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Abstract

This is intended to be a handy chart to navigate the basic part of Ayoub�s interesting, but very lengty,
thesis on Grothendieck�s six operatiosn in the motivic stable homotopy categories.

1 Introduction

In recent years mathematics of various disciplines are intimately interacting each other. For instance,

taking a glance at the articles in [Toric], we are convinced that transformation group theorists can

not get away from algebraic geometry any more. This suggests, for instance, transformation group

theorists may have to face Grothendieck�s SGA [SGA 4, SGA  4+1/2 SGA 6]. Of course, the étale

cohomology is developped there, but, more fundamentally, the so called \langle �Grothendieck�s six operations��

(\mathrm{R}f_{*}, \mathrm{L}f^{*}, \mathrm{R}f_{!}, \mathrm{R}f^{!}, \otimes^{\mathrm{L}}, \mathrm{R}\mathrm{H}\mathrm{o}\mathrm{m}) .

For a scheme X of finite type over a noetherian base scheme S. let D(X) be the (appropriately defined)
derived category of l‐adic sheaves on X . Then, for (reasonable) X and K\in D(S) ,

we have the following

expressions of the usual cohomology, the cohomology with compact coefficients, the usual homology, and

the Borel‐Moore homology:
H^{n}(X, K)=\mathrm{H}\mathrm{o}\mathrm{m}_{D(S)}(1, \mathrm{R}p_{*}\mathrm{L}p^{*}K[n]) H_{n}(X, K)=\mathrm{H}\mathrm{o}\mathrm{m}_{D(S)}(1, \mathrm{R}p_{!}\mathrm{R}p^{!}K[-n])

(1)
H_{\mathrm{c}}^{n}(X, K)=\mathrm{H}\mathrm{o}\mathrm{m}_{D(S)}(1, \mathrm{R}p_{!}\mathrm{L}p^{*}K[n]) H_{n}^{BM}(X, K)=\mathrm{H}\mathrm{o}\mathrm{m}_{D(S)}(1, \mathrm{R}p_{*}\mathrm{R}\dot{p}^{!}K[-n])

Here 1 is the unital object in the tensor category D(S) and, in general. for an appropriate f : X\rightarrow Y,

\mathrm{R}f_{*}, \mathrm{R}f_{!} : D(X)\rightarrow D(Y)
(2)

\mathrm{L}f^{*}, \mathrm{R}f^{!} : D(Y)\rightarrow D(X)

(See [DV, 1,1,3]. For a related motivic story, consult [\mathrm{L} , IV, 2.2.2] for instance.)
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The expressions (1) alone would manifestly indicate the Grothendieck�s six operations between trian‐

gulated categories are more fundamental than (co)homology, even without knowing the rich applications
of six operations as was developped in [SGA 4, SGA 4+1/2, SGA 6]. Of course, many topologists and

geometers would say, there are also analogous six operations and (co)homology expressions in the context

real analytic geometry [KS]. Anyway, transformation group theorists would easy realize an importance
of understanding the Grothendieck;s six operations, or at least those four operations (1)(2).

On the other hand, speaking of algebraic geometry, what homotopy theorists nowadays first think

of would be the motoivic homotopy theory developped by Morel and Voeodsky [MV]. The subsequent
work [J][Ho2] constructed its stable versions as certain stable model categories [Hol][Hi] whose homotopy

category become a triangulated category, so called the motivic stable homotopy category. Having a

triangulated category at hand, it was natural to seek analogues of \mathrm{G}\mathrm{r}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{e}\mathrm{c}\mathrm{k}^{J}\cdot \mathrm{s} six operations in

this framework. In fact, Voevodsky outlined [DV] how to realize this goal at the category of motivic

symmetric spectra (which is the monoidal stable model category whose homtopy category is nothing
but the unital tensor triangulated category, called the motivic stable homotopy cateogry) in terms of

�cross functor�which is described in the. 2-\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{y}2‐functor languages. Actually, the relevance of the

2‐category, 2‐functor languages appears natural, even from naive observations:

some interesting functors are only functorial at the homotopy category:

F(gf)\rightarrow\simeq F(g)F(f)

in the Grothendieck six functor formalism, there is a natural transformation

f_{!}\rightarrow f_{*}

for separated morphisms.

It turns out that Voevodsky�s approach required somewhat substantial technical detail, and finally
achived by Ayoub in his thesis which was publisshed in [A] as two Astérisque volumes of total more than

830 pages. Naturally, the size of these volumes have intimidated those interested, very undortunatel.

Actually, Ayoubjs thesis is well written and self contained.

Now this paper was originally prepared for the author;s own sake to use as a handy guideline chart to

read certain small part of Ayoub�s long thesis [A]. Although I used an expression �a small part� above,
this part cotains Ayoub�s construction of the motivic stable homotopy analogue of Grothendieck�s four

functors, which spans several hundread pages in Ayoub;s thesis. Such is the case, this paper is more or

less a rearranged list of rerelvanet statements stated in the small part of Ayoub�s thesis, except some

detailed explanation are supplied to certain parts. Such is the case, basically there is no originality in

this write up, but possibly many mistakes resulting solely from the author \mathrm{s} lack of ability. Furthermore,
this papar can not be read independently, without Ayoubis thesis at hand, because this paper is designed
to assist readers of Ayoub \mathrm{s} thesis. Of course, I should really apoplogize readers for this. However,

considering impressive applications of Ayoub�s huge volumes found in the Feynman motives of Marcolli

and her collaborators [Mar] and Cisinskiis cdh descent theorem for homotopy invariant K‐theory [C] to

state a few, I hope (at least certain part of) this paper, or �chart� ,
would be of some use for some

interested readers.

Having said this, it might be still not convincing for most transformation group theorits to be moti‐

vated to read Ayoub;s thesis. For those folks, let me suggest to practice the following:
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Take a look at Cisinski�s beautiful argument in [\mathrm{C} , §3] , where the cdh descent property of the homotopy
invariant K‐theory is derived so instantaneously from the localisation, the smooth base change, and

the proper base change, all of which were shown in \mathrm{A}\mathrm{y}\mathrm{o}\mathrm{u}\mathrm{b}\cdot \mathrm{s} thesis.

To get some topological insight about localisation and base change, consult [I, II(6.11)(6.13); VII,2.6],
and possibly [Mil, II §3 p.76; VI Cor.2.3, Th.4.1].

To understand the categorical origin of the base change is adjunction, consult [DV, ].

Now, you may be well motoviated to read Ayoub;s thesis.

Actually, I myself was so interested in Ayoub�s thesis through my perticipation in the Yatsugatake

workshop 2016, Descent for algebraic \mathrm{K}‐theory, where the Ayoub�s thesis and its application to \mathrm{C}\mathrm{i}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{k}\mathrm{i}\cdot \mathrm{s}

cdh descent theorem of homotopy invariant K‐theory. Now this chart is organized as follows:

1. Introduction

2. A glimpse of the framework of Ayoubis construction

3. Constructions of SH(X) , f_{\#}\dashv f^{*}\dashv f_{*}

4. \mathrm{S}\mathbb{H}_{\mathfrak{M}} : Dia \mathrm{S}\mathrm{c}\mathrm{h}\rightarrow \mathfrak{M}0\mathfrak{n}0\mathfrak{T}\Re is a stable homotopy algebraic derivataeur

5. Construction of the adjunction  f_{!} : Sh(X)\Leftrightarrow Sh(Y):f^{!}

6. The proper base change theorem

Unfortunately, the last section about the proper base change is really sketchy, but Cisinski�s proof of the

cdh descent of the homotopy K‐theory only requires the proper base change for closed immersions, which

was reviewed in 5.4.

After the preliminary version of this chart was written, I noticed the papers of Hoyois [Hoyl][Hoy2].
In these papers, Hoyois exploited Lurie�s technique of \infty‐category to generalize Ayoub;s construction of

Grothendieck operations [Hoyl] and generalized Cisinskiis cdh descent theorem for homotopy invariant

 K‐theory [Hoy2].
I would like to thank the editor Professor Ryousuke Fujita for accepting this long chart for a publication

in RIMS Kokyuroku. Also, I would like to express my gratitude to Professor Shuji Saito for inviting me

to participate in the Yatsugatake workshop 2016, Descent for algebraic \mathrm{K}‐theory. The talks there and a

very nice summary [IKM] were verý useful for me to prepare this chart.

2 A glimpse of the framework of \mathrm{A}\mathrm{y}\mathrm{o}\mathrm{u}\mathrm{b}\mathrm{s} construction

In this section, we shall summarize the basic framework ofAyoub�s construction by simply quoting

corresponding statements from Ayoub;s thesis. For brevity and conciseness, we shall not review the

definitions and notations in advance. We may review only some of them later.
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2.1 Basic idea

We work in \mathrm{a} (appropriately defined) categoory of S‐schemes \mathrm{S}\mathrm{c}\mathrm{h}/S as follows:

For a S‐scheme X\rightarrow S, Morel‐Voevodsky style motiic stable homotopy category SH(X) is constructed

as a triangulated category:

(\mathrm{S}\mathrm{c}\mathrm{h}/S)^{op}\rightarrow \mathfrak{T}\Re
(3)

(X\rightarrow S)\mapsto SH(X)

We hope this correspondence should behave appropriately with repsect to appropriate morphisms f :

X\rightarrow Y in \mathrm{S}\mathrm{c}\mathrm{h}/S to reflect at least four of the Grothendieck six operations:

f^{*}, f_{*}, f^{!}, f_{!}

which enjoy some properties.
It turns out that the �exclaimation maps� f^{!}, f_{!} are harder to construct. So, we start with constructing

an auxiliary map

fg: SH(X)\rightarrow SH(Y)

for a smooth S‐morphism f :  X\rightarrow More precisely, we shall construct a refined version of the naively
defined functor (3) so as to become a stable homotopy ‐functor, in the following sense:

4
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Actually, as the following observation indicates, a stable homotopy 2‐functor gives us a desired four of

the Grothendieck six operations. (Here, topologists might feel good to see that the key to proceed from.

 f_{\mathrm{t}\mathrm{t}} to the �exclaimation maps�) f^{!} , f_{!} originates in topology, \mathrm{i}\cdot.\mathrm{e} . the Thom element Th.)
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2.2 Slight generalization

Actually, Ayoub formulated and proved a slightly modified version in the diagram scheme setting.
For this purpose, let us first quote the basic definition of Dia \mathrm{S}\mathrm{c}\mathrm{h}/S for this purpose:
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Then we shall construct an even more refined diagram version of (3) so as to become a stable homotopy

algebraic derivateur in the following sense:
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Actually, properties in \mathrm{S}\mathrm{c}\mathrm{h}/S and Dia \mathrm{S}\mathrm{c}\mathrm{h}/S are very similar and analogous, as is listed in [Ayoub,
p.322] as follows:

It turns out that, once constructed, verifications of axioms except \mathrm{D}\mathrm{e}\mathrm{r}\mathrm{A}\mathrm{l}\mathrm{g}5 is easier [Ayoub, Th.4.5.30,

p.542]. The remaining \mathrm{D}\mathrm{e}\mathrm{r}\mathrm{A}\mathrm{l}\mathrm{g}5 is nothing� but a statement about a stable homotopy 2 fUnctor, which
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was the ultimate goal in 2.1. Basic idea, quoted as [Ayoub, p.54; Def. 1.4.1. p.55].

3 Constructions of SH(X)f_{\#}\dashv f^{*}\dashv f_{*}
We shall work in the slightly generalized diagram setting as in 2.2, and we shall construct the desired

objects and adjunctions f_{\#}\Leftrightarrow f^{*}\Leftrightarrow f_{*} in the following order:

Dia \mathrm{S}\mathrm{c}\mathrm{h}/S\ni(\mathcal{F},\mathcal{I})\sim* PreShv (\mathrm{S}\mathrm{m}/(\mathcal{F},\mathcal{I}), \mathcal{M})\sim\star\ovalbox{\tt\small REJECT}_{T}(\mathcal{F},\mathcal{I}) :=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}_{T_{\mathcal{F},\mathcal{I}}}^{ $\Sigma$} (PreShv (\mathrm{S}\mathrm{m}/(\mathcal{F},\mathcal{I}),\mathcal{M}) )

\vee\rangle \mathrm{S}\mathbb{H}_{\mathcal{M}}^{T}(\mathcal{F},\mathcal{I}):=\mathrm{H}\mathrm{o}(\mathrm{p}\mathrm{g}_{T}(\mathcal{F},\mathcal{I}))\in \mathfrak{T}\Re

In the special case of the constant diagram \mathcal{I}=\mathrm{e} valued at X\in \mathrm{S}\mathrm{c}\mathrm{h}/S, , we shall set

\mathrm{S}\mathrm{H}_{\mathcal{M}}^{T}(X) :=\mathrm{S}\mathbb{H}_{\mathcal{M}}^{T}(X, \mathrm{e})

and we shall further denote it simply by SH(X) under the case we shall be considering (which must be

justified).

g
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3.1 Construction of PreShv (\mathrm{S}\mathrm{m}/(\mathcal{F}\mathcal{I})\mathcal{M})(f $\alpha$)_{\#}\dashv(f $\alpha$)^{*}\dashv(f_{j} $\alpha$)_{*}

Lemma 4.4.44 quoted above reads as follows:
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3.2 Results involving monoidal structures
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3.3 Review of general model category theory

We first review some basic of the model categQry, including the Bousfield localisation, which requires
the cardinal consideration.

23

30



24

31



25

32



26

33



27

34



28

35



We now take into account cardinal considerations in order to construct the Bousfield localisation.
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3.4 Review of general theory of symmetric spectra
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We now study the preceeding general theory of symmetric spectra in the model category setting. For

this purpose, we make the following hypothesis:

Hypothesis, 4.3.2, p.481

Given a Quillen adjunction

(F, G) : \mathfrak{M}= ( \mathfrak{M}, \mathrm{W} , Cof, Fib) O

with  F: $\Phi$‐symmetric in the sense of Definition 4.3.4.
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 1$\Lambda$_{-,-}..\mathrm{L} $\Gamma$-\mathrm{r}A\supset r\ln\sim:1\mathrm{O}11
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[Ayoub, Def,4.3.36, p.487]

For  $\tau$\in$\Phi$_{2} , denote by $\tau$_{(n)}\in$\Phi$_{n+1} the element r_{1}
. . .

$\tau$_{n} with $\tau$_{i}=$\phi$_{i-1,2,n-i}(1, $\tau$, 1) the image of  $\tau$

by the morphism

 $\phi$_{i-1,2,n-i}(1, -, 1):$\Phi$_{2}=1\times$\Phi$_{2}\times 1

\rightarrow$\Phi$_{i-1}\times$\Phi$_{2}^{\mathrm{x}}$\Phi$_{n-i}\rightarrow$\Phi$_{n+1}

Then the element  $\tau$\in$\Phi$_{2} is called symmetric when for any g\in$\Phi$_{n} we have:

$\tau$_{(n)}\cdot$\phi$_{n,1}(g, 1)=$\phi$_{1,n}(1, g)\cdot $\tau$(n)

where $\phi$_{n,m} : $\Phi$_{m}\times$\Phi$_{n}\rightarrow$\Phi$_{m+n} determines the monoidal structure of  $\Phi$.
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The goal of this paragraph is to prove the following:
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[Ayoub, Def,4.3.68, Prop.4.3.69, p.502]

Let T be an object of C.

Denote by S^{T} the symmetric sequence given at the level n\in \mathrm{N} by the object S_{r $\iota$}^{\mathrm{T}}=T^{\otimes r $\iota$} equipped with

the $\Sigma$_{n} action induced by the permutation of factors.

Denote by m the morphism ofsymmetric sequences S^{T}\otimes S^{T}\rightarrow S^{T} given at the level n by the coproduct
decompositions n=i+j with evident arrows:

\mathrm{I}\mathrm{n}\mathrm{d}_{$\Sigma$_{i}\mathrm{x}}^{$\Sigma$_{n}}$\Sigma$_{j}(T^{\otimes\dot{\mathrm{a}}}\otimes T^{\otimes j})\rightarrow T^{\otimes r $\iota$}
Then the sequence S^{\mathrm{T}} , equipped wih the coupling m : S^{T}\otimes S^{T}\rightarrow S^{T} and the unit 1_{ $\Sigma$}\rightarrow S^{\mathrm{T}} , is a unital

commutative algebra in the monoidal category in the mnoidal category (Suite ( $\Sigma$, C), \otimes ) given in Definition

4.3.63.
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3.5 Model theoretical approach to sheaves on general \mathrm{P}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{h}\mathrm{v}(S\mathfrak{M})
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[Ayoub, Prop.4.4.62 p.531]

Let \mathfrak{M} be \mathrm{a} (resp. symmetric) monoidal model category. Suppose \dot{\mathrm{t}}hat \mathfrak{M} is presentable. Then the

category \mathrm{P}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{h}\mathrm{v}(S, \mathfrak{M}) is naturally \mathrm{a} (resp. symmetric) monoidal model category w.r. \mathrm{t} . prejective
and injective structures of the definition 4.4.18
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3.6 Model categories on PreShv ((\mathrm{S}\mathrm{m}/('\mathcal{F}\mathcal{I})\mathfrak{M}) and (f $\alpha$)_{\#}\dashv(f $\alpha$)^{*}\dashv(f $\alpha$)_{*}
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3.7 \mathrm{M}_{T}(\mathcal{F}\mathcal{I}):=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}_{T_{F,\mathcal{I}}}^{ $\Sigma$}(\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{h}\mathrm{v}^{l}(\mathrm{S}\mathrm{m}/(\mathcal{F}\mathcal{I})\mathfrak{M}))(f $\alpha$)_{\#}\dashv(f $\alpha$)^{*}\dashv(f $\alpha$)_{*}
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3.8 Left Quillen equivalences \mathrm{N}\mathrm{I}_{T}(\mathcal{F}\mathcal{I}) :=

\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}_{T_{F,\mathcal{I}}}^{ $\Sigma$}(\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{h}\mathrm{v}(\mathrm{S}\mathrm{m}/(\mathcal{F},\mathcal{I}), \mathfrak{M}))\rightarrow^{\emptyset}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}_{($\tau$_{F,\mathcal{I}})}^{\sum_{a\mathrm{r}_{\emptyset}}}a_{t}(\mathrm{S}\mathrm{h}\mathrm{v}_{\mathrm{t}_{\emptyset}}(\mathrm{S}\mathrm{m}/(\mathcal{F}\mathcal{I})\mathfrak{M}))
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4 \mathrm{S}\mathbb{H}_{\mathfrak{M}} : DiaSch \rightarrow \mathfrak{M}0\mathfrak{n}0\mathfrak{T}\Re is a stable homotopy algebraic
derivataeur

4.1 2 fUnctors, exchange structures, Voevodsky�s cross functors
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The following Proposition 1,1.9 generalizes the preceeding Proposition 1,1.5:
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4.2 A summary of (pre‐)derivataer theory
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4.3 The axioms DerAlg 0‐ DreAlg 4 and the Projection Formula in DerÄlg
5 of Dia \mathrm{S}\mathrm{c}\mathrm{h}/S\ni(\mathcal{F}\mathcal{I})\rightarrow \mathrm{S}\mathbb{H}_{\mathcal{M}}^{T}(\mathcal{F}\mathcal{I})\in \mathfrak{T}\Re

[Ayoub, Cor. 4.5.26, p.541]

Let  $\alpha$ :  J\rightarrow \mathcal{I} be a functor between small categories. Let (F,\mathcal{I}) a diagram of S‐schemes. The functor

$\alpha$^{\bullet}:\mathrm{M}_{\mathrm{T}}(\mathcal{F},\mathcal{I})\rightarrow \mathrm{M}_{T}(\mathcal{F}\circ $\alpha$, J)

preserve the stable \mathrm{A}^{1} ‐equivalences. It therefore derives trivially.
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[ \mathrm{b} , DerAlg 0,1,2,3 for \mathrm{S}\mathbb{H}_{\mathfrak{M}}^{T} Lem.4.5.25, Cor.4.5.26, Prop.4.5.27, Lem.4.5.28, p.541; Th. 4.5.30, p.542]

The axioms DerAlg 0 DerAlg 1, DerAlg 2, DerAlg 3, DerAlg 4 (in Definition 2.4.13) are satisfied

for \mathrm{S}\mathbb{H} (in Theorem 4.5.24:

\mathrm{S}\mathbb{H}_{\mathfrak{M}}^{T} : Dia \mathrm{S}\mathrm{c}\mathrm{h}\rightarrow \mathfrak{M}0\mathfrak{n}o\mathrm{S}\Re

(\mathcal{F},\mathcal{I})\mapsto \mathrm{S}\mathbb{H}_{\mathfrak{M}}^{T}(\mathcal{F},\mathcal{I})

Proof.

DerAlg O This is trivial:
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(to be continuted \square 
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4.4 A cross functor structure on (\mathrm{H}^{*}\mathrm{H}
change theorem
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4.5 Construction of i^{!} for a closed immersion
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4.6 The axiom of locality
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[Ayoub, Morel‐Voevodsky, Th. 4.5.36, p.545]

If H is a projective cofibrant object of \mathrm{S}\mathrm{h}\mathrm{v}_{\mathrm{z}_{\emptyset}}(\mathrm{S}\mathrm{m}/X, \mathfrak{M}) . The commutative square

is homotopy cocartesian relative to the \mathrm{A}^{1} ‐local model structure.
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4. 7^{\cdot} Finishing the verification of the stable homotopy 2‐functor axiom DerAlg
5 of Dia \mathrm{S}\mathrm{c}\mathrm{h}/S\ni(\mathcal{F}\mathcal{I})\rightarrow \mathrm{S}\mathbb{H}_{\mathcal{M}}^{T}(\mathcal{F}\mathcal{I})\in \mathfrak{T}\Re- smooth base change and

homotopy invariance
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5Construction of the adjunction f_{!} : Sh(X)\vec{\leftarrow}Sh(Y) : f^{!}
5.1 Thom autoequivalence
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5.2 f_{!}\dashv f^{!} in (\mathrm{S}\mathrm{c}\mathrm{h}/S)^{\mathrm{L}\mathrm{i}\mathrm{s}\mathrm{s}} and a cross functor structure on (\mathrm{H}^{*}\mathrm{H}_{*}^{\mathrm{L}\mathrm{i}\mathrm{s}\mathrm{s}}\mathrm{H}_{!}^{\mathrm{L}\mathrm{i}\mathrm{s}\mathrm{s}}\mathrm{H}^{!})
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5.4 A cross functor structure on (\mathrm{H}^{*}\mathrm{H}_{*\mathfrak{e}}^{1}
theorem (for a closed immersion)

118

$\iota$_{\mathrm{m}\mathrm{m}}\mathrm{H}_{*}^{\mathrm{I}\mathrm{m}\mathrm{m}}\mathrm{H}^{!}) and proper base‐ change
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5.5 A cross functor structure on (\mathrm{H}^{*}\mathrm{H}_{*}\mathrm{H}_{!}\mathrm{H}^{!})

[Ayoub, p.153, Prop.1.6.47, p.153]

Starting with two exchange structures:

‐ (\mathrm{H}^{*\mathrm{I}\mathrm{m}\mathrm{m}}\mathrm{H}^{!}) (see Prop. 1.4.15),
‐ ( \mathrm{H}^{*} , LissH!) (see Prop. 1.5.19),

we would like to apply Proposition 1.2.7 to construct an exchange on

(\mathrm{H}^{*}, \mathrm{H}^{!})

To apply Proposition 1.2.7, we shall prove the following Proposition 1.6.47:

Suppose given a commutative diagram of S‐schemes:

i^{!}

is commutative.

Ayoub proved the above claim by drawing many commutative and planar diagrams. In this way, we

obtain an exchange structure on

(\mathrm{H}^{\mathrm{s}}, \mathrm{H}^{!})
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6 The proper base change theorem
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\cap--1'71\mathrm{O}\sim 1^{P}7'71
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