BRI TS a5 0% 29
#2020% 20174 29-34

On the theory of Laplace hyperfunctions in several
variables

By

NAOFUMI HONDA* and KOHEI UMETA**

Abstract

We survey the theory of Laplace hyperfunctions in several variables in [1, 2, 9]. A Laplace
hyperfunction in one variable was first introduced by H. Komatsu ([3]-[8]) to consider the
Laplace transform for a hyperfunction. We here construct Laplace hyperfunctions in several
variables and their Laplace transform.

§1. A vanishing theorem of cohomology groups for the sheaf of
holomorphic functions of exponential type

We briefly recall the vanishing theorem of cohomology groups on a Stein open subset
with coefficients in holomorphic functions of exponential type and the edge of the wedge
theorem for them.

Let n be a natural number, and let M be an n-dimensional R-vector space. Let E
be the complexification of M. We denote by Dg the radial compactification of E which
is defined by

Dg :=EU((E\{0})/R4)o0.

Let U be an open subset in Dg. A holomorphic function f(z) in U N E is said to
be of exponential type if, for any compact subset K in U, there exist positive constants
Ck and Hg such that

(1.1) If(z)| < Ckefxlsl (ze KNE).

We denote by Oﬁ’g’ the sheaf of holomorphic functions of exponential type on Dg.
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To recall the vanishing theorem of cohomology groups on a Stein open subset for
Ogg’, we give the definition of the regularity condition at co for an open subset in Dg.
We denote by Eoo the set D\ E. For asubset V in Dg, we define the set clos’ (V) € Eo
as follows. A point zoo € Eo belongs to closl (V) if and only if there exist points
{zk}ken in V N E which satisfy 2 — zoo in Dg and |2g4+1]/|2x] — 1 (K — 00). Set

(1.2) NL(V):= Ex \ closl (E\ V).

Definition 1.1. An open subset U in Dg is said to be regular at oo if N1 (U) =
U N Ey is satisfied.

Note that this condition is equivalent to saying Eo, \ U = clos’ (E \ U). Now we
state our vanishing theorem of cohomology groups for Op'®.

Theorem 1.2 ([2], Theorem 3.7). Let U be an open subset in Dg. Assume that
U N E is pseudo-convex in E and U is regular at oo, then we have

(1.3) HYU, O5P) =0 (k #0).

The regularity condition of U at oo plays an essential role in our vanishing theorem

of cohomology groups for Op'? as the following shows.

Example 1.3 ([2], Example 3.17). We consider the radial compactification D¢z of
C2. Let (1,0)00 € D¢z \ C2. Set

V= {(zl, z) € C?; |arg(z1)] < %, | 22| < |Zl|} ,
U= (V)°\{(1,0)oo} C Dea.

It is easy to check that U N E = V is pseudo-convex in C? and U is not regular at oo.
In this case, we have H' (U, Op?) # 0.

Furthermore, by showing a Martineau type theorem for Op”, we have the following
theorem, which is a kind of the edge of the wedge type theorem for OF”. Let M be the
closure of M in Dg.

Theorem 1.4 ([1], Corollary 3.16). The closed subset M C Dg is purely n-codimentional
relative to the sheaf Of7, i.e.,

(1.4) HE(OFP)=0  (k#n).

§ 2. Laplace hyperfunctions and their Laplace transform

In this section we construct Laplace transform for Laplace hyperfunctions with sup-
port in an R -conic closed convex cone in M and their inverse Laplace transforms. We
first recall the definition of Laplace hyperfunctions:
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Definition 2.1. The sheaf of Laplace hyperfunctions on M is defined by

(2.1) B i= H55(O5)) © wrr

Here wyz is the orientation sheaf ,}%(ZD ) and Zp,, is the constant sheaf on Dg having
stalk Z.

Let a € M and K be an R, -conic closed convex cone in M. Let us denote by
K, the set {2 + a;2 € K} and denote by K, the closure of K, in M. We first get the
representation of I‘K—O(M, B%p) by the relative Cech cohomology groups with coefficients
in OFY.

Let us prepare some notation and the proposition below. For a subset Z C Dg, set

(22) Neo(Z) = Ex \ (E\ Z).
For an open subset U C F, define
(2.3) U := U U Ny (D).

Definition 2.2. Let ) be an open subset in M and I an R*-conic open cone in M.
Let U be an open subset in Dg. We call U a wedge of the type Q x /—1T" if U satisfies
the following conditions.

1. U C (Q x v=IT),
2. For any open proper subcone I of T', there exists an open neighborhood V of Q in
Dg such that

(2.4) (M x/-1I') NV c U.
We have the following proposition.

Proposition 2.3. Let K be an R, -conic closed cone in M and T' a proper open
cone in M. Assume that I' is given by the intersection of finite number of half-spaces
in M. Then there exist an open neighborhood Q of K in M and an open subset U in
Dg such that the following conditions are satisfied.

1. U is a wedge of the type Q x /—1T.
2. U is Stein and regular at oo.
3. U is an open neighborhood of Q\ K in Dg.

Now let us consider the representation of FK_,,(M7 B%p) by the relative Cech coho-
mology with coefficients in Of*. Choose vectors Yo, ..., Yn € S™~1. By Proposition
2.3, we can take an open neighborhood € of K, in M and an open subset U; C Dg
which is the wedge of the type  x \/—_17;?, Stein and regular at oo, and furthermore,
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an open neighborhood of O \ K. Here 75 denotes the polar set {y € M;yy; > 0} of
7;- We also take a neighborhood U of K, in Dg which is Stein and regular at co. Then
u={U, U, ..., Uy} and = {Uo, ..., Un} give a relative open covering of the pair
(U, U\ K,). Hence we have

_ Ker{@®]_, 052 (Ni; V) = 052 (N Un)}
2.5 I'— M,Be—xP = Jex L J n = X *
(2:5) 8 W) In{@D; 41 Opy (Mizs 1 Ut) = Do Opg (N U0}

Let us define the Laplace transform for an element f = @j_, F; of the above
representation of FK—G(M, B%p ). Set, for 5 =0,1,...,n,

Dj:={z+V-1lye E; z €T, y=o(z)7},

where we take an appropriate closed cone I' C Q which contains K and a point v €
(i - Further, the continuous function ¢ : I' — Ry U {0} is chosen to satisfy the
following conditions: (1) ¢(z) = 0 in 8T, (2) D; N K, = 0, (3) D; C U;. Note that such
T', 7 and ¢ always exist for each j.

Definition 2.4. Under the above situation, the Laplace transform of f = @?:o F; e
Tg-(M, BZP) is defined by the integral

(2:6) 200N =2 05 [ B,
j=0 “Di
where o :=sgn ( det(wo, -+ , Wj—1, Wjg1, *** , Wn) ).

Note that the Laplace transform does not depend on the choice of ', v and ¢.

Definition 2.5. Let  be an open subset in Dg. The set (’)B‘;’;“f(ﬂ) consists of a
holomorphic function f(z) on @ N E such that, for any compact subset X C Q and
e > 0, f(z) satisfies

(2.7 le%% f(2)| < Ck, €/, z€ KNE.
with a positive constant Ck .

Then we find that the Laplace transform gives the following morphism.
(2.8) & : Tg, (M, B2P) — Op ™ (Noo(K°)).

Here K° denotes the dual open cone of K in E. Since the above morphism does not
depend on the representation of 'z (M, Beﬁxp), & is well-defined.

Definition 2.6. Let T be an open subset in E.,, and U an open subset in Dg. We
say that U has the opening wider than or equal to T at oo if T' C N (U) is satisfied.
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We have the following lemma which plays an important role in establishing the
inverse Laplace transform.

Lemma 2.7. The following conditions are equivalent:
1. f€ Op ™ (No(K°)).
2. There exists an open subset U in E whose opening is wider than or equal to Noo(K°)
such that f is holomorphic on U and, for any compact subset K in ﬁ, there exists
an infra-linear function ¢x(s) satisfying

€% f(z)| < e®x (12D z€ KNE.

3. There exists an infra-linear function ¢(s) and an open subset U in E whose opening
is wider than or equal to Ny (K°) such that f is holomorphic on U with

le? f(z)] < e?U=D, zeU.
Let us define the inverse Laplace transform.
Definition 2.8. We define the morphism
(2.9) S Op M (Noo(K®)) — B (M)

by
L= P orfe. [ OF(No(K®)).

0<k<n
Here f;, is given by the integral
1
(2my/— )

The path of the integration T}, is given as follows. Set

X = {7’] € M;’I)"———‘ th’)’j, tj > O}
J#k

(2.10) fu(2) == f(A)e"zd/\.'

Let 9 be an infra-linear function, and let f be a point in the dual open cone of K in M.

Then we put
(2.11) Tk::{/\:£+\/—_1neE;n62k, §=¢(ln|)é}-

Note that the integral fi does not depend on the choice of 1 and é if 9 is rapidly
mcreasmg We can see that fx is a holomorphic functlon of exponential type on.

(M x +/— ﬂ#k 7;) by Lemma 2.7.
Furthermore, we have:
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Lemma 2.9. supp(#(f)) C K, for fe Oﬁ’Einf(Noo(K°)).

Hence we have the inverse Laplace transform, and we can show that it satisfies the
following theorem.

Theorem 2.10. ¥ o ¥ = idr? (M, BZP)» Lo = ido;v‘"‘(Nw(m))'
a E

References

[1] Honda, N., Umeta, K., Laplace hyperfunctions in several variables, Journal of the Math-
ematical Society of Japan, to appear.

[2] Honda, N., Umeta, K., On the sheaf of Laplace hyperfunctions with holomorphic param-
eters, J. Math. Sci. Univ. Tokyo, 19 (2012), 559-586.

[3] Komatsu, H., Laplace transforms of hyperfunctions: A new foundation of the Heaviside
calculus, J. Fac. Sci. Univ. Tokyo, Sect. IA Math., 34 (1987), 805-820.

[4] Komatsu, H., Laplace transforms of hyperfunctions: another foundation of the Heaviside
operational calculus, Generalized functions, convergence structures, and their applications
(Proc. Internat. Conf., Dubrovnik, 1987; B. Stankovié, editor), Plenum Press, New York
(1988), 57-70.

[6] Komatsu, H.; Operational calculus, hyperfunctions and ultradistributions, Algebraic anal-
ysis (M. Sato Siztieth Birthday Vols.), Vol. I, Academic Press, New York (1988), 357-372.

[6] Komatsu, H., Operational calculus and semi-groups of operators, Functional analysis and
related topics (Proc. Internat. Conf. imn Memory of K. Yoshida, Kyoto, 1991), Lecture
Notes in Math., vol. 1540, Springer-Verlag, Berlin (1993), 213-234.

[7). Komatsu, H., Multipliers for Laplace hyperfunctions - a justification of Heaviside’s rules,
Proceedings of the Steklov Institute of Mathematics, 203 (1994), 323-333.

[8] Komatsu, H., Solution of differential equations by means of Laplace hyperfunctions, Struc-
ture of Solutions of Differential Equations (1996), 227-252.

[9] Umeta, K., A Laplace transform of Laplace hyperfunctions in several variables, RIMS
Kokyiroku Bessatsu, B57 (2016), 085-091.

34



