € R;. Assuming that the initial velocity and the external force are
sufficiently close to the initial velocity and the external force of a nonswirl axisym-
metric solutions, we prove existence of global regular axisymmetric solutions which
remain close to the nonswirl axisymmetric solution for all time. In this sense we
have stability of nonswirl axisymmetric solutions. However, to prove this we need
a smallness condition on the aximuthal component of vorticity of the external force
for the nonswirl solution.
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Introduction

v +v-Vo—vAv+ Vp = f,

dive =0,

84

where v = (v1(z,t), v2(z, 1), v3(z,t)) € R3 is the velocity of the fluid, p = p(x,t) € R is
the pressure, f = (fi(z,t), fa(z,t), f3(z,t)) € R? is the external force field, v > 0 is the
constant viscosity ceofficient, x = (1, 29, x3) are the Cartesian coordinates.
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Equations (1.1), (1.2) are considered in an axisymmetric cylindrical bounded domain
) C R? with the axis of symmetry equal to the z3-axis. Let S be the boundary of €2. On
S we assume the following conditions

(1.3) v-i=0, on S,
(1.4) azimuthal component of vorticity vanishes on S,
(1.5) azimuthel component of velocity vanishes on S,

where 7i is the unit outward vector normal to S.

The boundary S is split two parts S = S U S, where S is parallel to z3-axis and Sy
perpendicular. We have that Sy = Sz(—a) U Sa(a), where a > 0 is given and Sy(b) meets
the zg-axis at 3 = b, b € {—a,a}.

Finally, we add the initial conditions

(1'6) U|t=0 = U(O).

The aim of this paper is to prove stability of nonswirl axisymmetric solutions in a set of

general axisymmetric solutions. Moreover, we have to prove global existence of regular

nonswirl axisymmetric solutions bounded by constants independent of time. To examine
" axisymmetric solutions we introduce the cylindrical coordinates 7, ¢, z by the relations

(1.7) Ty =TCOSQ, Ty=rsing, T3=2z.

Next, we use the orthonormal basis

(1.8) & = (cosp,sing,0), &,= (—sing,cosp,0), &, =(0,0,1)=és.
Then the cylindrical coordinates of v, w = rotv, f are defined by

(1.9) v(r, 2,t) = vp(r, 2,8)8, + vy (1, 2,t)E, + v,(r, 2, 1),

0(r, 2,t) = wy(r, 2,8)& + wy(r, 2,t)8, + w,(r, 2,1)E,
(1.10)

1
= —Vp & + (Upp — Uy )8y + (vw + ;%) €z,
(1'11) ~f(T> Z, t) = f’r‘(ra Z, t)ér + fcp(ra 2, t)écp + fz(""; Z, t)éz
Let us recall that the swirl is defined by
(1.12) Up = TV,p.

Nonswirl axisymmetric solutions satisfy (see [1]) (v, = 0)

1 1
(1.13) oa,ﬁé.ws_,,(vﬁ_ 1)(,5__5@:% in 0, — QxR
T

r2
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(1.14) —(v'*’—iﬁ;:&;. in Q,

r2
1 1 1 1 1 1 . . .
where F'y = fr. — far, W = Wy, ¥ is the stream function, which implies the radial and
axial components of velocity

. 1
(1.15) O = s, V= (),
From (1.3)—(1.5) we have
1 1 1
(116) WIS =0, vr|S1 =0, UZIA5'2 =0.
In view of (1.15) boundary conditions (1.16)s 3 are satisfied if

(1.17) s = 0.

The axisymmetric solutions with nonvanishing swirl to the Navier-Stokes equations satisfy
the problem

1 1 2
(1.18) é,ﬁ%-vé—u(v?—T—2>{i+;%,vi=f¢ in Q,
1 1 2 2
(1.19) Afz,t+%-v&‘3_y(v2—ﬁ>£—;ﬁré—;é&,z=m in 0,
s 1\2 2 |
(1.20) % o Y=w in Q,

2 2 2 2 2 2 2 2 . . . .
where w = w,,, F'y = fr.— f.r, U=, and ¢ implies the radial and axial components of

velocity

(1.21) = s, U= (i),

From (1.3)—(1.5) we have

(1.22) Bls =0, tlg=0, os =0, o5 =0.

The last two boundary conditions in (1.22) are satisfied in view of the assumption

(1.23) s = 0.

To complete the above problems we assume the following initial conditions

1 1 1 1
(1.24) Plimo = $(0),  wli=o = w(0)
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and

2 2

2 2 2 2
(1.25) Ylemo = ¥(0), Wl=o =w(0), uli=o = u(0).

To examine the above problems and show stability we introduce the quantities with lower
index 1 by the following relations

k k k k k k k k k k
(1.26) u=ruy, w=rw;, =11, fo=rfun, Fo=rFn, k=12,

1
where 1101 =0, fo1 = 0. Hence, the functions with upper index k are solutions to the
problems

k E ok e 2k Kk k ,
Uy +v - Vuy — V(AU1 + ;ul,r> =2u1,+ for  in g,

k E ok k 2k k k k .
Wiy +v- Vwy — V(Awl -+ ;“’Lr) =2u Uy, + Fy1 in €y,

k 2k .
(1.27) - (Alffl + ;wl,r) = cIf’l in Q,

k k k

W1|S+ = 07 1/)1|S+ = 07 u1|S+ = O’

k k k k k k
Wili=0 = W1(0), ¥1l=0 = ¥1(0), u1|imo = u1(0),

1
where £k = 1,2, and ’lll/l =0,fp1=0,8=5xRy, S =8 xR;, i =1,2.
To prove stability of nonswirl axisymmetric solutions we introduce the differences

2 1
(1.28) W=0—w, =t—1, u=u-—1U v=1—0
and
(1.29) w=rw;, Y=riP, u=rU.

The functions w1, wy, ¥y are solutions to the problem
1 2 1
Uy +v-Vuy +0- Vg —v| Aug + Tuir ) = 2uitr, +urth; + for,
1 1 2
Wit —+ (’U + 7.)) . le +uv- le — v Aw1 + ;wl,r = 2U1U172 + le,

(1.30) _ (A% + gqpl,,) = wy,

‘-’J1|S+ = 07 1;[)1|S+ = Oa U’llS’Jr = 03
Wili=o = wi(0),  Yil=o = ¥1(0), w1|t=o = u1(0),

1
U'T_LIS+=0, U"ﬁls+=0.
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Moreover,

1
(1.31) U= v = (1Y),
The considered in this paper boundary conditions are more restrictive than the slip bound-

ary conditions on S
(1.32) v-n=0

(1.33) n-D) T,=0, a=12,
where D(v) = Vv + Vo7 is the dilatation tensor, 7,, o = 1,2, is the tangent vector to S.
In view of [2, Ch. 4] (1.32), (1.33) imply the following boundary conditions
(134) UT‘ISI = 07 UZlSz = O’ UJ|S = 03 u’l,r'S1 = 07 ul,ziSz =0.
Now, we formulate the main results of this paper. From Lemma 3.4 and (4.1), (4.2) we
have
1

Theorem 1.1. Assume that 14111(0) € Ly(2), Fy1 € Lo(KT, (k + 1)T; Le/5(2)), k € No.
Then there exists a nonswirl azisymmetric solution to problem (1.1)-(1.6) such that

V' € Loo(Ry; HY () N Lo(kT, (k + 1)T; HX(Q)), k€ No,
where v' = (v, v,).
From Lemma 4.1 it follows
Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Let v € (0,7], where v, is
so small that vi — 2y, > &, c* € (0,w1], co appears in (4.11) and vy in Lemma 3.1.
Let w1 (0)17,,) + Nlur ()}, < 7, where wy = w/r, wy = u/r and w, u are intro-
duced in (1.38). Let co(lFm (B2, + I fr(OL, ) < %7 for t € (KT, (K + 1)T],

(k
“)T(qu( Dl + Mo O o)t < o b€ Ny

k 1
Lot Ay(k) = & [T | Fo(0)]2, @t + m(l B = lor((k + DD l1ae), and
A2 = suppen, A (k) Let avexp(A?) + exp (— £T) < 1. Then
(1.35) floon ( )||L2(Q) + flua( )”L4(Q) S v forany teR,.

Since w and u describe a distance between swirl and nonswirl axisymmetric solutions
to problem (1.1)—(1.6) we have

Theorem 1.3. Let the assumptions of Theorems 1.1, 1.2 hold. Then there exists a global
azisymmetric solution to problem (1.1)—(1.6) which remains close to nonswirl azisymmet-
ric solutions for all time if they are sufficiently close at the initial time.

There is a wide literature concerning stability of some special solutions to the Navier-
Stokes equations. By the special solutions we mean either two-dimensional or nonswirl
axisymmetric solutions. Stability ot two-dimensional solutions to the Navier-Stokes equa-
tions is considered in papers [5, 7, 8]. In [5, 7] the periodic boundary conditions are
considered, so the fluid motion is located in a box. In [8] we consider the fluid motion
in a cylindrical domain. Moreover, the Navier boundary conditions imply existence of
two-dimensional solutions without any additional restrictions, which are bounded by a
fixed constant independent of time.

More literature concerning stability of special solutions is cited in papers [5, 7, 8].
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2 Notation and auxiliary results

Let No = NU {0}. By L,(Q), p € [1,00], @ C R™ we denote the Lebesgue space of
integrable functions and by H*(2), s € Ny, 2 C R", the Sobolev space of functions with

the finite norm 1o
lullre = (X [ 1D2utoPae)

lal<s

where Dy = 991 ... 09, |a| = aq+og+ Ao, s € No, i =1,...,n. Let u = (ug,...,un)

be a vector. Then |u| = \/u3 + - -+ + u2.

The following Poincaré inequality holds

Lemma 2.1. Let u € H(Q), u|ls = 0. Then there ezists a constant c, such that

(2.1) ellull?, @) < ||VU”%2(Q)~

3 Solutions without swirl

In this Section we prove the existence of regular global soltuions to problem (1.13)-(1.17),
(1.24). We apply the energy method. We restrict our considerations to obtain necessary
estimates only because existence follows from the Faedo-Galerkin method.

Estimates in this section are performed in the sense of a priori. We assume that there
exist sufficiently regular solutions to problem (1.13)—(1.17), (1.24). Then after getting
the estimates and performing the closure procedure we have estimates for solutions with
regularity described by these estimates.

Lemma 3.1. Let us consider (1.13). Let

(k+1)T
c 1
A} = }f Slip / ”le(t)“%s/s(mdt <%
(3.1) H
A? 1
A3 = =7 )l < oo,

vy = %L, c; = min{l, ¢y}, ¢, is the Poincaré constant from (2.1) and cs is the constant

from the imbedding H'()) C Lg(Q?). Then
t
1 1
(2) s 1 [ Wyt < 4+ 4%
kT

where t € (KT, (k+ 1)T], k € No.

Proof. Multiplying (1.13) by (bl and integrating the result over Q yields

(3.3)

1d 1 1 ) 101 1 1
5@”‘”1”%2(9) + V||Vl ) — 2V/w1,rw1d7“d2 = /F(plwldJ:-
Q Q
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The last term on the Lh.s. of (3.3) equals

a

—u/(c})f),rdrdz = I//t}Jﬂ,:gdz,

Q —a

where we used that ulJl|T=R = 0. Since the term is positive on the Lh.s. of (3.3), it can be
omitted. By the Poincaré inequality (see Lemma 2.1) we have

d 1 1 19
(3.4 I ey + vl <2 [ P,
Q

where ¢; = min{l,¢,} and ¢, is the constant from (2.1). Applying the Holder and the
Young inequalities to the r.h.s. of (3.4) we derive

Ve 2cs

d 1
(3.5) allwlllizm) + “wlqu(Q) < — ”F<P1”L6/5(Q)7

where ¢, is the constant from the Sobolev imbedding H' () C Lg(f2). Setting v, = %
n (3.5) it follows

d 1 1 Cs 1
(3.6) E”(JJIH%Q(Q) + nllw |7, < V_j”Fg:l”is/s(Q)-

Continuing, we have

d 1 t Csy L 2 it
(3.7) g el @e™) < V_1||F¢1||L6/5(Q)e '

Integrating (3.7) with respect to time from ¢ = kT to ¢t &€ (T, (k + 1)T] we derive
1
38  lwi®)liye < /I|F<p1 )“L6/5 oyt + exp(—va(t — KT)) w1 (KT) |13, 0

Setting ¢ = (k + 1)T inequality (3.8) implies

1 1
(3.9) lwr((k + 1)), < AT + exp(=nT) w1 (KT, (0)-
Hrence, iteration yields
A? —vikT) L 2 2
(3.10) ||"J1(kT)“Lz(n) T—Tﬂ“ t+e [wi(0)[|z,(0) < A

Integrating (3.5) with respect to time from ¢ = kT to ¢t € (kT (k + 1)T] yields

@u>umom@+m/wlumm /Mm Moyt + 11T g0

Using (3.1); and (3.10) gives (3.2). This concludes the proof. O
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Next, we consider the problem (see (1.14), (1.17) without upper index 1)
4

(312) —A’(ﬁ + '7“‘2“ = w, 1,/)',5' =0.

Using the cylindrical coordinates problem (3.12) is expressed in the form

(3.13) - (w + e+ %zb) + % =w, YPls=0.

From (3.12) the following problem for ¢, = ¢ /r follows,

2
(3.14) - <A¢1 + ;dh,r) =w, YPils=0
so in cylindrical coordinates it takes the form

3
(315) - (¢1,rr + wl,zz + ;wl,r> = Wi, ¢1|S = 0

Lemma 3.2. Assume thatw; € Ly(2). Assume that solutions to (3.14) vanish sufficiently
quickly near the azis of symmetry. Then solutions to (3.15) satisfy the estimate

1
(316) [0y + [ 5102 < el
Q

where 1,[)51) is only different from zero in some neighborhood of the axis of symmetry.

Proof. To obtain estimates for solutions to problem (3.12) we introduce the following
partition of unity

2
Se¥r)=1, 0<r<R,
k=1

such that o (r) = 1 for r < 1o, D(r) = 0 for 7 > 27y, P (r) = 1 for r > 2rg,
@@ (r) =0 for 7 < rq, 2rg < R. Next we introduce the notation-

w(k) — ¢(p(k), w®) = wgp(k), k=1,2.

Multiplying (3.14) by ), integrating over {2 and using the boundary conditions we get

(3.17) Vo [Pde — [ (43) pdrdz = | wihdz.
oot fime-

Q Q

Using the boundary conditions again and the Holder, the Young and the Poincaré in-
equalities to the r.h.s. of (3.17) we obtain the estimate

a
(3.18) 1l + / Blemodz < el 2, 0.
—a
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Multiplying (3.14) by cp(l) we obtain the problem
(3.19) A — Sy 2y oD oy ) 1/1 M =w, ¥Pls, =0,

where the dot denotes the derivative with respect to r. Differentiating (3.19) with respect
to r yields

2 : a2,
pwy AN d’(”:‘[Mwm+w1go<1>+;w<”] +u,

(l)lsz =0.

Multiply (3.20) by ¢(1) and integrate over €. Then we get

1
[1vuiras—2 [ ooz +3 [ e
Q Q Q

. ; 2
(3.21) = / [21/)1,r€0(1) + gt + ;@bup(”}( W) drdz
0

/ D0ty

Q

The first integral on the r.h.s. of (3.21) is bounded by
e a5 ) + ¢/l o
The second integral on the r.h.s. of (3.21) can be expressed in the form
(3.22) /(wgl)wgr)’rdrdz —/ ”wﬁ” dx — /wgl)d)g,)drdz.
Q Q Q
Since fQ(w?)wi?r),zdrdz = 0 the first integral in (3.22) equals
/ (@B + (@) Jdrdz = / div (@"y{))da

Q

where wMpd = (WP, WPyD).
The last two integrals in (3.22) are bounded by

1 1 2 !
(J) ) +c/ellwiV|2,q)-
La(2)

(nwﬁ e +

Employing the above estimates in (3.21) and using that ¢ is sufficiently small we derive
the inequality

_”V’(r/)l,r”Lz(Q) + ” 1/)(1) /lbl 1)dralz
L2 ()

1
< e(llwiP N2,y + 11l200)-

(3.23)
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Finally, the last term on the Lh.s. of (3.23) equals

/ 042 Pl

Employing this and (3.18) in (3.23) yields

/ 0 2oz < cllwn 2, 0.

(3.24) IV, + H Lyo|

La()
Expressing (3.19) in the form
, . 2 .
- §lz)z = 5137 + - 7/’(1) (2¢1,r§0(1) + M + ;?ﬁl@(l)) +W§1)
we have

1
ey + o >||iz(m).

1 1
”lbg,lgz”%z(n) < C<l|¢£,r)r”L2 o) T H 11)( )

Ly ()

In view of (3.18) and (3.24) it follows that
(3.25) 210 < cllen o

Estimates (3.18), (3.24) and (3.25) imply

< ellwrllZ,o)-
Ly(Q2)

(3.26) 10 2y + ” Lyo|”

Next we examine solutions to (3.14) in a neighborhood located in a positive distance from
the axis of symmetry. For this purpose we multiply (3.14) by ¢®. Then we get

2
— AP = 29 200, g + T = wf?,

wgz)IS =0, ¢§2)|T=To =0.

From (3.18) and (3.27) we have

(3.27)

(3.28) 1AYP |y < el + I lza@) < clwillza)-
From (3.28) and boundary conditions in (3.27) we derive
(3.29) 1952 |2y < cllwtllza)-

To prove (3.29) we need local considerations. Expecially, to perform the estimate near the
angle between S; and Sy we have to use reflections with respect to S; and Sy, respectively.
Hence, (3.26) and (3.29) imply (3.16). This concludes the proof. O
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Since we are not able to derive an estimate for the third derivatives with respect to
7 to solutions to problem (3.14) we obtain such estimate for solutions to problem (3.12).
Hence, we have

Lemma 3.3. Assume that w € H'(Q). Assume that solutions to problem (3.12) vanish
sufficiently fast near the axis of symmetry.
Then the following a priori estimate holds

1
_1,[)1,1"

r

1
_'w,zz

1
||¢||H3(Q) + ;"/),rr ,

L2(2)

g 1 1/2
([ mhats) < ol
—a

Proof. First we examine solutions to problem (3.12) in a neighborhood of the axis of
symmetry. Multiplying (3.12) by ¢ we get

(€
At d;_z = — (20, + V) + 0,

¢(1)l32 =0.

Lo () La(Q)

(3.30)

(3.31)

It is convenient to express (3.31) in the form

W 40 4 Lyw) 4 2 51 4 p3D) 4 M
- w,rr + rl/),zz + ;w,r + —,,T = _(2¢7T§0 + ’lng ) +w
¢(1)|S =0.

Differentiating (3.32) twice with respect to r, multiplying the result by 1/) and integrating
over €, gives

(3.32)

1 2
= [ (8 e 20— S S e
Q

(1)
(3.33) +f (%) wds == [, + 45 Do
Q o Q
/ WD e,
Q

Using that 4% ls, = 0, we obtain from (3.33) the inequality
/ (V| d + 2 / ) [Pdz — / — My d
P
(3.34) " / (7 0z < =912, 0 + /=l race

/ (WD) drdz — / W), de — / Wi pldrdz.

Q
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Exploiting that fﬂ (Tlr)r) drdz = 0 the third term on the r.h.s. of (3.34) equals

/ (@8, + @) dirdz = [ i (P

Q

where w A = (1,T1,b(rlr), ; ). The fourth term on the r.hus. of (3.34) is estimated by

EIW,(TIT)THLZ(Q) + C/EHW(D“LZ(Q)

Finally, the last term on the r.h.s. of (3.34) is bounded by

| / D) s = [ (@u ol s
Q

(/%

Employing the above considerations in (3.34) and assuming that ¢ is sufficiently small we
derive the inequality

1
/ IV ?ldz + 2 / Pz — 2 / L0y,

) (1)2
(335) +/<%> (l)d < /W) | dz +E/1/Jlrrd$
. Q

+c/elwV) @ + 0”11’1”1{2(9)

ek
e +/T/’f,rrdx) +c/ellwIEam)-
Q

From (3.16), (3.35) and sufficiently small &€ we have

1 1, a
|fvw,(rlr)]|%2(9) + ”1/11”%12(9) +2/ﬁ|¢,(rlr)lzdw+/ﬁ|¢§,2l2dm

Q Q

3.36 1 v ’
(3.36) ~2 [ oo+ [ (L) ode < cold e
Q Q

)

+ C”‘”l”%z(ny

The fifth term on the Lh.s. of (3.36) equals

1 1 1
(1) 2 _ 1)12 _ 1)12
_/T_3(|¢’T |9) rdz = —/T—Q(W;,(T” )pdrdz = —/GT (T—2|1/)fT)| >drdz
Q Q Q
1 o r1 1
—2 [ SPPds = [ G Podz — 2 [ SlPda.
Q Q

—a

(3.37)
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The last integral in (3.37) is examined in the following way

1 1 1
/ SPds = [ S0, Pde < [ S ral + u0P)ds

Q Q Q
1 1
|¢“’|2d + [ SlwiV62dz < ¢ | S|yt Pda,
T T
Q Q Q

where the last inequality follows from the Hardy inequality. The last term on the lLh.s.
of (3.36) equals

(1) (1) (1)
L= / ((‘/’1) wﬂ)r) drdz — / (%) v dz — / <"/;—21) PMdrdz,
Q i Q " Q ”

where the first integral in I; vanishes because 1/),(712152 = 0 and the same idea implying
vanishing of the first term in (3.22) is used and the second and the third terms are

bounded by
1)\ 2
/ W, o+ e / s +ofe [ (1) an
Q \T

where the last integral is bounded by
1 1 1
[ SlwPas+e [ LpulPas < [ Siuidpas
Q Q Q

where the Hardy inequality is used. Employing the above estimates in (3.36) and using
again (3.16) we have

IV + Wl + [ 5 lPda + [ ol
Q Q
(3.38)

/ [0 Plrzodz < ellw P12, ) + cllwnll? 0

—a

Differentiating (3.12) twice with respect to z, multiplying by ¢ .., integrating over  and
by parts we get

1
63) = [0 Vi badSet [1VoaPdnt [ Sl aPds = [

Sa Q Q Q

Using that 7 is the unit outward vector normal to Ss, the first term on the Lh.s. of (3.39)

equals
/Yﬁ zzzw 22| z=—aT
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Since
(3.40) Y=w=0 on Sy,

I, vanishes.
Similarly, the term on the r.h.s. of (3.39) equals

-[2 et /(w,zw,zz),zdm - /w,zd),zzzdl'a
Q Q

where the first integral in I vanishes. Hence

12| < el o) + e/ellwllin -

The second integral in I is bounded by A. Summarizing and assuming that ¢ is sufficiently
small we obtain from (3.39) the inequality

1
(3.41) /|V¢,zz|2dx+/r—2]¢,zz|2dﬂf < C||WH%{1(Q)'
Q )

Finally, we have to obtain an estimate for “V'l/)(,?r) lz,(). For this purpose we multiply
(3.12) by @, Then we get

(2)
NG B AT WA B N
(3.42) AP+ 2 (29,0 +93) + W',
$®s = 0.
It is more convenient to write (3.42) in the form
@ _ o _ Ly 9P 22 4 @) 4 O
(343) _11/),” — ¢,zz — ;’lp’r + —T'é— = —(21/),7«(,0 + w(P ) + w'\.

Differentiating (3.43) with respect to r and taking Ly norm we get

(3.44) 121300 < 1WELI1E, @ + v @ + cllvllizg + cllw® 1 q)-

Since the first norm on the r.h.s. of (3.44) is estimated in view of (3.41) we obtain from
(3.38), (3.41), (3.44) and the estimate

[¥llm2(9) < lIrhrllmze) < cllwillza@

which holds in view of (3.16), the estimate

1
- w,rr

r

+

1
+ H _wl,r
L2 () r

Il + | .

Ly(Q) Ly(£2)

a
1 1/2
# ([ vheoz) <l + oo
—a

This concludes the proof of Lemma 3.3. (I
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From Lemmas 3.1-3.3 and [3] we have

1
Lemma 3.4. Assume that cbl(O) € Ly(2), Fe1 € Lo(kT, (k + 1)T; Lg/5(2)), k € No.
Then there exists a solution to problem (1.18)-(1.17) such that

5) W1,w € Loo(Ry; Lo(Q)) N Lo(KT, (k + 1)T; H(R)),
' U € Luo(Re: H(Q)) N Lo(KT, (k + 1)T; H*(9).

Proof. The estimates follow from Lemmas 3.1-3.3. Existence of solutions to (1.13)—(1.17)

such that @ € Loo(Ry; La(2)) and 1,1b € Loo(Ry; H2(Q)) is proved by Ladyzhenskaya in [3].
Further regularity follows from the classical technique of increasing regularity. Moreover,
since the estimates in Lemmas 3.1-3.3 are shown by the energy method the existence
of solutions (3.45) can be proved by the Faedo-Galerkin method. This concludes the
proof. O

4 Stability

From Lemmas 3.1-3.3 we have that

2

t
1 1 1
Il erman + [ (19 e + [
(4.1) kT L)

2 2

1
_wl,r

r

+

)dt' < c(A?+ A3),
Ly ()

1
+ “_w,zz
r

L2(2)

where t € (KT, (k+1)T), k € Ng and Ay, A are introduced in (3.1). Then (1.15) implies
(4.2) Uy, Uy € Loo (KT, t; HY(Q)) N Ly(ET, t; HA(S)),

where ¢ € (KT, (k4 1)T1], k € Ny. To show stability we need



Lemma 4.1. Assume that

L.
2.
3.
43+
5.
6.
Then
(4.4)

w € Ly(kT
F,, € C(R

Co
- _’Y*
41

,(k+1)T; HY()), k€ No,
+;L6/5(Q))7 f<p1 € C(R+;L4/3(Q))

let v € (0,4.], where 7, is so small that

c ve )
> 3*’ where ¢, € (0,11] and v = 71,c1 = min{1, ¢},

¢p is the Poincaré constant,

and ¢y is introduced in (4.11).

let co(|| Fypy

(k+1)T

lwor ()12, + llea () 20) < ¥

Cs
OllZg o) + 1 fer ONIZ, @) < 77 fort € Ry,

c / (1 (D117, () + a2, )t < v, & € No.

kT

(k+1)T

- ¢ 1 1 1
et (0 =3 [ 1Ol e+ 5Dl

kT

— [l ((k+ DT)]2 0)-

keNp

A2 = sup A2(k) < 2T, aexp(A2) +exp (— 2T) < 1.
1 1 4 1 4

w1 ()17, ) + ||U1(t)”4L4(n) <y forteR,.
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Proof. Multiplying (1.30)s by wj, integrating over ) and using boundary conditions

(1.30)6 yield

(4.5)

1d
55“001”%2(9)

—a

a
—|—/v~V&)lwldx+u/!Vw1|2dx+V/wﬂr:odx
Q Q

:/8zu:{w1dx+/F¢lw1dx.
Q

Q

The second term on the Lh.s. of (4.5) is bounded by

1
ellwrlZga) + c/ellvll o) IVorlE, @)

The first term on the r.h.s. of (4.5) is treated as folllows

'— /ufwl,zdx

Q

< 5||w1,z”%2(n) + 0/5““1”}1,4(9)'

Finally, the last term on the r.h.s. of (4.5) is estimated by

€||w1||%6(9) + c/el| F, H%G/s(n)'
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Employing the above estimates in (4.5) and assuming that ¢ is sufficiently small we get

d 1
—”wl”%z(n) + V||VW1”%2(9) < C||u1”‘f£4(9) + C”VWH%Z(Q)||U||%3(Q)
(4.6) at
+ C“le“ig/g,(m

Multiplying (1.30); by u;|u;|?* and integrating over §) gives

1d
Z%”Ulﬂﬁ(n)'FV/Wu *dr + - /Ullr odZ—2/U11¢1,zdw

(4.7) o
1
+ /u‘fz/;l,zdw + /f¢1u1|u1|2d:c.
Q Q
The first term on the r.h.s. of (4.7) equals
—4/uf§zu?1/11dx
Q

so it is bounded by

6/|8zuf|2da:+c/6sup|1p1]2/u‘11dw.
0 “ Q
The last term on the r.h.s. of (4.7) is bounded by

1 foslzas@llwlli, @ < ellullL,, @ + c/ellfeliL, 40
The Poincaré inequality implies
(4.8) luilin@ < cllVuillL,@-
Then the Sobolev imbeddings yield
(4.9) ”ul”%n(ﬂ) < C”U%”?{l(g)'

In view of the above estimates, (4.8), (4.9) and ¢ sufficiently small we derive the inequality

d
(4.10) %”Ul”il(a) + V|| Vuil|] o < C||w1”%2(n)||u1||4L4(n)

1
+ 0||w1||%2(n)||ul||i4(sz) + | fou ||4L4,3(Q)~

Adding appropriately (4.6) and (4.10) gives

d
ZrlenlZa@) + llnllz, @) + v VerllZ,@ + 1 Vuilzm)

4,11 1 1
(4.11) < Co|1w||12ql(n)”°u1||iz(sz) + CO|IW1||%2(9)||U1”14(9) + CO”‘Ul!|i2(n)”u1||i4(n)

+eo(llFollzpe + 1FelZ, @)
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where we used that
(4.12) [l s < ellwrllz.@-
Let us introduce the notation
X2(t) = lwr (@)1 ) + sl Ly0);
(4.13) A2(t) = co0(0) e,
G*(t) = ol For(IZ, 502) + 1 (DL, a0)-
Then (4.11) takes the form

(4.14) %XQ < -X? <1/ - @)(2) + A2X% 4+ G2
v
Let 7y € (0,.], where ~, is so small that
Co Cy

. AR £ > o * S .
(4.15) V=2 g IR
Assume that
(4.16) X2KT) <7, G*(t) < c,,%, t € [kT, (k + 1)T).

Let us introduce the quantity
¢
Z2(t) = exp ( - /Az(t')dt/> X2(t), telkT, (k+1)T).
kT

Then (4.14) takes the form

d 2 €0 2 2 ~2
(4 1 ) tZ (V L X )Z + G
where é(t) =G? (t) exp ( — fktT A? (t/)dt/). Suppose, that

t. = inf{t € (KT, (k+ 1)T]: X*(t) >~}
=inf<t € (KT, (k+1)T): Z*(t) > yexp | — [ A*(t)dt') } > kT.
{ (= [#en)}

By (4.15) for t € (kT t.] inequality (4.17) takes the form
d c Ny

4.1 —7% < —272 4+ G(1).

(4.18) dtZ S-52°+ G*(t)

Clearly, we have

t*
Z%(t,) = vexp ( - /AQ(t)dt> and
(4.19) o
Z2(t) > yexp (— /A2(t’)dt’) for t > t,.
kT
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But (4.16) and (4.18) yield

t
d 7L /2, /
— 7% < —L 442 _
dtZ |t_t*_c*( 5 T )exp A*(t)dt' ) <0
kT

contrary to (4.19). Hence Z%(t) < vexp ( — [un A%(t)dt) for ¢ > t,. Definition of Z2(t)
implies

¢
X2(t) < yexp (/Azdt') for t > t..
tx

In view of (3.11) we have

(k+1)T (k+1)T
c 1 1 1
Wt <2 [ Aot + (T
kT kT

1 _
= llwi((k + DT L) = AL(R).
For sufficiently small -y inequality (4.14) takes the form

(4.20) Dxr g Sxr <o p2x2 e,
dt 2
Integrating (4.20) with respect to time from ¢ = kT to t = (k + 1)T gives

(k+1)T (k+1)T

X2 ((k+1)T) < exp ( / AQ(t)dt) / G?(t)dt
kT kT
(4.21) (k+1)T
+exp (— %T + / Az(t)dt> X2(kT).
kKT
In view of the assumptions
(k+1)T (k+1)T
(4.22) %T > / A2(t)dt, / G2(t)dt < oy,
kT kT

where « is so small and T so large that

(k+1)T

(4.23) o exp ( / Azdt) +exp (— %T) <1,
kT
X?((k+ 1)T) <. Then induction proves the lemma. O

Next, we have



103

Lemma 4.2. Let the assumptions of Lemma 4.1 be satisfied. Let k € No. Assume that
for € Ly(KT,(k + 1)T; Ly/3()), Fpr € Lo(kT,(k + 1)T; Lg5(S2)). Then there exists a
solution to problem (1.80) such that

t

ler ()12, + llur (DL, + V/(Ilwl(t')llipm) + |t [ @)t

(4.24) KT

t

< e An A2+ [ a1 o + NEA)IE, )t
kT

where t € (KT, (k+ 1)T.

Proof. Estimate (4.24) follows from integration (4.11) with respect to time from ¢ = kT
to t € (KT, (k + 1)T] and application of estimates (3.2) and (4.4). The existence follows
from the Faedo-Galerkin method used in each time step [T, (k+1)T], k € Ny, separately.
This concludes the proof. (|
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