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Convolution identities for Cauchy numbers of the first
kind and of the second kind

Takao Komatsu *
School of Mathematics and Statistics, Wuhan University

1 Introduction

The Cauchy numbers ¢, (n > 0) are defined by

cnz/olz(x—l)...(m—n—kl)dx

and the generating function of ¢, is given by

ch— (lzl < 1)

ln(l + )

([4, 11]). Several initial values are
1 1 19 9 863 1375

1
__1 — _ —— = — [ J— = — _ —— = —
Cp = 2 Co 6703 41 Cq 307 Cs 43 Ce 84707 2
2 Preliminaries
c(z) = z/In(1 + z) satisfies the identity
c(x)? = (1 +2)c(z) — (1 + 2)zd (). 1)

Since for i,v > 0 it holds that

e f: e (2)
z)' R T

n:0
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the identity (1) immediately leads to the formula
Z (Z) kCnk = —nn—2)c,_1 — (n—1)c, (n>0). (3)
k=0

Differentiating both sides of (1) by z and dividing them by 2, we obtain

e(a)e/(a) = —ga(e+ 1) () — 2ad(@) + 5el0). (4)

Proposition 1.

ela)? = (x4 1)(a+2)e(e) ~ ol + D +2)¢ (@) + 52 @ +1)% (@) . ()

Proof. By (1) and (4),
(o) = (1+2)((1 + 2)el) — (1 + 2)ac'(2)

(42 (—%x(z + 1) () — %xc’(x) + %m))

= S )+ 2ew) — yala + )@ + A + 52w + 1),

O

Theorem 1. For n > 2 we have

n!
T 1515 G Cha Ck
ky+kot+kg=n k1|k2|k3| 1CkoCkg
k1,k2,k3>0
n—1)(n-—2 n{n—2)2n -5 nln — 1) (n — 3)2
S IS T ML L.

Remark. In [2, Corollary 3]

n! (n—1)(n-2)

3n(n—2)
kit Pl = bt

2 2

Bn—l +TL(TL—1)Bn~2 .

ky+kot+kg=n
k1 ,kg,kg >0



Proof of Theorem 1. By (2) in Proposition 1

1 1 / 1 2 2.0
5(3: +1)(z + 2)c(z) — 5:17(1‘ + 1)(z+2)d(z) + 3% (z+1)%"(x)

'3

= i + §n + ln(n - 1e T
- Cn 2 Cn—1 2 n—2 n

izi <ncn n 3n(n —1)cpt + n(n —1)(n—2)cn ) %T

o0

n=l

9 n 2 Cn—1

n=0

O
The fundamental result of the third order is given by the following.

Theorem 2. For u,n > 0, we have

! +pu—1)n+p—2
D
k1t+rgtR3=p /{11 E2 K:3
K1,K82,83>0
+(n+u)(n+,u—2)(2n+2u—5)c
2 n+p—1
Lt tp-Yintp—-37
2 n4p—2 -

Remark. If we put p = 0, we have the identity in Theorem (1). If we put
u =1, we have
(co+cot+c)"
n(n —1 n+1(n—-1)(2n -3 n(n+ 1)(n — 2)?
nfn=l) Lt Dn-DEn=3) | nln+Dn=27
6 6 6
If we put p = 2, we have

(CO —+ Co -+ 62)n + 2(6[) + Cy =+ Cl)n

_ n(nﬁ—!— 1)Cn—|—2 . n(n + 2)6(2n -1) eorn + (n+1)(n J; 2)(n — 1)20n .

+Z( n(n — 1)en +nn— 1)(n — 2)en_t + ;n(n— )(n - )(n—3)cn_2>

wn

n!

> ((n—1)n-2 n(n —2)(2n -5 n(n —1)(n — 3)2 z"
() MU U MRS U A FS
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If we put p = 3, we have

(co+co+e)"+6(co+c+e)”+2(a+a+a)

_(n+1)(n+2) m+1)(n+3)(2n+1) n*(n+2)(n+3)
= ——6——cn+3 + 6 Cni2 + ——6——071+1 .

To prove Theorem 2 is based upon a relation about the function ¢(z).

Proposition 2. For u > 0, we have

B k) oy (52) (1) o(Rs)
Z BarRPaL V()" ()" (x)
.
Kl,nz,ngzo

1
= 53:2(33 + 1)) ()

+%ﬂw+1ﬂﬂn—nx+@u—2»&HWm

1

+ = (6% — 9 +1)2 + 3(24% — dp+ D + (u — 1)(p — 2)) ¥ ()

+ 5 ((4p® = 155 + 13)z + (2 — 5) (1 — 2)) D (z)

NNl

gl = 1) = 30D ).

Proof. By differentiating both sides of (5) p times with respect to z, we have
the desired result. The left-hand side is due to the General Leibniz’s rule.
The right-hand side can be proved by induction. O

Proof of Theorem 2. By (2) in Proposition 2, we have

1
Exz(:v 4 1)2cW ()

= Z (%n(n —1epip+n(n—1)(n— 2)cppp + %n(n —1(n—2)(n— 3)cn+#_2) % ,

%x(z + 1)((4u Dz + (2u— 2))0(”+l)(x)

- f_oj (0= D+

6p—3 p—-1

z
n(n — 1)cppp-1 + fndll

Mn—Dm—m%ﬂﬂ)J,
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%((ﬁu2 — 9+ Da® + 32 — dp + Dz + (u— 1) (p — 2))¥(z)
00 . . 2 9
_ Z ((p 1)2(,u 2)C"+u N 3(2u* — Ap + l)n 6u? —9u+1

2 QH‘F"‘l + 2

n=|

g((llpt? —15u+ 13)z + (2u — 5)(p — 2))c(“‘1) (z)

(2 2 4u? — 15 13 "
_ Z (“—5)(“_)0“”_1 | — Lot )ncnﬂ 2) x

2

and
1 2 (9 _ N B —1)(p = 3) z"
Lulp = (- () = S T DI 2

n=0

Combining all the relations together, we obtain the desired result.

3 Higher powers

In similar manners to Proposition 1, we have the following.

(1+:c)(z6+6;1:+6) o(z) — (1+a:)(a:6+6z+6) ¢(z)
+ x2(1+x) " ///( )

+2 oy -
(1+ z)(x® + 1422 + 36z + 24)c .

c(z)t =
(1 + z)*

c(z)® =

nl

z(1 + ) (2 + 1422 + 367 + 24) ,

x
o) 2

- PN
(1 +x) (;:4+6x+ 12)0”(:::) N (x — 2)1;2(1-1-9:) ()

(1 +2)*
TN 4)
+ YR (z),

()

n

n!’
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Therefore,

(€o + o+ o+ )"
_ (m=Dm-2)(n-3)  n(n—2)(n-3)

6 Cn 2 Cn—1
n(n —1)(n — 3)(3n% — 21n + 37) n(n —1)(n—2)(n —4)3
6 Cn—2 — 6 Cn-3,
(co+co+co+co+c)
_ (n—=1)(n—-2)(n—3)(n— 4) (n—2)(11—3)(71—4)(2n—7)c
24 12 ot
n(n —1)(n — 3)(n — 4)(6n? — 48n + 97)
* 2 -2
N n(n—1)(n—2)(n - 4)éin —9)(2n* —18n+41) s
n(n —1)(n — 2)(n — 3)(n — 5)*
+ 24 Cn—4 -

In general, we have the following.

Theorem 3. For any integers n > 1 and m > 2, we have

(ot +cp)”

m

s B e L )

=0 k=0

By applying Theorem 3, we have the following result.

Theorem 4. For any integers n > 1 and m > 2, we have

p! n
S et e
e o

B (n"_ﬂ)' m—1 /m—1m—I— 1( 1)l+k(m k—l)‘ m—1 m—k—1
~ (m—1)! P ( Z Nn—1-1)! {m~—k—1}(i_k+1))cﬂ+ﬂ—i'
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When g = 1 in Theorem 4, we have for any integers n > 1 and m > 2,

4Co+"'+00+01)"

-1

(n—|—1 mzl "ilmzll DF*m—k—-1)! [ m-—1 m—k—1 .
— Mn—1-1)! m—k—1 i—k+1 oL

When p = 2 in Theorem 4, we have for any integers n > 1 and m > 2,

(cot---+egte)"+(m—1)(c+ - +cg+er +c)"
N——— ———

m—1 m—2

B B [(vow) )t

=0

4 Cauchy numbers of the second kind

The Cauchy numbers of the second kind ¢, (n > 0) are defined by

2 :/0(_x)(—:c—l)...(—a:—n—l-l)dz

and the generating function of ¢, is given by

xT ° "
(1+z)In(l +x) ;C"nl (jol < 1)
([4, 11]). Several initial values are
Gl m Llg B 9. %L 4T3 1908 . 36799
eThamTy ey T T 3T T 8T Ty T T g

In [10], an explicit expression of (¢, +¢p,)™ for I,m, n > 0 was determined,
where with the classical umbral calculus notation (see, e.g., [12]), (G + Cm)"
is defined by

n

o~ \n n\. ~
(Cl + Cm) = 2 (j)cl+jcm+n_j .

=0
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As special cases, we obtained

(@ +72)" _n'Z( i kck . 6)
G+ ) = G Loy g 1y e, )
(@ + )" _%Z 2k(n+2k—2)+5(n—k+2)(n—k+1))’5k
=
- ganﬂ §0n+2, (8)
@+a)" = % i (_113!”_'“ (n+1)(n+2) + k(Bn— 9k +19))3% — By — 22,1
9)

(see [10]).
‘We shall consider the higher order recurrences for Cauchy numbers of the
second kind:

~ ~ \n nl ~

@ +---+q,)" = E PR 1G4l " Chant -
ky+-+km=n 1 m*
k1, . ;km =20

As special cases, we shall have
(a) +Co+ Eo)n

n?_ Z( 1"’(n——4z+2)

_miy—_%m"z( LoD )
(@+c+a)"
Sl by DS GO,

=0
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and

(Co+c+C+a)"
n_ nl < (1) (n? — 16in + 11n + 27i% — 330 + 12)
(Go+C+C+a)"
(n+1)3. (n+ 1)1 T2 (—1)"(n? — 16in + 13n + 2752 — 49i + 24) _
= - Cp+1 — Z . C; .
24 48

il

gl

=0

(13)

¢(x) = z/((1+ ) In(1 + z)) satisfies the identity

1
Az)? = —a@(z) + T x?(a:) . (14)
Since for i, > 0 it holds that

oo ! n

V) () m o T
e (z) = ; (n— i)!cn+1/—z ol (15)

the identity (14) immediately leads to the formula

" /n L R n n_ia
Z (k) CrCni = —NCp + n! Z(—l) I (n>0). (16)

k=0 i=0

Differentiating both sides of (14) by z and dividing them by 2, we obtain

2)d(z) = —%xﬁ”(x) - 2—(11—@3(@ - 2(14135)25(””)‘ (17)
Proposition 3.
o) = %m'(x) } ;E‘f ;33( )+ 5 (71” j: i)zf(x). (18)

Proof. The proof is similat to that of Proposition 5. By (14) and (17), we
get the result. O



Applying (15) and Proposition 3, we have the result of the third order.

Theorem 5. Forn > 0 we have

n
n?_. n!

o am I (
(60+CQ+CQ) :—Z—CH’FEZ

il
=0 2!

Similarly, for n > 0 we have

(Cot+Cotcot+cr)” =

~1)"(n — 4§ +2)
2

6 Al

=0

(/0\0+/C\0+’C\0+60+30)n

nt ( )nl 3 2 2 2
= ¢, E — 48i 9 437
2c—|—1 il (n 48in” 4 39n° + 243i°n

- 393in + 176n — 2567° + 564i> — 476i + 144); .

In general, we can state the following.

Theorem 6. For any integers n > 1 and m > 2, we have
(/C\O'f' +50)"

i min{n—i,m—1—-1}

(=) m—k—1D! [ m
=TS PO e S

2{}<>*)

min{n,m} n
+ (-1 ( ) )En .

-1

it

n—=1

k

)

n3 1)" ¥ (n? — 16in + 11n + 2742 — 33 + 12
n+_zy )" )z
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Theorem 7. For any inlegers n > 1 and m > 2, we have

7 ~ ~
> oGt

n+/L "*Z““ imi“{"ﬂ‘i’m’l_” (—1)mitm — k=1l [ m—1 \ (ntp—i
m-1 = (& & - m—k—1 k

ZZ{ B )

i=0 k=0

min{n+u,m} n+u
+ Z (-1 ( ! )cn+ﬂ

1=0

If m =4 and ¢ = 2 in Theorem 7, we have
2@+ +a+a)"+4E +G+ G+ )"

1 9 ‘n+l 1 n—l ~
— <n+ )Cn+2 n+ ) Z( ) (2717 — 160l — 651 + n” + 151 + 38)¢; .

3
If m =4 and p = 3 in Theorem 7, we have
4@+ e+ +a)"+36(C++a +3)" +4(Co+C +c+3)"

n+2 (432 (—ntt ) N
= (3 )cn+3+ > ; 0 (2712 — 16nl — 811 +n® + 17n + 54) 3 .

If m =5 and p =1 in Theorem 7, we have

5(80 + T+ +/C\0+/C\1)n

ny ..
= <4>Cn+1

1) n -1 n—l+1
- ("11: 4) Z( )z' (2561° — (243n + 80T)1?

+ (48n? + 489n + 917)1 — (n® + 42n® + 25Tn + 360))3;
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