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Some notes on parametric multilevel g—Gevrey
asymptotics for some linear g-difference-differential
equations

By

A. LASTRA* and S. MALEK**

Abstract

This manuscript pretends to provide a survey of the work [8], which has been presented
in RIMS Symposium Algebraic Analytic Methods in Complex Partial Differential Equations.
The concise scheme in these notes aims to give a clear idea on the procedure followed in that
work, as well as to clarify the steps underlying in the results in [8].

In the work [8], we study a family of linear g—difference-differential equations, under the
action of a perturbation parameter e. The procedure leans on a g-analog of an acceleration
procedure and a g—analog of Ramis-Sibuya theorem in two levels, based on the ideas of the
one-level result in [2].

§1. Introduction

This manuscript pretends to provide an abridged slightly modified version of the
work [8], which has been presented in RIMS Symposium Algebraic analytic methods
in complex partial differential equations. In that work, the problem under study is the
family of equations of g—difference-differential nature of the shape

QE.)qu(t 56) = (et 2 ois T Rp(@.)ult, 2,6)
(1.1)
D-1
+ Z (Z tdk'zeA'\'tongch,l(zv E)Rl(az)u(tv 2, 5)) + Gqf(t, Z, 6)‘

£=1 \Xel;
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A. LASTRA AND S. MALEK

The approach followed lies on the appearance of two different g—Gevrey asymptotic
behavior of the formal solution linked to two independent respects. On the one hand,
the ¢—Gevrey penomenon coming from the structure of the equation itself, but also
another g—Gevrey order related with the coefficients involved. As a first approach,
one is tempted to study an auxiliary problem in the Borel plane directly, following
the classical Borel-Laplace method of summability of formal solutions. However, this
approach is doomed to failure no matter the Gevrey order we set in the study: the
Borel transform of the formal solution might not admit a slow enough g—exponential
growth along any direction or it might remain as a formal power series of null radius of
convergence. The alternative procedure followed is to split the summation procedure in
two steps. Firstly, we proceed with a g—analog of Borel-Laplace summation method of
a lower type, £ and attain the solution by means of an acceleration-like action.

This idea is an adaptation of that in [6], to the g—Gevrey case. Also, the idea of
concatenating formal and analytic g—analogs of Borel and Laplace operators in order
to solve g—difference equations appears in [1].

The work [8] continues a series of works dedicated to the asymptotic behavior of
holomorphic solutions to different kinds of g—difference-differential problems involving
irregular singularities investigated in [3], [4], [7], [10].. These works can be classified in
the branch of studies devoted to study from an analytic point of view of g—difference
equations and their formal/analytic classiffication in [18], [11], [12], [13], [14]. It is
worth pointing out another approach in the construction of a g—analog of summability
for formal solutions to inhomogeneous linear g—difference-differential equations based
on Newton polygon methods, see: [16], and also the contribution in the framework of
nonlinear g—analogs of Briot-Bouquet type partial differential equations, see [19].-

§2. Description of the problem

We consider the equation (1.1) for its analytic and asymptotic study. In this section,
we give a brief description of the elements involved in the equation under study and
their precise construction.

Regarding equation (1.1), D, k;, ko are positive integers with D > 3 and k; < ko.
We write o7, for the generalized dilation operator on t variable, o7 (f(t)) = f(q"t).
This definition is assumed to be extended to formal power series. Let x be given by
1/k = 1/k; — 1/ky. Assume that I, is a finite nonempty subset of nonnegative integers
whilst d, and dp are positive integers, for every 1 < £ < D — 1. We also put dy, > 1
and Ay ¢ > 0, for every A € I,. We make the assumption that §; =1 and §; < ¢y, for
every 1 < £ < D — 1. We assume that

dp—1
2

+1>46

d
Axe > dyy, % +12> 4,
2
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forevery 1 <2< D—1andall A € I,. Let Q, R, € C[X] with
deg(Q) > deg(Rp) > deg(Ry), Q(im) #0, Rp(im) #0,

foralll1<{<D-1landmeR.
We require the existence of an unbounded sector

SQyRD = {z €eC: Izl 2 TQ,Rp> | a'rg(z) - deRDl < nQ,RD} ’

for some rq r,,MQ,r, > 0, such that

Q(im)
Rp(im)

c SQ,RD, m € R.

Let ¢ > 2 be an integer. Let £, be an open sector with vertex at the origin and
radius ¢ for every 0 < p < ¢ —1 and such that & N & # 0 for every 0 < j,k < ¢ —1if
. and only if |j— k| < 1 (under the notation & := &) and such that U;;(I)Sp =U\ {0}, for
some neighborhood of the origin, . A family (£,)o<p<c—1 satisfying these properties
is known as a good covering in C*.

Let 7 be an open bounded sector with vertex at 0 and radius 77 > 0. We make the
assumption that

(2.1)
0<eg,rr <1, u+k—210g(r7-) <0, o+

log(q)

K

log(g)

log(COTT) <0, err< q(%“”)/kz/Q

for some v € R.
We consider a family of unbounded sectors (83, )o<p<s—1 With bisecting direction
9, € R and a family of open domains ’Rgp = Ra,,s N D(0, egrt), where

v,

14 ¢

Ra,,,s = {T eC*: r| >4, foreveryr> 0} ,

for some & > 0.
We assume 9p, 0 < p < ¢ — 1, are chosen so that some conditions are satisfied. In
order to enumerate them, we denote gg(m) the roots of the polynomial

_ Q(im) _ Rp(im) rip
(g1/k2)ka(k2—1)/2 (q1/k2)(“2+’°2’(§2+’°2"" :

P,(7)

We take an unbounded sector with vertex at 0 and bisecting direction 9,, S;,, 0 <p <
¢ — 1; and we choose p > 0 such that:
1) There exists M; > 0 such that |7 — g/(m)| > M;(1 + |7|) holds for all m € R,
TESapuﬁ(O,p),allOSpSC—1andallO§l§dD—1.
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2) There exists My > 0 and Iy € {0, ...,dp = 1} such that |7 — g, (m)| > Mz|q,(m)]|
holds for every m € R, 7 € S, UD(0,p), and all 0<p < — 1.

3) Forevery 0<p<¢—1 wehave'R,b NRY - #0, and for all t € T and € € &,, we

have that et € Rb . Here we have put ’R,"< =RE .

The family {(Ra )0<,,<g 1,D(0, p),'T} is said to be associated to the good covering
(Ep)o<pe—1- For every 0 < p < ¢ — 1 we study the g—difference-differential equation .

Q(8.)0qu (t, 2,€) = (et)dDa%Q Rp(8,)u®(t, z,€)
(2.2)

£=1 \)X€l,

We now give some detail on the construction of the elements ¢y, and for.

For every 1 <2< D —1 and X € I; and every integer n > 0, we consider functions
m > Cy¢(m, €) and m + Fy,(m, €) belonging to the Banach space E(g, ), for some 8 > 0
and p > deg(Rp) + 1. The Banach space Eg ) consists of all continuous functions
h : R — C such that

[h(m)| < Cn(1 +|m|)"#exp(=flm|), ~mEeR,

for some Cj, > 0. The infimum of such Cp, >0 deﬁnes. its norm.
We assume all these functions depend holomorphically on ¢ € D(0, ¢9). Moreover,
we assume there exist C>t;Cp > 0 such that [|Cy ¢(m, Mg < Chg, for every € €

D(0; €0), and also || Fn(m, €)l|¢,,y < C’Fp"”qn_(;?:_l), foralll<£<D—-1,A€l,n>0
and € € D(0,€). Then, we put cx¢(2,€) = F~1(m 5 C)¢(m;,¢))(z), which, for every
1 <{<D-1, X € I, defines a bounded holomorphic function on Hp x D(0, &) for
any 0 < B’ < B. Here, Hp stands for the strip Hg = {z € C : |¥(2)| < B}. We assume
the formal power series

Yk, (T,m, €) = ZF (m,

—‘W
70 (g*/*)

which is convergent on the disc D(0, p), can be analytically continued with respect to 7
as a function 7 — 1/1,2f (7,m, €) on an infinite sector Uy, of bisecting direction d,, and

ki log? |7 + 8|

— alo 'r+6) R
2log(q) elr+9

622 (7m0, ©)] < Gy, (1 + ml) e Pl exp (

forall 7 € Uy, UD(0, p) and m € R, some positive constant Cyx, Which does not depend
on € € D(0,¢), and some § > 0.

D-1
+ Z (Z td*"eA*"ag‘cA,g(z, €)Re(8,)u’ (¢, 2, e)) + 04 f%% (t, 2, €).

53



54

PARAMETRIC MULTILEVEL g—GEVREY ASYMPTOTICS Q-DIFFERENCE-DIFFERENTIAL EQUATIONS

The g—Laplace operator acting on different stages plays two roles in the work: revert
Borel operations action from the study of auxiliary problems in the Borel plane, and
accelerating the solutions of auxiliary problems. We refer to Definition 3.3 for the
definition of g—Laplace operator.

One can prove that the function

(2.3) Gz (r,m,€) 1= L5, (b 97 (hym, €))(7)

is a continuous complex valued function on (8o, UR’{,p) xR, holomorphic with respect to T
on Sp, URS  such that |¢z: (1,m,€)| < Gy, (14 |m|) ~#e~Plml exp (% —vlog |7_|) ,
for 7 € (S, URG ), m € R, for some (y,, > 0, and some v € R. The constant (y,,
depends on (y,, so that (y,, (Cy,,) = 0 when (y, tends to 0. One can apply g—Laplace
transform of order ks to the function ¢Z’;’ in 7 variable and, in direction 9,, and obtain
that the function

Fo(T,m,€) := L7 . (T = Y2 (1,m, €)(T),
is a holomorphic function with respect to T variable in the set R, 5N D(0,74) for any
0<r < q(%"’)/k”/Z.
We define the forcing term f°7 (¢, 2, ¢€) by
o2 (t,z,€) == F~! (m — F°(et,m,¢)) (2),

which turns out to be a bounded holomorphic function defined on 7 x Hg X &, pro-
vided that (2.1) holds. The operator 7! stands for the inverse Fourier transform (see
Proposition 3.6).

§3. Review of some formal and analytic transforms

We recall the definitions and main properties of g—Borel, g—Laplace and Fourier
transforms. Throughout this section, E stands for a complex Banach space. The proofs
are omitted and can be found in [15], [1], [9] and [8].

Let ¢ > 1 be a real number and k£ > 1 be an integer.

Definition 3.1. Let a(7) = 3_,5qanT" € E[[T]]. We define the formal g—Borel
transform of order & of a(T') as the formal power series Bq;l /k@(D))(1) = 3,50 an @TT:?HVE €

E([7]}.
Proposition 3.2. Let 0 € N and 7 € Q. Then, the following formal identity holds

BT TDN) = ezt * (Baana(@)(n),

for every a(T) € E[[T]].
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The g—Laplace transform of order k& > 0 extends that used in [3] for ¥ = 1, and
introduced in the work [17}. It provides a continuous g—analog for the formal inverse of
Bq;l /k developed in [1]. The associated kernel of the g—Laplace operator is the Jacobi
theta function of order &, ©,1/x(z) = z czd ~2G72zn for z € C*, m € Z. As a direct
consequence of Lemma 4.1 in [3], extended for any value of k, Jacobi theta function of
order k satisfies that for every § > 0 there exists a positive constant Cg,x not depending
on &, such that |©g1/x(z)] = Cq,kgiexp (gli’og:(!;l) |z|1/2,_ for every z € C* verifying
1+zg%| > S, for all m € Z. This last property is crucial in order for the g—Laplace

transform of order k to be well-defined.

Definition 3.3. Let o > 0 and U; be an unbounded sector with vertex at 0 and
bisecting direction d € R. Let f : D(0,p) UU; — E be a holomorphic function,
continuous on D(0, p) such that there exist constants K > 0 and « € R with

1@l < Kop (5221201 atoglol)

for every z € Uy, |z| > p and
If(@)lg < K

for all z € D(0,p). Take v € R such that ¢ € Us. We put mp/e = l°gk(Q) [Lso(1 -

Tlf—r)_l’ and define the g—Laplace transform of order k of f in direction v as
g

u

flu) d
a; l/k(f(z))(T sk / @ql/k (T) u’

where L., stands for the set Ry e™ := {te? : t € (0,00)}.

Lemma 3.4. Let 6 > 0. Under the hypotheses of Definition 3.3, £;”,1 e (@)(T)
defines a bounded and holomorphic function on the domain R,z N D(0,r1) for any

0<r < q(2_°‘)/k/2 The value of[, 1/,c(f(x))(T) does not depend on the choice of v
under the condition €Y € Sg due to Cauchy formula.

Proposition 3.5. Let f be a function satisfying the properties in Definition 3.3,
and 6 > 0. Then, for every o >0 one has

xﬂ'

103 NT) = L et H@) @)
for everyTER, 5N D(0,ry), where 0 <1 < q(z=o) k)2,

We are also making use of Fourier transform and some of its properties, in the spirit
of [5, 9].
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Proposition 3.6. Take p > 1,8 > 0 and let f € E ). The inverse Fourier
transform is defined by F~1(f)(z) = W [°5, f(m)exp (izm) dm, for z € R, which
can be extended to an analytic function on the strip Hg. Let ¢(m) = imf(m) € Eg 1)
Then, we have 8,F ~1(f)(z) = F~1(#)(2), for every z € Hp. '

Let g € E(g,y) and let ¢(m) = W( f = g)(m), the convolution product. of f
and g, for all m € R. The function v is an element of Eg ,). Moreover, we have

FHA@FHg)(2) = FH(¥)(2), for every z € Hp.

§4. Sketch of the procedure

This section is the main core of these notes. We aim to clarify the procedure followed
in the construction of the analytic solutions of the main problem under study. For the
sake of clarity, we focus on the steps in the construction rather than giving detail on
the technical and cumbersome constructions, which can all be found in [8].

Let us consider the main equation (2.2) for each 0 < p < ¢ — 1. We omit the
subindex p for the sake of clarity, refering to d for the direction v,, £ for £, and - f
for f°». We apply Fourier transform at both sides of the equation and then the formal
g—Borel transformation of order k;. Equation (2.2) is transformed into the auxiliary
g—difference-convolution equation (Auxiliary equation 1)

- k1 4 ; 74p+k1 —dp/x . d
Qim) mwkl (r,m,€) = (q/*2) (o k) ([dp+F1=1)/2 Tq Rp(im)wg, (1,m,€)

eAxre—dxrerdx etk 52_12\._2_1 1

k ) R, d
+ Z <Z 1/k1 (dx,e+k1)(dr,e+ki—1)/2 Oq ! (2”)1/2 (C)\,l(m,f) *¢ wk;(T,m‘ye)))

=1 AEIg
(4.1)

Tk

@y D7 Ve (r,m,€).

Here, we denote the convolution product
[o o]
h1 (m) *@ hg(m) = / hq (m — ml)Q(iml)hg(ml)dml, m € R,
—00

for any continuous functions h; : R =+ C, j =1,2.

By means of a fixed point argument in appropriate Banach spaces of functions, we
get the existence of a function w,‘fl, continuous on Uy U D(0, p) x R, holomorphic with
respect to 7 on Uy U D(0, p), which solves (4.1) and satisfies

xklog? | + 4

+alo 7'+6) ,
2log(q) glr+4l

|'w,‘Zf]L (r,my¢e)| < C1(1+ |m|)_“e_‘6‘"‘I exp (
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for every 7 € UgUD(0, p), all € € £, and some C; > 0. The function wy, is holomorphic
on D(0, ¢y) with respect to the perturbation parameter.

We apply Fourier transform to the main equation and then formal g—Borel transform

of order ky. This procedure concludes with a second auxiliary equation (Auxiliary
equation 2);

. 7"‘:Z R - . TdD"HCz )
Qeim) m% (1,m, €) = Rp(im) (q1/*2)(@p+Ea)(dp+kz—1)/2 k2 (rym,e)
eBxe—dx e rdx etk be —d—,ﬁi-1 1
+ Z (Z 1/k2 (dx,et+k2)(dx,e+k2—1)/2 Iq ? (2r )1/2 (CA e(m, ) ¢ W, (T,m, €))
=1 )\EIﬁ

Tk2 7
+ @By Ve

(T7 m? e))

As it was pointed out in the introduction, such equation can, in principle, only provide
formal solutions due to the forcing term is only guaranteed to be formal. However, one
can substitute zﬁkg by ¥k,, as defined in (2.3), to arrive at a novel auxiliary equation
(Auxiliary equation 2°), which can be analytically' solved.

] Tz 74D +k2
Q“’”)z‘mwkn(ﬂmﬁ) Bo(im) C iy veas v 072 e (T €)
eBxe—da.erdx etk 61—%‘&—1 1 R
+ Z (Z qt/k2)(@x,etka)(dx e hka— 1727 ’ @0z (Cxe(m, €) ¥ wy, (1,m,€))
=1 )\EIg
k2

T

+ (ql/kz)k»_,(kg-1)/"2”/’k2 (1,m,€),

Irideed, the solution of the previous problem, wg, (7, m, €), is holomorphic with respect
to 7 on Sy U RZ, and holomorphic with respect to 7 on Sz U ’Rg. There exists Co > 0
such that

ko log? 7|
2log(g)

for every 7 € SqURSY, m € R, € € D(0,¢g). Moreover, this function is holomorphic with
respect to € in its domain of definition. It can be obtained by a fixed point argument

|wg, (T, me)| < Ca(1+ lml)_“e_mmI exp ( +vlog |’r|> ,

in appropriate Banach spaces of functions.

At this point, one may observe that two different ¢g—Gevrey levels are distinguished.
A first level in the Borel plane, in which 'w,'jl lies; and a second level in the Borel plane
in which wyg, remains. The fist funtion has been obtained after Borel action of order
1/k;, whilst the second one is only at 1/ks depth. It is natural to expect some Borel-like
relationship of order 1/x = 1/k; — 1/k2 > 0 among them. As a matter of fact, one gets

the following result linking both functions.
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Main Equation

Auxiliary equation 2

( wy, (7, m.c)

ko

ba;l/kl

@uxiliary equationg = w(r.m.)

'k, g-exp growth
order ky

Figure 1. Plan of the procedure (I)

Proposition 4.1. For every & > 0, the function
T L2y (wh, (1,m, €) i= Ly (b= w, (hym,€)) (7)

defines a bounded holomorphic function in Ry 5N D(0,71) with0 <71 < q(t/2=a)/x /3,
Moreover, it holds that

Lz;l/m (w;‘i:l ) (7-7 m, 6) = Wk, (Tv m, 6)

for every 7 € 84, m € R and € € D(0,¢), where p > 0 and S% is a finite sector of
bisecting direction d.

The importance of this result lies on the fact that the domain of definition of
Lg; 1/x (w,“j1 (7,m, €)) with respect to 7 can be extended to an infinite sector of bisecting
direction d, with appropriate g—Gevrey growth in order to be able to apply g—Laplace
transform. We adopt the notation w§, for the extension of wg, to such infinite sector.

We conclude with the acceleration of the solution of the Auxiliary equation IT’, by
means of g—Laplace transformation of order 1/ks and then the inverse Fourier trans-
form. The expression of the solution of (2.2) is given by

0
1 1 o0 w,”(u, m,€) d

U/ap (t7 2, 6) = / / M _u exp(izm)dm,
(277)1/2 Tq/ke J —oo L, (aql/k2 (:_t) u

which turns out to be a holomorphic function on 7 x Hg X &y, for every 0 < p < ¢—1.

A scheme of the procedure is represented in Figures 1-3.

The existence of a formal solution of the main problem is made by means of a
g—analog of Ramis-Sibuya theorem in two levels. The asymptotic analysis of the solu-
tions is stated in terms of the so-called g—Gevrey asymptotic expansions.
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Main Equation

@ q;1/ ko
Auxiliary equation 2] => [Auxiliary equation 2'] => w; (T m, )

P Wy, (7. m. €) Pr = Vo = Lop1/n (V)
qlkl
Auxiliary equatlonj = wl(r.m.e) |C;’;1/,-,(Wﬂ(f,m.e))=Wf,(rwm.e)
Yk q- exp growth
order 1

Figure 2. Plan of the procedure (II)
(et n)
~ A

@B 17k ﬁﬁz;l/kz
Auxiliary equation 2] => [Auxiliary equation 2] —> sz(T, m,e)
5 "j"kg \;\sz(T, m‘e) r‘rz:kz = Wi = L‘dq;l/n(lfl"kl)

Bq Yk

"Auxiliary equation 1] =>  wf (. m.€) [0, . m ) = wil(r.m. )

1k, g-exp growth
order ky

Figure 3. Plan of the procedure (III)

Definition 4.2. Let V be a bounded open sector with vertex at 0 in C. Let (F, ||-||z)
be a complex Banach space. Let ¢ € R with ¢ > 1 and let k be a positive integer. We
say that a holomorphic function f : V — F admits the formal power series f(e), =
Ym0 fn€" € F[[¢]] as its g—Gevrey asymptotic expansion of order 1/k if for every open
subsector U with (U \ {0}) C V, there exist A,C > 0 such that

N
F(&) = fne"
n=0

for every e € U, and N > 0.

< CAN+1 N!N+l!

F

e[V,

We prove that the difference of two solutions u°» and u®»*! in the intersection of
their domain of definition with respect to the perturbation parameter is asymptotically
null on certain Banach spaces of functions.
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Let IF be the Banach space of holomorphic and bounded functions defined on 7 x Hg,
with the supremum norm.

Lemma 4.3. There exists a formal power seriesf(t, 2,6) =2 .50 fmf;l"—;, with fm, €
F for everym > O which is the common q— Gevrey asymptotic expansion of order 1/ky on
&Ep of the function ff», seen as holomorphic functions from €, to F, for all0 < p <g—1.

More precisely, the main result of the work [8] reads as follows:

Theorem 4.4. If1/rg g, é)\,g and Cg are small enough, then there exists a formal
power series

i(t, z,€) = Z hm(t, z)%": € F¢],
m20 '

formal solution of the equation
9D 41
Q(8,)o4ul(t, z,€) = (et)®Pa,? ' Rp(d,)it, z, €)
q q

D-1
+ Z (Z td""eA*-‘ag‘cA,g(z, €)R¢(90,)u(t, z, e)) + 0. f(t, 2,€).

£=1 \)X€l,

Moreover, i(t, z, €) turns out to be the common q— Gevrey asymptotic expansion of order
1/ky on &, of the function u®, seen as holomorphic function from &, into F, for 0 <
p < ¢ —1. In addition to that, i is of the form

(e, z,€) = a(t, z, €) + 1 (L, 2, €) + ha(t, 2, €),

where a(t, z,¢€) € F{e} and 41(t, z,€), @i2(t, 2, €) € F[[¢]] and such that for every 0 < p <
¢ — 1, the function u®» can be written in the form

u®(t,z,€) = a(t, z,€) + uzl"’ (t,2,€) + ug" (t, 2, €),

where € — u?” (t,2,€) is a F-valued function that admits Gy (¢, z,€) as its g—Geuvrey
asymptotic expansion of order 1/ki on &, and also € — ug” (t, 2, €) is a F-valued function
that admits U2(t, z,€) as its g— Gevrey asymptotic expansion of order 1/ky on ;.

For the application of the previous result to some factorized problem, we refer to
Section 7 in [8].
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