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Transformation and Analysis of Hypergeometric Systems of KZ type
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Abstract

The middle convolution introduced by Katz is extended to an operation on a regular holonomic
system by Haraoka. Using this operation on a KZ type equation together with other related
transformations, we can analyze the equation, in particular, its residue matrices and the ir-
reducibility of its solution space. We examine examples of hypergeometric functions with two
variables realized by solutions of these KZ type equations, which include Appell’s hypergeometric

functions.

1 1XCHIC

(%o, Tn) EBORMBEEERD L T2V XN ORERT b u(z) iKxHT 5
du= ( Z A; jdlog(z; — zj))u ' (1)
0<i<n
&) 58X % KZ (Knizhnik-Zamolodchikov [9)) BFBRA (BT, BIZ KZ FER) L.
A j EERERS O N ROEFTHIT, N 2HEXOEHKL WS, Zhik
g;‘= w—-A_'—';—u (i=0,...,n)
boove{oa\i} T T

LD M HRAL FIETH B, B TS
[Aij, Are] = [Aij, Aik + Ajx] =0 @)

/5 (BB AFIIERLRIEFERTLT3).
BVWZEBRDIWAF G J & i1y, im KHLT

n

Aii =0, Aij=Aji, Aint1:=—3 Ay, Aiyin = 9, Aipi, )

v=1 1<p<g<m
LB L (Bpyr =00 KRETS), I, JC{0,...,n+1} £ LC{0,...,n} IHLT

[Ar,As]=0 if INJ=0 or ICJ or JCI, 4)
Ao,..;n=AL — Ao, nt10\L (5)
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BROSLD, Ao, n ZETD A L TRROT, FEXOBOMLEEET S &
Ao,...n = klN (6)

LRBPBRE e BHDZELTEY CULTIhERETS).

ZIZTCEy,..., Ty FEE LTz =09 2B EHBRTE

du < Aoy
N o= 2 x_—“’xyu (7)

&5 Schlesinger MO EMSFEAIELNS. Z DX 5 72 Fuchs HEMSFREACEL TIE,
Katz O¥A L7z middle convolution mc, 23& ohi} & 2o TREMIZAITISES, HDZ L
B anic ((8), 11], [4). 728, mey, i “z BRI ONWTO —u BOMH” L RRENDHDTH
Y, BE% u(z) {2 LT Riemann-Liouville 8% %47 5 & & 2% 3 5. Schlesinger B HFRRIC
%9 % middle convolution i Dettweiler-Reiter [2] 12 & > TEEITHIOM {Ao1,. .., Aont1} PE
BICHRENRER, TS HIFER 3] kLo T KZ FERZSLEEROBAITIERS L.

Schlesinger MOEMIFRBRITKH L, EEEITFH Ao, (i=1,...,n+1) DEREEEX B, F
BAR—BHRRE-TLESRA, T4DE (Ao, ..., Aonsr) PRBEEENRRE>TLE S
BEUYDSY FEWVWS. Ay, BAAALTEREE, TORFEOCEREIX N OHE

N=m,i+--+my, ¥=1,...,n+1) (8)

D (ENEARI FLBIL WD) 2523,

+1 75
idx N := 2N? — nz (N2 = m;,,) 9)
v=1 v=1

YDy FEBEBEWS. N BBENRZLIZIXN <2 THY, 2-idx N ZHFBEROKERLTORF
BHEE (Ao, DHEIBERE) PORELARVED2FAZHOKRTERS. TRbbidx N =22
FRARY VY FLR2eDOLBE+HEHELERD (o [8)]).

Yy FRE#MLYFEKX (7) 1X, middle convolution & 4 — % # (412 addition &1 5)
U (z—z,)vu OBVIBLICE > THE L 0EBRFRER & =0 KEREND. E, Zh
LOEBRIIFAHROT, Uy FREMKSFER (7) 12H 82 5%EX2 5 middle convolution &
addition THRTE S Z LIZRD. —ROBEIL idx N BRI LOEBRITBITZAERL 2528,
ARY MEIDZERIY idx N BICEREEICHIND (cf. [12, 11])). Z0D%E#iX, Crawley-Boevy [1]
2 quiver DFRB L BHE L CTHEHA L ERRTOER Kac-Moody /v— %D Weyl B L 5/EA &
R4 Z L3R T, Riemann K& £ Fuchs BHBRKDLEDEE ~DEANBH LR o7,

UYYy FRFEX (7) 1IX8#7258R2 5 middle convolution & addition CHRTEZDT, K
M (3] OBBIIERETIIE, VP y FARFER (7) 26 KZ FBRXK (1) BEbhsd ik’ o
FERIT ((y2,...,yn) OEE/EEBRNT) —8, Lo THIZKZ FERX (1) »oBbhiBHMo IR
H(7) BEEAOY Dy FRBIE, TRIZIOLS K LTERINE bOTHEZ & b3,

K7Z FRNEE0EMITiE, oo £%12EE Lz middle convolution DAz, MN#HEICERT3E
¥z, OBRBBER LTS, Fuchs EMOFBRRAOKRAFITICIZ, REFTOEERED X 5 K ER
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EINBDPENDEZERNF—Tholz. KZ FBRIZTONTOZI DL D RENIL, “hHb0BETH
5. ZOFMT, £7 [14] BELNED, EREZALMIZTIRZIZIE> TRV, BEHSFERIC
RoTHI Py hEWIBOFTCIIFCRVENERIEONS Z & THEKEY (of §5.11).

2 FEAOEH L SEHEMMABEK

KZ H58R (1) REEATH A TREBN, ur (01 —22) u EVIEBCEY, Ay, =02
WhEhBELTEWY. ZDEE Agpy1+ -+ Appnt1 =0 L 2BZ0T, BEITH {4i;} Pn+1
EORLFEREBICANE L2 b0 b KZ HFRAL 25, §42bb (n+2) KAFE Cppe BKZFH
EXOZMIERAL TN 5.

KZ 5%, Riemann 3RE P! AD n+2 BDK {z0,...,Zns2} PREZM ELOFBRE AR
BT, ~RGEERPERAL TS, —ROPERIZL - TIRIL0, 1, 0 KBLTELDZZ LHH
k20T, KL FEXOMIIEENICEY On— 1 EHOBE BHMEHK) ¢E210h5. &%
i¥ Gauss DRBETEE Fo(a, 8,v; ) X

u(to, tr, tz) = F(a, B,7; 258) = F(a, 8,7, {a=tellta=tol)

LB L IER o, t1,t, O KZ FERREW/EZTIEBHND (n=2H/HETS. B, co bE”
WL b0, b1, too, b D 4 LB E 2 B).

n=20HREHE, BRI FRRTREEN, k=0 & L7z KZ FBRRUTBWT Ag1+402+412 =0
LRBDOT, Ap=Ags BRILL, ERITIE G DIERLARED (BRAF {1,2,3} 0ER).

KZ 58K (1) PEILSEROBRAMSFBRERAREI01EIn >3 0E&THY, ok
B, ZO/—FTREICN=3DORE, THLL2EEOBZMBKOBEEEHS. 0HE
i, exifzo=2,21 =0, 2 =y, 24 = 00 L BWT KZ HER (1) OfE u(z,0,y,1) ZEKME
®eEZ2S. Appell OBBMEEIT, “ORLMERFILR->TVB I EBHMD (cf §5).

u e (- 25 u VI BRI, Aig, Ainst, Ajner 3 DEENEN Aij+ A, Aipsr — A,
Ajni1— A BT D2 LizxisT 5 (addition).

To BEIZX T % middle convolution meg,,, FATOL S CEHEEINS. HEDOLYD, n=3 D%
BERRE) (—ROBATHRER). TOHFBRRN Schlesinger B FER L LTENRLIT (T42b
b Ay, BHRBFXBERERSZEMER-RVE ) meg o RESBEBRLEREINS. 7, p#0
D L &%, convolution 73

—Ap,1 Ap1+ A3

B Api+p Aoz Aogs : [ 0 0 0
A = 0 0 0 {, Aoz =|Aox Aog2+p Aos|,

0 0 0 0 0 0
. 0 0 0 ~ Ap2 + Ag,2 —Ap2 0
Aa=1| 0 0 0 , Ao = —Ao1 Appi+A2 0 |,

Ao1 Ao Aos+p 0 0 Asp

. Azs 0 0 _ Aoz + A1z 0 —Ao3
Ags=| 0 Aos+Ass —Aoz |, Aiz= 0 Ais 0

0 —Ao2 Aoz + A23



KL TEEDIHE SN 0 (—RITIIFHAR) KZFBEXNE LTERSND., Z0kE

K= {(ZIZ;) eC¥N ’ vE ker(Ao,l + Ag,2 + Ao,z + ), v; € keI‘Ao’,,} (10)

vtz

A ; OIBOFERHZEMERD0T, CVN/K iz A;; BHETHRBLHREEYREETR
BULRRITHE 4;; L%, Bbh5 KZ 5EA% middle convolution me,, , IZ X2 E#HEE
BT5. FRROMEKI N 25 3N - dnkK iKEb5. ¥k mey,, OMERIL mey,—, £725.

ZOBBIZ Lo THBROBEEZ T 37T T 5120, addition 12 & o T# ker Ag,, DRFTH
BRKRBEIRHLNUDERL, £/ y 28 LT ker(Ao1 + Aoz + Ao + 1) ODRFTEAEK
KRB SCRMEIL. RS A, ; BRHAMFIREE LT, Ay, PEAEOCEHES (8) DL
3o TWABELL Y. D& & Schlesinger BIFER (7) DALY MLVEE

m:=Mpy1,1" " Mptd,reg s ML Mir, 0 s Mpd s M,
TEHETS. EHRRACTOERER
Mjp > Mivrr (Y, 7)
EREVEIZEA TS L LTEN., Z0LE
dm) =my1 4+ +Mmpy11 ~ (R - 1N (11)

ti< &, £ middle convolution iZ X % reduction iX, & mj1 43 myj1 —d(m) IZEHLB T LA
5B, LoTHEIE N 76 N - d(m) iKEb 3.
mMRY Py FRFBRDRARY MBEEEX 31D OBRETHFER, ZOEBROLLERFER
TERERZREVRICEEXIEBRL 2D LEREEL, ThERETHZ LITL YRR 1
ECHBIBOTHILTHHILNEAD BT TAOERENRNLRD, BMNICRENRTHE
RARYZ PVETHY, WMBRNI EBHNIE, THEIERFTERLENY Uy FEiRbin).
7o & 21 Gauss DBEMO RS FVEIE 11,11,11 T, Appell ® Fy ([ZH 7= 2BEAD AT b
VRLE 22,22,81,22 £ R BH, FRBDRRY MEIDY ¥ 7 v aid ([16) %0 [17]) THETEE)
11,11,11 = 01,01,01 — 10,10,10 (12)
22,22, 31,22 = 12,12,21,12 —» 21,21,21,21 = 01,01, 01,01 —> 10,10, 10,10
EROTY Yy RRARY MABTHDZ L BZPS (= O EOEFIZ —d(m)).
BEATHI Ao,y DEBE m;, \[CRHIET 2EHEE N, &T5 L&, HBA (7) O—#fk Riemann

scheme %

Tn41 Z1 e Tn
[)\n+1,1.]mn+1,1 [/\1,1.]m1,1 . [)\n,l.]mn,x (13)
[)‘n+1,7‘n+1]mn+1 Tn41 [’\lv Tl]"m,rl e [)‘n,‘rn]mn,r"

REoTEHETS ([N iXBUZ X LKL TH X\VY). middle convolution i2 & 3 A;; DEEEE
A7 W AVEIDTEEIZOWTIE §4 TRRB.
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n=30% X 2EH (z,y) DERMEE L BT L ED z; ORAFOBBRNOLHEIND (z,y)

DEFEEBEFIFETS (@o=2,21=0,z0=y,23=1).

G5 IZEIR A 120 BOEHREETHR
(1-y1-2), (-9 =Y), Q- 5L), (1 -y, 22,
), (1Y), (v, 2), (v, S2),
1-21-y), Q-2 =2H), 1-g,1=2), (1 -2, L2h),
<x v), (&, L), (z, 3) (x, L=ue),

(5 i) (5 &%), (&5.55) (5,159,
(+ _,,) (25 75%), (l_z,:—:z) (25 %),
(.1, (4,2), (&, 220, ( zﬂ—n

11)11_—1 1 uy
b

z'y a:’z—y a:’a: ' (1-y)z/?
1— -
e ) G 2, G g 1> o G2,

(3=2 1y (izz, ) (=, u=ly (Lo u)z)
z—y’z/? \z—y’ y—z z-y’ y wy’x—y’

51 ;
(y iy ) (y-—l’l—y) (y l’a: 1 y—l’ 1 ;z)’
%ay) (;c’:c) %’i__% :1::;:)

(52, =), (5t =), (51, 221, (st (Lo
v 'a-y hy oz 1=y

1— 1— 1—
(T—g’l—y) (1 ! 1-— a:) ( —-m’ _—-g’éng:%)’

(FTH, 1~ q), (SThe, 151y (sehy ey (zmby pee)

(== (”f——% o (5 75, G d55)
(@5 =) (@5 2) (SR =) (SR =Y
z 1—

_’x) ( ) (y’l ~y ",'21_—3))_:');

- l
_1 y- 1) (z l’z—y) (:v I’H) (a: 1 (1— :)z)’

G5 ) (5 %) G5, ), (65, &),
(21-9), (122 ), (25, 9), (=2, =3y,
(2450, (554 =0, (554, 55Y), (”T,éifzg),
2L 1), (221, =), (22k 22t (2=, Loy,
(52,1 -y), —”(—'3—) (25, 221), (354, 1=5),
(4=5,9), (125, %), (125, 50), (22, d55)
(@ =) (@5 3) (dSw 5 (i 52)
(L2 1 —y), (G2, 0), (=, Loy, (e ey,

=y z—y 'z—y/? \ -y z-y
(Ml_ )(ﬁl_wL 1-2z), (Q:Elu L), (M)_u__
-z 'Y —x —z ) y-zx y—z ' z-y/’

(ea)y - 1-z)y 1- 5_}11— =1
1—:)2’1/ 1 , ( _;z’g —z:’ﬁ)’ ( l—za"xT)’
1— 1= 1= =

(g ) (5 . (5.9 (8 =20
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3 lrreducibility of Equations

Y ¥» N2 Schlesinger B EFRK (7) BEMHFRNE UTHH @EHMOE /) Fu I —H1KE
MEVSTHRIL) LRDDDOUEFTLEGERDIBENLRT LI X 252 X 5. FEBIZE,
Kac-Moody /v— FROBETHE~HN S (cf. [11, 13]).

Zhit, FRROARI MBI MmOV F 7y arpbUTOXIIEDNS. YF IV avid
middle convolution (Z X 2B#DRT v FLEBEZ REWVWERE~BX Z2BEEBRORT v L
PoRBB, HEAT vy FIH L—20FKMERHETSD. BAT vy T TOARY MABOENLHFEL
T, ZZhDHICmETHEL>THELNDI AR MVEIm; =k,m; D m; 2EDES T(m) %
E25. EL M BERANETES>Thm; LRT. 2B

ki=2NN; =3 (NN; = > mj, - (mi);,) (14)
; v
MESZTS (2L, Ny =Y, (m),). 22T
m = k;m; & m; - (15)
YV ABRBEETHS. FERAO—#IL Riemann scheme (13) 14 L
{Ems A =1} (16)
v

DWTHOTHERE TR LRV EABEHMEOBEFTHERL25.
Appell ® Fy 2355 2227 kB 21 21,21, 21 OFITHE

21,21,21,21 ;2?91,91,91,91 = 10,01,01,01 — 10,10,01,01 — 10,10,10,01 \1,
2(10,10,10,10)& « 10, 10,10, 10
01,10,10,10 ¥ —11,00,00,00 + *

10,01,10,10 % 00, —11,00,00 « 00, —11,00,00 « *

10,10,01,10 £ 00,00, —11,00 « 00,00, —11,00 « 00,00, —11,00 + *

10,10,10,01 £ 00,00, 00, —11 + 00,00, 00, —11 + 00, 00, 00, —11 + 00,00, 00, —11¢ *

LhBDT
$(21,21,21,21) = {10, 10, 10, 10, 01, 10,10, 10, 10,01, 10, 10, 10,10,01,10, 10,10,10,10}

ESDDART MNEINGRYD, Tnh OEESRRICHIST 2 m OSRER 5 >Bbh ¢

21,21,21,21 = 2(10, 10, 10, 10) & (01,01,01,01)

21,21,21,21 = 01,10,10, 10 & 20,11,11,11

21,21,21,21 = 10,01,10, 10 & 11,20, 11,11 (17)
21,21,21,21 = 10, 10,01, 10 & 11,11, 20, 11

21,21,21,21 = 10,10, 10,01 @ 11,11,11, 20
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A7 pVEL 21, 21,21, 21 ©5FEFO Riemann scheme 3

z=0 z=1 2=y =0
{ 02 [0z [0}z [a]2 }
a1 a2 as b

TholelTsL, (16) XV
{a, a + a1, a+ a2, a+as, b}

DVTHRHBH TRV L SBHMEOLE+SFIFL 25,
2B m; € D(m) 1K) Py RRARZ bAELRZHR, Thizm O (15) O m; THEIhS.

Definition 1. X(m) iZ8h 2 my; iZLLT D 3 2OWFTRNDF A Fi253hD.
Type 1 : m; OERIILFHFER/EK
Type 2 : m} DEAIE (5B—DDBBRET) 1 & -1 BE—oF BN, BY DREAETLTO
Type 3 : m] DHAESICEBKIIHNL 2V

Type 1 Tik m} 5, Type 3 Tit —m, RY Ty RRARS MRS,

Theorem 2 ([13, Proposition 2.5]). BE¥%&FE KT (16) DLOHF T, Type 3 iIZRHET 5 b DI
BNWTEW (fhoThoRLEEMHIZEEND).

Y ¥y K72 Schlesinger BHR (7) IS 5 KZ FRR (1) OFMEIC SV TIRUTAE X 5.

Theorem 3 ([13, Theorem 3.3]). BEMIZ&KME KT (16) DTXDOF T, Type 1 X Type 2 IZHET
2HOPBECTRITNWEFER (1) ik (7 FeI—#2) BEOTHS. £k, Typel ITXIET S
b OREHTHNIRMTHD. Type 3 KAIET D HDIFEHENVTI (fid Type 1 D HEKD
FFZEEND).

Remark 4. EOFEHT, KZ FBRROBEIMESMEIC Type 2 KIET 2 DRARBTHS 5 L TR
A3, WTFhizk X, Type 2 OFLREBRIULT S & &iE, T/ FeI—#NENTL, B0
BRFEETIZENoND. e xid, ulz,y) = F(a,B,7;z) - Fla, B,7;y) 13HEk 4 0 5B %W
L a, B, 9 B—BRBEDE) Fu I —BBRTHS. E Appell © Fy THIOX3 2T
BB, Type 2 OHNMEREBZ B L E1T, SO 1L -1 DEBELZ—DOITE LD AT pLE
R2UEDHAIEBEHETEHVEND LEDRT, TOL I 2 EITHEY 2 (cf. §5.9).

4 Middle convolution

Agj DAY ML L EHEN meg, u IC K2 TED K S ITRILT DH0RRIE ([2] £HD X 5K)
BETHIN, Aij (0<i<j) DAY MVBEOE X W ERBEETCH 7. 2ok [14]
REoTRONZOTRET S, MBEORLD A ; ExALTREL 5 (cf. [11, Theorem 12.10)).

MAILFRRITS A OBEFE N\, & ZOEBRE m, DHEOEEE

(A] = {Mlmss Palmas -}
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DESEERT. Ao; = {PMji)myr Piglmyar .-} ERoTWREET S, RAEEZMEICT S0
mj1=0LRBTLEHTE

A= =A1=0, App11 =4
EELTEY. ZRbiEmeg,, Lo T
[40,5] = {[0lm,,, ~d(m)> Pj2 + Blmszr---}  (G=1,...,n),
[Ao,n+1] = {[—ll‘]mn+1,1—d(m)’ [/\n+1,2 - ”]mn+1,2’ o }

EEHBREND.

KZ FEROBEATINCH LT {[Ai;]} S meg, , TED LI REBREINDI L, {[4i;]} oFER
DT TRINLRY. ZNZMBITIIFEIFN (4) ¥ —Li25.

N REFTS| A, B RA#RE T3, FIHALATREL 5 L RARGALRHEDDT, R (—
%) EREEOERELRD. ﬁﬂ#ﬁ%ﬁ@%ﬁa%oliﬁﬁ% A plm DEDTENT, £

0
D&tk [A: B] LT f:kkbﬁA:( o, ) B=< 2, )oa%w
-1 3

[A:B)={[0:1]1,[0:2]3,[-1:3]1} ={[0:1],[0: 2], [-1: 3]}
Thd WAFOLIEFBLTEY). ZOX52EREES ZLiTdY, UTOKRIELNS.

Theorem 5 ([14, Theorem 4.1]). {[A,-,J- : Aokl, [Aoyi @ Aoyl | {4,5,k Cc {1,...,n+ 1}} »Ray
Do TWIIE, Thb % me,,, TERLIEBDONRE I RBZ0HBH05 G, j, k IREWCRZ3).

BEROITIE [14] #BRLTT S
n=30N &k Ag1g=rk—Ass REEBBIEND, VMBI RoT {[Ar: AJ] | #I =
#J=2,InJ =0} DHTHALTUTOEENLHETE S,

Theorem 6 ([14, Theorem 7.1]). n=3 &+3. (10) ® K i3.
ker Ag,1 0 0 v
’C1=( 8 )’ K2=(ket640,2), Ks:(ker%o's)’ ’C4={(2) ‘veker(AOA_F")}
D420 CN OMHEMOERE 2585, EEORIFOES {i,5,k} ={1,2,3} iKxL

[Ai,j : AO,k] = [Ai,j : AD,k + y,] U [A.i’j : 0] U [A0’4 —K: 0],

. N [Ak,a + £ 2 0|Ker 40, (v=1,3),
[Ai;: Aoxllx, = [Ai;: ,U']]Keer.,, (v=k),
[Ai,j : 0]fker (Ao,a—p) (v=24),

[Aia: Aokl = [Aia: Aoje + ] UAig : 00U [Ajx — 5 — 2 0],
[Aj,k — K= O]KETAO,i (
[Ai,4 : 0]]Keer_j (
[Ai,4 : H]lKeer'k (V = k)v
[Ajr —K—p: 0]|Ker(Ao.4—lA) (

[Aia: Aoillc, =



[Aij : Aol =[Aij : Aoa — p] U [Aij : =] U [Aga + 5 : —p],

[Ak,a + & : —plKer 4o, v =1, j),
[ : Avallrc, = [Aij + —p]lKer 40, (v =k),
[4ij : O]lKer (Ao,e—1) (v =4),
[Aij: Akal = [Aiy: Aij— 5 — plU[Ag; - Aa) U[Aga + 5 Aya),
[Ak,a + £ ¢ Aka]lker 4o, (v =1, ),
[A"J : Akﬁ”’Cu =0 [Aij: Aij — k& — pllKer 4o 4 (v =k),

[Aij: Aij — &= bllRer (dou—p) (¥ =14).

2%, TRbLI,JC{0,1,2,3,4), #1=#J=2INJ =0 D% [Ar : As] i meg, ,
£oT
4
[A[:AJ]'—)[AI:AJ]\U[A[:AJ”)C", K= K+p
v=1

LEBEhD.

Remark 7. i) EOEBREZFIALT, IR [A12: Aog] B mey,, TEDLIILEDLDIPEHD
EDITH, [ALs: Aosl, [Asae : Aol [Asa : Aval, [Ars : Ao DF —F BBETHS.

i)y n=30&&, LOEED[Ar:AJ]1XT154d5.

i) I, J C{0,1,2,3,4}, #I = #J =2¢F5. INJ =0 DL &, [Ar: A 25 [A] %
[Ar+As] 5853055, —H #(INJ) =1 DL %L, Aoy +Aos=Ag 12— Ars = k— (A3 +Ars)
BREPBIND. BB, kiktraced;; B [Ai;] POANBDT {[4;;]} BOanB.

5 Rigid spectral types

Y ¥y FRAR7 MV KZ FRAICHIGT 585, n— 1 BEOBREMBEHKOLENLREROK
KRHDT, n >3 0LIPEEMO KZ RHERMBIFIIMNIET 5. HEROBEHIMENF b, [
BEOY Oy RRARY MVEIBEET 500%% & 1 IZ8¥7 (cf. Remark 14).

# 1 Hypergeometric equations with less than 7 variables

Order— |2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
lvariable |1 1 3 5 13 20 45 74 142 212 421 588 1004 1481 2388
2variables ([0 1 2 4 11 16 35 58 109 156 299 402 685 924 1517
3variables{0 0 1 1 3 5 12 17 43 52 104 135 263 327 560
4variablesf 0 0 0 1 0 1 8 14 24 39 60 79 137
Svariables | 0 0 0 0 1 O 4 14 20 30
Gvariables( 0 0 0 0O O 1 O 0 2 3 5 6

AR MBI 21,21,21,21 & 72 B EMS FRNIT Jordan-Pochhammer O#43 FBRHL 725
B, TOMDBEHRTND, Thit Appell © Fy 1055 2 L RMBA T, £0—IC 0o bE
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% 2 Hierarchy of rigid quartets (cf. [11])

. .,3161111 1111

2 o

11,11,11 e 21 111,111 »---. ----- > 22, 211 1111
: -\ 211 211,211

51,222,33,411

.......................... 33,42,33,411

411,42,411,411

. 7
A 41,32, 311, 311
11,41,221,221

. Fy, F3
F 31,22, 31,211 5
" 1
N 21,21,21,21 < F 41,32, 32,221
K 4
31,22,22,22

Py5
32,32,32,32

42,33,411,411

T

51,33,411,3111
51,51, 222, 2211
6

51,42, 321,321

51,42,33,2211
51,33, 33,222
42,42, 42,321

;FD P

31,31, 31,31,31 42,33,33,33
ODTp+2HOHEFRERER > TARS MMER pl,pl,...,pl £RBHDFV TPy FTH-T
Lauricella @ Fp XIS LT3, 2 58T 4 BITRHIST 5 27 MBI 2 > T, Appell ®
Fy, F3, Fy iZ/E LTV, BT 31,31,22,211 28 Fy, F3 12, 31,22,22,22 A Fy icxtis L
TS, BEBRREL RIS T, 2EROZ OBBANELNDY, ThALIZESETHLNT
WhrolkbDTHAD.

oMb olzo%, 1EO middle convolution iZ k> TED L H IR MABRIBENT
LPERITRLTRICLEDOPR 2 THD (RTORHEHNTWSIRTILRYY).

Remark 8. i) U ¥y FRARS MBICRIGT 288D /T A —F O

n+1
RFGA—5 DM = (# FERATORLZ 0y 7 0@ -1)=) (r;—-1) (18)

=1
THEAbIND. Bl AROFKBATRERIEAER TRy 7 OEKDH D2, 44 addition
T—ORKEDE EHIT0) IKTEB. —F, Y07 tracedo; = 0 ITEET 3 7 v I ROMKL

> mjiudi =0 (19)
v

BHHOT, BEARNATA—20%E (18) 0L ditkd. UV ¥y FiFENIE, —M&{L Riemann
scheme 26 —RICEE D Z L IZEE.

i) R 2ITBVWTRENEZSD AT bVEID addition &—-> middle convolution TE# &h
BILEBWRLTWS, £k, Appell ® F;, & F3 iZRA—® KZ 5BRAOER 2 R TCORFTEEI
LBBOREBJHRRIIHIGEL, Is & Js R I & Jg iXRA—® KZ FBRROERZEHICHIET S
Schlesinger FRK L 2o T 5.
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i) YVy KeFRAPLENRAET D KZ FRXOMIBSRTEFHF>. —M&{L Riemann
scheme 12331} ZHRHEHEEE ), 2B S L b OISRIET 2MITIIMOERR TH 2 bh 2 B
BRANBFEETS (cf. [11, Theorem 11.2]). ZDZ &b HFRROBEMNSEE (£ Ko I —FH3EEH
LR BRM) 1T, FHEREEEETLLTHEDLRVW I ENEZS (of. (13, Lemma 2.1]).

iv) Y Vy KRR AR MABNZRE L, SRR L OEROSER 2R L T2 B ERS R
AP—BIRBEETEZENE XS (cf. [11, Theorem 6.14]). U L7243 5 Schlesinger 2D HEXD
BAIL, L 2 ZEEREA~OIENR—R L IR L2V, —BHENHNhS. L 21X Gauss @

A A A
BTz 335 Schlesinger & D HFEF D Riemann scheme {)‘0'1 )‘1’1 /\2’1 2B\ T Fuchs
02 A2 Az2

R Y5, N = O BV SToTHBB, ZOFERIE Mo+ M+, =0 (G=1,2) DL&ET
Woks, ZobkE, (—RICIIREFTHTRY) BEME O Riemann scheme 23 {Ag1 A1,1 A1} I
2230 {Xo2 ALz Ao} 12 DB R FERDN b OIER (—E TRV IEFET 5. addition &
middle convolution %o 7= HRDOEFITE D LE>TH L.

5.1 Examples

middle convolution me,, 545 % 522 S(m) OHE EHREAXLIhEAVTRES (df [11,
Proposition 7.9 and Theorem 12.6]) %> Theorem 6 ZF|f L 3t H & EHT 570, HALE
Risa/Asir DT AT F Y [17) Z#ER L THY, ZOHOBADEL OKRIZENEZRAVWTHETZZ
LRTES.

ROBIBRTROREBEICLD2ERTIL (1] OBRBBERTE 50T, Z 2 TEIHERO KRS
T/ Fu I —HOBEIMER SIZon TR S.

5.2 Appell's Fy

du = 0 [ZHRST 3 trivial 225820 addition 1 — ([J3_, (zo — 2,)™) - 1 i &> TH%K 1 » KZ
type equation (1) #F 5N T, Zhik

Agi = Xi, Apa=—M23, Ai; =0, Aja=—-Xi, 6= X123 ({i,4,k} = {1,2,3})

EiA (/\ij =M+ /\j, A123 = A1 + A2 + A3). KIT HnEeE CizxLT mCq,,p #HE$ & Appell D
ETRE Fy O T HRRICHGT 5 KZ FRAN/ LS. ThiX

ag = — U, aj=)\j+p, aies = a1 +az +az and a;; = a; +a; (0§Z<JS3),

LB

a1 ap2 Qo3 0 0 O 0 0 0
Ap1=1|0 0 0], Ao2=(an az as]|, Apz=1{ 0 0 0],
0 0 0 6 0 O ao1 Qo2 as

ap2 —agz O 0 0 0 apz O —aos
Apg=|—-a1 an O, A23=1{0 aos —as|, Az=| 0 0 0 |.
0 0 0 0 —ao2 ap2 —apn O ao1



&7 (cf. §1), ZO—f{t Riemann scheme (% A;; OPEHEEL ZDEREOR) 13X

Aon Aoz Aos Aoa Ay A1z A2z
z=0 z=y =1 T =00 y=0 y=1 to=1t1
[0z [0}z [0] [ao]2 [0]2 [0]2 [0]
ay ag a3  —2ap—ai3 209+a12 200+ a1z 2ap +az3
Axg Az Aszg
to = 00 Yy =00 t1 =00
[—ao1]2 [—ao2)2 [~aos]2

—2a9 — a2z —200 —a123 —2ap — G123
LB EREEGEZEATAILUTHELNS.
[A,,;j :AO,k] = {[0 M ak], [0 0, [ ij - 0]}

[Aia: Aow) = {[=Xi : M+ s [=Xi : 0], [~A128 — p: O]},
[Aij: Ao = {[0: —Aizs — pul, [0: —p], (=251 —pl},
[Aij: Ara] = {[0 s =A12z — u), [0 =g, [= A5 ¢ ~)\k]}.
m = 21,21,21,21 : rank = 3 with 4 parameters and [Z(m)] = 14-2!
728, [Z(m)] ix Z(m) OF (cf. [11, Remark 7.11 ii)] @ [A(m)] &R T).
21,21,21,21 — 01,01,01,01 Hy:11,11,11,20 (middle convolution THZE#H)
=10,10,10,01 & 11,11,11,20 (FI#ot4: XFHEDN B 4 cases, of. §3 (17))
=2(10,10,10,10) & 01,01,01,01 (1 case)

10,10, 10,01 : 2a0 + a1ps € Z (BERIZ(E) fo to ty t ta|idx

10,10,01,10 : a3 ¢ Z too 21 21 21 21

10,01,10,10 : agy ¢ Z to | 21 21 21 21
01,10,10,10 : ag; ¢ Z t, | 21 21 21 21
t |21 21 21 21

NN N NN

10,10,10,10: ag ¢ Z
INBOHRITET Type 1 (=5 %)

t | 21 21 21 21
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KZ 5FEX0icBWT oy =2,71=0,Te =y, 33 = 1, T4 = 00 EBNT 2EHK (z,y) OB
BeBXD. 0o T5d, ETidzy=12, 21 =1, T2 =1y, T3 =t1, T4 =t LBV
TW3. EOROFKTFITIX, ©=1t, B O Schlesinger HEMHFHFBRA L Hiz & EDRRY MEIR
21,21,21,21 THBHZ L (HIZ 00,0, y, 1 TOBEFECEEET —¥) &RL, idx 3EZNY Ty ¥

BREN2LERBILERLTND Go0EH x0,...,74 13 G5 DIEATERSNB).
Appell OB#(TRE

Fi(e; 8,857 2,y) = Z (@) man (B)m (B )n 2y

(V)mAnminl

m,n=0

I
a0=,6', a’1=ﬁ,‘7+1, a2=—ﬁ—ﬂ’, a3=7—a_—ﬂ_1

Lo TKZ FBRADBEIIEL, £0 T &hbEREDLE S FMT
{Ol, .Bs ,BI) a—, ﬂ+,3'—7}ﬂZ=(Z)
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THDZ EWRHn5.
v = Fi(0; 8,837 %,y), v1 = 252, vy = y G, v ="*(vg,v1,v2) LB L v IT

- — d; dly—1
dv = (Bo,li—x+Bo,2§%c_—;)- +303M+B12—y-+323(y——))'0, (20)

3 x-l y y il y_l
0 1 0 0 0 0
Byi=10 g —v+1 0], Bop=|-af —-a-B+y-1 B,
0 B 0 0 0 0
0 0 0 00 1
Bys=|0 B8 B8], Bjp=1{0 0 -B )
0 -8 -8 00 B—q+1
0 0 0
Bus=| 0 0 0
—off —f —a-pf+y-1

LS Pfaff FRNZM2 9D, EIX

Ai,j = RhlBi,jR ((7'».7) € {(07 1)’ (0’ 2): (0’ 3)’ (172)’ (2’ 3)}),

1 0 0
Ri= [ -7v+1 —f —at+y-1
g g o /)

TEAbND (2B, A1z =rls— A1g— Asz— 3 o_, Ao, ICHER).

5.3 Appell's Fy, Fj

211,22,31,31 : rank= 4, 5 parameters, (15 - 2?)

— F,:201,21,21,21 H,:011,02,11,11 e fo &, 0t | idx
=010,01,10,10 @ 201,21,21,21 (4) too 211 211 211 211 | -8
=101,11,11,20 © 110,11,20,11 (2) to | 211 31 31 22| 2
_ ty | 211 31 22 31 2
= 2(100,01, 10, 10) & 011,20,11,11 (2) e lon = 2 a | s
ShBiET Type 1. te | 211 22 31 31 2

EosfEx, UFoX3IcLTELRS.
211,22,31,31 523 011,02,11,11 — 101,02,11,11 — 110,02,11,11 — 110,20,11,11 = ---

2(100,10,10,10) £ «

010,10,10,10 £ —110,00,00,00 <+ =

001,10,10,10 ¥ -101,00,00,00 « 0-11,00,00,00 « *

2(100, 01, 10, 10)£2(000, —11, 00, 00) + 2(000, —11, 00, 00) + 2(000, ~11,00,00) & *

010,01,10,10 £ 010,01,10,10 100,01,10,10 « 100,01,10,10 + 100,10,10,10 & «

4_ ) =)
001,01,10,10 ¥ 001,01,10,10 « 001,01,10,10 +« 110,01,10,10 « 010,10,10,10 & ...
110,11,11,20 £ 010,01,01,10 + 100,01,01,10 < 100,01,01,10 « 100,10,01,10 & ...
110,11,20,11 £ 010,01,10,01 +« 100,01,10,01 ¢ 100,01,10,01 +« 100,10,10,01 £ ...
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—f%{t Riemann scheme i3
A Aoz Az Aus A Ais
z=0 z=y z=1 z=00 y=0 to =1t
0 [0]s [0]s [d]2 [0]3 [0]s
[a]2 b c e a+b+2d a+c+2d
f
Ags A1y Azy A3zq
y=1 = Yy =00 t1 =00
el [-a—dl2 [a+c+dz [a+b+d):
[f)2 e a a

f 0 0

L72B, EL
20+b+c+2d+e+ f=0

Thd. Lo THREME
{d,e,a+d,at+e,at+tb+d+eatctd+e f,a+fINZ=0. (21)
&5, ERRRFEAESRIT

[Aoy : Azs] ={la: €], [a: f], [0: €], [0: f]},
[Ao1: Al ={la:a+c+d),[a:a],[0:a+c+d],[0:0]},
[Aoy : Asg] ={la:a+b+d],[a:a],[0:a+b+d],[0:0]},

[Agz: A1s] ={[b:0],[0: 0]z, [0: a+c+2d]},
[Aoz: A ={[b:—a—4d],[0: —a—d], [0:¢],[0: f]},
[Aoz : Asq] ={[b:a+b+d],[0:a+b+d],[0:a], [0:0]},
[Aos : A12] ={[c: 0], [0:0]2, [0:a+b+2d]},
[Aos : Ara] ={[c: —a—d],[0: —a—d],[0:¢], [0: f]},

J

[Ags : Aog} ={[c:a+c+d],[0:a+c+d],[0:a],[0:0]},

[Aos: A1) ={le: 0], [f:0],[d:0], [d:a+b+2d]},

[Aos: Az} ={[e: 0], [f:0],[d:0], [d:a+c+2d]},

oa : Ass] = {le :¢l, [ : fl, [d: ¢, [d: A1},

[A12: A3g]={[0:a+b+d],[0:qa],[0:0], [a+b+2d:a+b+d]},
[A13: Aq] ={[0:a+c+4d],[0:a],[0:0], [a+c+2d:a+c+d]},
[Asa s Agg] = {[-a—d: e], [~a—d: fl, e ¢], [ f1}

LB,
Z 0 KZ &A% Appell OBEA Fo(o; 8, 857,72, 1 — y) OFr-THBEREL 25 :

Fy(e; 8,857,752,9) = ) (o({zr'):?v(fil";rfi)'n ™

m,n=0
a=1l-v, b=v+9 -a-f-p -2 c=vy-a-F+f -1,
d=p, e=a-7"+1, f=a

n
b

Y



RIS LY, BEO%HE (21) 12

{Ot, ;51 ﬂ,a a—7, a_7la ﬁ_’y’ /Bl_‘yl, Ot—'}’—’}’/}ﬁZ:w.

BRICEL &, BT HER (20) BRUTTEXLND.

o e oAl . _ ,__ szo yc’?vo zy 8%
vo := Fa(; 8,857,731 —y), vi= (o, 59c 5 9y ﬁﬁ'axay)

(o B 0 0 00 @ 0
fo1-9 0 o loo o g
BO,I_ 0 0 0 ,B ’ BO,2_ 0 0 1_,71 0 ?
0 0 0 1—v 00 0 1—o
0 0 0 0
5. _|-a —a-Bty-1 5 -
%371 0 0 0o 0|’
o B g B
0 0 0 0
0 0 0 0
Bl,Z'_ —a —,B 0 ‘3 ’
a B a+pf—-+4+1 8
0 0 0 0
0 0 0 0
Bas=1 ¢ 0 0 0

—a —a=f+y-1 —a-f -7 —a-f-f+7+7 -2

I HEEBRLHE Risa/Asir DT AT F Y [14] ZAVWTUTOL X LTHLRS.

(o]
[1]
f2]
f3]
[4]
(6]
(6]
(7]
(8l
(o]

[1] TiIZAZ7 bR 211,22,31,31 XS Uiz (z,y) B30 Plaff B FRRICH L, —L
Riemann scheme, 227 hWEIDSAE, BEKIR(E, Pfaff RFBERN TEX 0 Y — R THELIS.
[2] CIRABARY MADEOT — 2 2 BBHMN,

S="211,22,31,31"$

os_md.mc2grs(S,"A11")$
F2=os_md.mc2grs(S,0)$
F2=subst(F2,d1,d,d2,e)$
F28=os_md.simplify(F2, [2*a+b+c+2*d+e+f] ,4)$
F2T=os_md.mc2grs (F2S, [[[2,3]1,£]11)$
Si=os_md.mc2grs (F2T, "get" |dviout=1)$
Si=os_md.divmattex(S1, [6]);
S2=0s_md.mc2grs (F2T, "show") ;
S3=0s_md.mc2grs (F2T, "spct" |dviout=1) ;

(22)

[8] TRTA—Z dy,dp % d, e CEEX#HZ,

[4] T2a+b+c+2d+e+f=0DFHFDH L TRRPBHHRICRZLIICEFZEL ([2] TV

T os_md.mc2grs(S,3)$ L3¢ [3], [4] 28D TEBMIITY),
addition Z#E L7z b DIREET 5. Thizxt LT [6] T—AM&{t Riemann scheme 21T, £® TEX
DY —R% 6 HE THRAT Lz b D S11Z [7] TEHRL, FAREAZEMSMED TEX Y — A 82 L idx

DF—TND TEX DY —A 83 #EThZh [8], [9] THTWS

(5] Turs (z2 —x3)fu

138
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5.4 Appell's F}
t i, t t te | idx
31,22,22,22 : rank = 4, 4 parameters, ad 0 L
8 ol too 211 22 211 22| -4
(18.2Y) o Fy:12,12,21,12
to | 211 22 211 22| —4
=10,01,01,01 & 21,21,21,21 (8)
t, | 22 22 22 31| 2
=2(20,11,11,11) & (-1)1,00,00,00 (1) i lo11 911 92 09 4
1 -
EoB#% ORI e2 &R3.
iz Typ [ 22 22 31 22 2

2 ORI TN b5,
31,22,22,22%% 21,12,12,12 — 21,21,12,12 — 21,21,21,12 — 21,21,21,21 =

10,10,10,10 £ x

10,01,10,10 £ 00,-11,00,00 « =

10,10,01,10 £ 00,00, 11,00 < 00,00, —11,00 + =

10,10,10,01 £ 00,00,00,—11 « 00,00,00,—11 « 00,00,00, —11 + =
2(20,11,11,11) £ 2(10,01, 01, 01) + 2(10, 10, 01,01) +2(10, 10, 10, 01) +-2(10, 10, 10, 10) <

21,21,21,21 ¥ 01,01,01,01 « 01,10,01,01 « 01,10,10,01 « 01,10,10,10 <

10,10,01,01 £ 10,10,01,01 « 10,01,01,01 10,01, 10,01 10,01,10,10 <«

==

. «
10,01,10,01 £ 10,01,10,01 + 10,10,10,01 « 10,10,01,01 < 10,10,01,10 <«
10,01,01,10 -{<_=0 10,01,01,10 « 10,10,01,10 <« 10,01,10,10 « 10,10,10,01 <«
® i 5 —fR{t Riemann scheme I3

a+b+ct+d+e=0

EVWS KDL LT

Aoy Ape Ao Aos Aro Az Aags A1y Az Azq
z=0 z=y z=1 z=00 y=0 tg=t; y=1 thp=00 y=o00 {1 =0
Oz [0)s [0z [dz [0z [-b-cl2 [0z [a+cz [d [a+b]2
[b]2 2a [¢]2 le]2 [6]2 2d [c)2 2c [e]2 2b
2e 0 0
LB, 2L, T =z EHIZHIT B addition & middle convolution D, u— (z1 — 22)%(z2 —

Z3)¢(x1 — €3) "¢ %u TG T B addition (RIEOEH L FTH) E1To7z.

Remark 9. z Z$ T Schlesinger BEMIHRBK (7) Y Vv KT, £D—k{k Riemann scheme
BDELW 250 KZ FERIT, BY%2a, b ce CitLoTurr (z1 —22)% (22 — 23)°(T1 — 23) ™% %u
TRE S addition THY &5 (cf. [13, Theorem 3.2]).

RIEFE A ZE M 2 AR 1

[Ao1 : Aag] ={[b:0],[b:¢],[0:0],[0:]},

[Ao1 : Aog] ={[b:d], [b:€], [0:d], [0: €]},

[Aor : Asa] ={[b:b+a], [b:2b], [0:b+a], [0:0]},

[Aog : A1zl ={[2a: -b—¢],[0: —=b—¢], [0:2d], [0: 2¢]},
[Ao2: A4 ={[2a:4a],[0:a],[0:¢], [0: =c]},

[Ao2 : Asq] ={[2a:a},[0:a], [0: 8], [0: -B]},



[Aos : A1) ={[c:b], [c: 0], [0:D], [0:0]},
[Ags: A1a] ={[c:a],[c: ¢}, [0:a], [0: =]},
[Ags : Agg] ={[c:d],[c:€],[0:d], [0:¢€]},
[Aos : A1) ={[d:0],[d: ¢, [e: 0], [e: ]},
[Ags : Ars] ={[d: ~-b—c], [d:2d], [e: =b—d], [e: 2¢]},
[Aog : A2g] ={[d: 0], [d: =], [e: 0], [e: —c]},
[A12: Ass] ={[0:a], [0: 8], [c: a], [c: —B]},
[A13: Ag)={[-b—c:¢],[-b—c:d], [2d: €], [2e:d]},
[A14: A23] ={[a: 0], [c:0], [a: —¢], [-c: =]}

ks,

Appell DB (TAIEL

(a)‘m+‘n (ﬂ)m+n m,n

F4(C\C,,8;’)’,’Y,;$,y) = Z (7)m (7’)nm'n'x y

m=n=0

ERLT, D [6, 7] it u(z,y) = Faa, 857,752y, (1 - 2)(1 — ),

oz ‘(v 20v yOv _ay (&v _£_(dv_ vy )
- "adz’ ady’ alate) \ dy z—y\dz By
ERVWIELONEFER
d%v ov y—17 Ov ov
x(l—w)@+(y—(a+ﬁ+l)w)a—aﬂv+ex_y(x%—ya—y)—0, )
v ov z—17 v dv
y(l—y)a—y2+(7—(a+ﬂ+1)y)a—y—aﬁv+ey_x(ya—y—x%>--0,
e=y+7 —a—-p-1 (24)
BIULITFCEE 5 KZ H (20)
0 o 0 0 0 0 0 0 0 O « 0
0 1- 0 0 0 € - 0 0 0 € ate
Bo, = 0 e’y 0 a+e » Boz = 0 —e eE » Bog = 0 0 1—7v 0 ’
0 0 0 1-—« 0 0 0 O 0 0 0 1—~
0 0 0 0 0 0 0 0
oe(# 7 3 Ean(b 5
0 0 -B-¢ — 0 -B-¢ 0 -
BT L ERLE.
2 THo7s KZ HEX (1) & oxtinix
a=¢ b=1-7v, c=—, d=a, e=p
TEZx b, T b DBEKSEMEIE
{d,e,b+d,b+e,c+d c+ebtc+d, b+tct+elNZ=0 (25)
Thabb
{Ol,,3:Ot—’Y,ﬂ-%01—7!,}9—’7';‘1—’7—'7/,5—’7"’7,}02:0 (26)
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TCEZbNE. THIIENCEX 8+ 1BADARY MABIDSED 5> B Type 2 DOfREER - 8
BD Type 1 DHEHLHELNBZERHETHS.

Remark 10. ¢ = 0 O & ¥ 5K (23) BT MR
v(e, B,7;2,y) = F(a, 8,7 2) - F(a, 8,7 )

EEON, o, B,y B2 OIEMEROE Fu I -3 L2,
Schlesinger B % #45y FRX (7) BB 2 B 2D DOLE+5&EZ, £ (26) 53 26 ¢ Z B3R
DIADZETHD.

27)

Remark 11. E#5HER @ = (42 + 412 4 fa)y T2y PVER 22,22,211,211, Yy
FIEEH —4 T, MOE/ Fu I—#l, KRERy oBEIKL2Y. —RIZ, JVy FTRVWIO
& 2 2B MO RILREKE. ZOFBREZFATHICELS LUTDO LI TR,

0 o 0 0 0 0 0 0
du [0 1-y 0 O v, - - € 0 u
de = |0 € 0 a+telz 0 0 0 0 |z—y
0 0 0 1-9 0 0 —(B+e9 -
0 —a —a 0
B a+B —e —(a+¢€) u _ ‘A
+ B - a+p —(a+¢€) z—1 (e=v+1"~—a=F-1)
0 B+e B+e 2a+pB+e)
5.5 Rank 5 with 6 parameters
I; 41,32,311,311, J; 41,41,221,221: (16.29%)

41,41,221,221 — Fy :21,21,021,021 %o T3 2 T3 4| idx
41,32,311,311 — H,:11,02,011,011 20 41 41 221 221 | 2
41,41,221,221 o | 41 32 311 311
=10,10,001,010 @ 31,31,220,211 (4) sy | 41 32 311 311
=20,11,110,110 @ 21, 30,111,111  (2) z3 | 221 311 311 221 | —10
=2(10,10,100,100) ®21,21,021,021 (4) | o | 991 311 311 221 ~10

Eo 10 BO53RITT T Type 1

a+b+2c+d+2e+2f+g=0

EVWIBRNTA—FREI LUTOLIITR2D.

[Ao1: Az ={[a:0},[0:0]2,[0: —a—c—e—g],[0: —a—c—f—gl]},
[Aor: Azg]={la: ~b—c—e—f],[0: =b—c—e—fl2, [0: c+g], [0: 4]},
[Ao1: Ass)={la: —c—d~e—f],[0: —c—d—e—f], [0: g]2, [0: —d]},
[Aog : A13] = {[6:0],[0: 02, [0: =b—c—e—g], [0: ~b—c— f —gl]},
[Aoz: Ay ={[b: —a—c—e—f],[0: —a—c—e—fl2, [0:c+g], [0: g},
[Aoz: Asg] ={[b: —c—d—e—f],[0: —c—d—e—f], [0: g2, [0: —d]},
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[Aos :

[Aos
[Aos

[Ao4 :
[Aoa :
[Aos :

[A12

[A1s:

142

Ap)={d:0], [c:0],[c: —d—g],[0:0], [0: —d —g]},

tAu)l={d:—a-c—e—fl,lc:—a—c—e~f],[cic+g],[0: —a—c—e—f],[0:g]},

tAu)={d:—-b—c—e—fl,[c:-b—c—e—fl,[cic+g],[0: —b—c—e—f], [0: 4]},

A] ={lg:0}, [f:0], [f: —d—g], [e:0], [e: —d—g]},

A)={[g:0, [f:0],[f:—b—c—e—g],[e:0], [e: —b—c— f—g]},

Az ={lg: 0], [f:0, [f: —a—c—e—g],[e:0],[e: —a—c—f—g]},

:Au)={0:—c—d—e—fl,[-d—g:—c—d—e—f], [0: g2, [-d—g: —d]},

Ay ={0: -b—-c—e—f],[0:c+g},[-b—c—e—g:—b—c—e—f],[0:g],
[-b—c—f—-g:—b—c—e—f]},

[A14: Azs] ={[-a—c—e—~f:0],[c+g:0,[~a—c—e—f:—a—c—e—g],[g:0],
[Fa—c—e-f:—a—c—f—g]},
Aon Aoz Aos Aps A1z Az
z=0 z=y z=1 =00 y=0 to =1t
(0ls [0la [0]2 [e]2 [0]3 [0]s
a b e [fla [-d—gl2 -b-c—-e—g
d g —b-c—f-yg
Az Ay Az Asg
y=1 to =00 y=00 i1 =00
[0]s [~Fa—c—e—fls [~b—c—e—flzs [~c—d—e—fla},
camcme—g  ctg e+ ol
—a—c—f—g g g —d

BERISRMFIZ

{e, fig,ctectfictg, dted+fate+etf,btectet+ fINZ=0.

HIET B (z,y) BEROBETMY HRNE Plaff ROFTHRRT D &

h=c+d+e+f &£BNT
a bt+cte+f (@a+eh+(f+c)(f+d) (b+c+e+fh (d+e)(d+ )
0 0 0 0 0 dz
du=( 0 0 0 0 0 -
0 0 0 0 0 z
0 0 0 0 0
0 0 0 0 0
a+cte+f b (a+ct+e+fh (b+eh+(c+Fd+f) d+ed+f)
d(z —y)
+ 0 0 0 0 0 _—
0 0 0 0 0 Ty
0 0 0 0 0
00 0 0 0
0 0 0 0 0
+]1 0 c 0 0 Mlﬁ
0 1 0 c o] *~
0 0 atct+e+f b+ct+e+f d
btc+e+f —(b+c+e+f) ] 0 0
—(at+cte+f) at+tcte+f 0 0 0 dy
+ 0 0 bt+ct+e+f —(b+ct+e+f) 0| —
0 0 —(a+ct+e+f) a+c+e+f O v
0 0 0 0 0



143

0o 0 0 0 0
0 h —(atctetf)h —(b+eh—(c+fd+f) —(d+e)d+ ]| g, _1)
0 -1 a+c+e+f b+d+e+f 0 4
0 0 0 —(b+ct+e+f) bt+cte+f
5.6 Rank 5 with 5 parameters
. 7 3
41,32,32,221: (17-29%) e
— 31,22,22,220 F,:31,22,31,121 - PR TR - 5
F :21,12,12,021 o | 32 32 311 2111| -6
=10, 10, 10,001 @ 31,22, 22,220 (1) I s 91| 2
=10,01,10,010 & 31,31,22,211 (4) ol 32 a1 3 0111 | —6
=20,11,11,101 & 21,21,21,120 (2) s |21 2111 221 21 18
=2(10, 10, 10,100) & 21,12,12,021 (2)
=2(20,11,11,110) @ 01,10,10,001 (1) Zh® 10 ADHAEILF<T Type 1
f=b—-2g9, g=a+b+ct+d+e
& < & Riemann scheme (X
Aox Aoz Aoz Aos A1z A1z A2zs Ay Azs Asq
(0]s [0« [0]s [d]2 0] [0]s [0}s b—glz [-d—gl2 [b—g]
a2 b [c2 [e]z [c+d+e+gls atc+2d [a+d+e+glz c+f [-e—glz a+f
f a+c+2e b f f
—C —a

BEM&AFX
{d,e, f,a+d,a+e,c+d c+e,atc+d+ea+c+d+ fiatct+e+ fINZ=0,
IR E A 22 SRR

[Ao1: Axs]={[a:0],[a:a+d+e+g],[0:0], [0:a+d+e+g]},

oy : Asa] = {[a: ~d—g], [a: ~e—g], [0: ~d g}, 0: e~ g}, 0+ fI},
oy : Aga] = {le:b—gl, [aza+fl, [0:b—g], (0: f], [0: —al},

[Ao2: A13] ={[6:0],[0:0]2, [0:a+c+2e], [0:a+c+2d]},

[Aoz: A ={[b:b—g],[0:b—g], [0:c+ f],[0: f],[0: —C]},

[Aoa : Asa) = {[b:b—gl, [0:b—g], [0: a-+ 1], [0: /], 0: —al},

[Aoa: Ara)={[c:0},[c:c+d+e+g],[0:0], [0:c+d+e+g]},

[Aos : Arg) ={lc:b—g], [c:c+ f,[0:b~g], [0: f], [0: =]},

[Aos : Aga] ={[c: ~d~g],[c: ~e—g], [0: ~d—g], [0: —e—g], [0: f]},
[Aos: A ={[f:0],[e:0],[e:c+d+e+g],[d:0],[d:c+d+e+g]},
[Aos: A1) ={[f:0],[e:0],[e:a+c+2e],[d:0],[d:a+c+2d]},
[Aos: Aog] ={[f:0],[e:0],[e:a+d+e+g],[d:0],[d:a+d+e+g]},
[A12: Asa) ={[0:b—g],[0:a+ f], [c+d+e+g:b—g], [0: f], [c+d+e+g:—d]},



[A13: Ag)={[0: —d—g],[0: —e—g], [a+c+2e:-d—g|,[0: f],[a+c+2d: —e—g]},

[A1g: Ag3) ={[b—g:0],[c+f:0,[b—g:a+d+e+g], [f:0],[-c:a+d+e+g]}.

Pfaff 25BN
a 0 g—b 0 c+d 0 0 0 00
0 a 0 ct+e d+g 0 0 0 00 _
du= < 00 o o o |Zsl 0o o o 00 d(”—ll)
00 0 0 0o |* d+g a+e 0 ¢ O] T
00 0 0 0 a+d 0 g-b 0 ¢
0 0 0 0 0
0 0 0 0 0
+19g—-a a+e b c+e g—c M
0 0 0 0 0 -y
0 0 0 0 0
—(a—g) a+te b—g 0 0
0 0 0 0 0 dy
+} a-g —(at+e) —(b—g) 0 0 =
0 0 0 d+g —(d+g9)| Y
\ 0 0 0 —(c+e) cHe
at+e —(a+t+e) 0 0 0
—(d+g) d+yg 0 0 0 1
+] o 0 —(b-g) —(cte) c—g &—1—)>u.
0 0 0 0 0 vy-
0 0 b—g c+e —(c—g)
5.7 Rank 5 with 4 parameters
. (18 .92
Py5 32,32,32,32: (18.22) e
— Fy:22,22,22,31 F;:12,12,12,12 Zo 39 32 32 32 2
=10, 10,10,01 & 22,22,22,31 (4) z1 | 32 221 221 221 | -10
=21,21,21,12¢ 11,11,11,20 (4) T2 | 32 221 221 221 | —-10
=2(10,10,10,10) ® 12,12,12,12 (1) x3 | 32 221 221 221 | —10
=2(21,21,21,21) & —(10,10,10,10) (1) | zq | 32 221 221 221 ~10

Bk DT Type 3720T, BENFHICEAE (ZOERMOORIIIET 2R FITEEND).

a+b+c+3d+e=0

Db & THERE XU Riemann scheme X

a a+d —(a+e) —(a+d) a+e

0 a+d c+d 0 —(c+2d) dz
du=( 0 a+d c+d 0 —(c+2d) | —

0 a+d c+d 0 —(c+2d) | ©

0 a+d c+d 0 —(c+2d)
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TEERIRMEIT

0 00 0 0
—(c+d) b 0 c+2d 0 B
+] at2d 0 b —(at+d) —(b+a)| ==Y
0 00 0 0 =Y
\ 0 00 0 0
0 0 0 00
0 0 0 00
+] 0 0 0 00 d(m'll)
~(c+d) b+2d 0 c 0| T
0 —(a+d) —(c+d) 0 ¢
—(a+e) —(a+4d) a+te 0 0
2c+d) a+d+e —2(c+d) 0 0 dy
—(a—c+d) —(a+d) a-c+d 0 0 —
c+d —(a+d) —(c+d) —(b+d) b+d | Y
c+d —(a+d) —(c+d) a+d —(a+4d)
a+d+e 0 0 0 0
~(c+d) c+2d 0 —(c+2) © iy — 1)
~(c+d) —(a+d) —(b+d) a-+d b+d ——1—>u
—(c+d) —(b+2d) 0 b+2d 0 vy-
~(c+4d) a+d c+d —(a+d) —(c+d)
Aot Aoz Aoz A Az Az
z=0 z=y z=1 =00 y=0 to=11
[0 [0z [0z [2d]s [0]2 (0]
[a]2 [b]g [C]z [6]2 [C +d+ 8]2 [b +d+ e]2

—c+d—e —-b+d-e

Az Ay Az Aszq
y=1 to =1t Yy =00 t1 =t
[0]2 [~d]2 [~d]2 [~dl2 )

[a+d+els [-a—d—e€]z [-b—d—e€]s [-c—d—¢€]2
—a+d—e at+d+e b+d+e c+d+e

{d,e,a+d,b+d,c+d,d—e,a+2d,b+2d,c+2d}NZ =0,

R EA =M ORI
[Ao1 : Ags] ={[a:
[Ao1 : Aod] ={[a:
[Ao1 : Ase] = {[a:
[Ag2 : Ay ={[b:
[Aoz : Ara) ={[b:
[Aoz : Asq) = {[b:
[Aos : A1z] = {[c:
[Aos : Ara] ={[c:
[Ags : A2a] = {[c:

0,fa:a+d+e€),[0:0],[0:a+d+e],[0: ~a+d—e]},
—d,[a:-b—d—¢€],[0: —d],[0: =b—d—¢], [0:b+d+¢€]},
—d,[a:—c—d—¢€],[0: —=d],[0: —c—d—¢],[0: c+d+e]},
0, pb:b+d+e€],[0:0],[0:b+d+e],[0: —b+d—el]},
—d,[b:—a—d~¢€],[0:~d],[0: —a—d—¢], [0:a+d+e]},
—d),[b:—c—d—e€],[0: —d],[0: —c—d—¢€],[0:c+d+€]},
0, [c:c+d+e],[0:0],[0:c+d+e],[0: —c+d—e€]},
—dl,[c:~a~d—¢€],[0:~d],[0: —a—d—¢],[0:a+d+e]},
—~d),[c:~b—d—¢€],[0:—d],[0: -b—d—¢],[0:b+d+e€]},
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[Ags : A12) ={le:0),[e:c+d+e],[2d:0], [2d: c+d+e], [2d: —c+d— €]},

[A04:A13] ={[6:0], [e:b+d+e], {2d20], [2d:b+d+6], [2d: —b+d—e]},

[Aoa: A2g] ={le:0],[e:a+d+e],[2d:0],[2d:a+d+e€], [2d: —a+d—e€]},

[A1g: Agg| ={[0: —d],[0: —c—d—¢],[c+d+e:—d],[c+d+e:c+d+e]
[-c+d—e:~—c~d—e]},

[Ar3: Aa] ={[0: —d],[0: =b—d—¢],[b+d+e:—d], [b+d+e:b+d+e],
[-b+d—e:—b—d—¢]},

[A14: Ags) ={[-d:0],[~a—d—e:0,[-d:a+d+e],[a+d+e:a+d+¢],
[Fa—d—e:—a+d—e]}.

5.8 Rank 6

FE%k 6 DV ¥ iz Schlesinger ME MO FRAICHIST 2 KZ FENIILUTO 10 BELE 2 3.

51,51,222,2211 6755 A —4% 2o o 2a 2a o | idx
= 10, 10,001,0001 & 41,41, 221,2210 (6) 2o 51 51 222 2211 | 2
= 30,21,111,1110 ® 21,30, 111,1101  (2) x| 51 33 411 3111 2
= 2(10,10,001,0100) @ 31,31,220,2011 (6) | 22| °t 38 411 sl 2

- . 3 222 411 411 222 | -12
51,33,411,411 b&END =2 88. |, |01 su1 si1 222 o6
NT A =5 O OBRRA L —i{k Riemann scheme i
a+b+2c+2d+2e+2f+g+h=0,
Ay Az Az Ay Axg Az Azs
(05 [0ls [0]2 [e]l2 [g]s [0]4 [0]4
a b [d2 [fl2 [hzs a+c+d+e+2f b+c+d+e+2f
dz g at+c+d+2e+f b+c+d+2e+f
h
A Aoy A3zq
b+c+d+e+fls [a+c+d+e+fls [-c—d—e—f]2
c c [9]2
d d [hl2
0 0

ERD. IO LN LR, RIET D KZ FERAOBEHMEOLETSRERER L/ LND.
Zh B3O Risa/Asir T [14] #HAWT

[0] s="51,51,222,2211"$

[1] os_md.sproot(S,"pairs"|dviout=1)$ /* ETOHRE */
[2] P=os_md.mc2grs(S,3)$ /* FREEES AR */
(3] os_md.mc2grs(P[1],"get" |dviout=1)$ /* —#%{t Riemann scheme  */

[4]

os_md.mc2grs(P[1],"spct" |dviout=1)$ /*

AR FLEE idx DR */

RELLTHELND. KRBT



Q=os_md.mc2grs(P[1],[[[1,2],h]1)

F72bb addition u — (21 — z2) u KRG 2 EBETV,

Riemann scheme 23X D R 2B L5 IZL T3S,
UTF, BYOIFIZ O >VWTHRERT —F 28T 5.

[3]1, [4] »P[1] % Q TEEHXT,

42,411,411,411 67 <5 A—% To @1 @2 3 T4 | idx
= 10, 100, 100,010 ® 32,311, 311,401 (6) %0 42 :11 ill Zﬁ 2
1 42 11 11 2
= 21,210, 210,210 & 21,201,201,201 (4) i w22 299 | 1
=2(01,100,100,100) & 40,211,211,211 (1) | g4, | 411 411 222 222 | —12
= 4(10,100, 100, 100) & 02,011,011,011 (1) | = | 411 411 222 222 —12
2a+b+ct+d+e+4f+g+h=0,
Aor Aoz Aoz Aos Arz A1z Aszs A1g Az Aszq
[0l [0]a [0]s [fla [0l4 [0]4 [~alz [~a-fla [0]2 (0]
e & d g a+b+2f a+d+2f |[g) g a+d+flz [a+b+fl2
c e h a+c+2f a+e+2f [h]2 h [a+e+fle [a+c+fl2
51,42,321,321 6635 A—% n
=10,10,100,001 & 41,32,221,320 (2) e . R 8 W
=10,10,010,010 @ 41,32,311,311 (1) 2o 51 42 31 320 2
= 10,01, 100,100 & 41,41,221,221 (1) @) 51 42 321 321 2
=20,11,110,101 & 31,31,211,220 (2) 22| 42 42 i1 31l -8
=30,21,111,111 @ 21,21,210,210 (1) zg | 321 321 311l 211 22
= 2(10,10,010,100) & 31,31,220,211 (2) L% 32 321 3111 2211 —22
=2(20,11,110,110) & 11,20,101,101 (1) a+2b+2c+d+3e+2f+g=0,
= 3(10, 10,100, 100) & 21,12,021,021 (1)
Aor Aoz Aoz Aos A1z Az
0] [0]« [0]s [e]s [0]4 (0]s
a [tz [ [fl2 [-b—d-e-g]z [-c—g]2
d g ~b-c—-f-g
Az A1a Azq Asq
[0]s bt+ctd+e+f+gls [-b—c—e—~fla [a+b+cte+f+g)
b+c+d+e+2f bt+c+e+gl ct+g lg]2
b+c+d+2e+f g g b+g
b+c+ 2e —c —-b-d-e
51,42,33,2211 6P 635 A—4 z0 @1 w2 zs  wa | idx
=10, 10, 10,0010 & 41, 32,23,2201 (4) %o 51 42 33 2211} 2
=20,11,11,1010 & 31,31,22,1201 (4) @ | 65l 42 3 a2
o | 42 42 411 21111 | -6
=2(10,10,10,1000) ©31,22,13,0211 (4) | .| a5 33 411 o011 | —s
=2(10,11,11,1100) & 11,20,11,0011 (1) zg | 2211 2211 21111 2211 —34

a+2b+3c+2d+2e+ f+g=0,
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Apr Ap2 Aoz Aos A Az
[0 [0la [cs [e]2 [0]4 [0]5
a [tz [0z [d2 [-b—c—f—gl2 [f—dls
f
g
Aas A1y Agy Aszq
[0]4 b+c+d+gls [-b—c—d—¢€z [a+b+c+d+e+g|s
b+c+2 [b+c+e+gl c+g [g]2
b+c+2d c+g c+ f b+g
g f ~b—-c-f
g
51,411,33,222 66 55 X —¥ T
=20,101,11,011 & 31, 310,22,211 (6) To 51 411 33 222 2
= 2(10, 100, 10, 100) & 31,211,13,022 (6) 71 | 51 222 33 4a1f 2
zp | 411 222 3111 21111 | —22
; z3 | 33 33 3111 3111 | -12
atbtct+3d+2e+2f+29=0, ze | 222 411 21111 3111 —22
Aot Az Aoz Ags Az Ajs
05 [0la [0z [e]z [-el2 [bs
a b [ds [flz2 [-fl2 [ds
c 9]z [—9gl2
Ags A Azs A3y
[0]s [d+e+f+gla [a+d+e+f+gle [a+d+e+f+gls
—a-d-e—f ~b-c b —b—c—d—e
—a—d—e—g —b—-c—d —c ~b—c—d-f
—-a—-d—-f—-g ~b—-d -b—c—-d—g
—c—d
42,411,411,33 6H6 /37 A—¥ e e o
= 11,110,200, 11 & 81,301, 211,22 (4) P 2 411 411 33| 2
=21,210,201,12 @ 21,201,210,21 (4) 1 42 2211 2211 42 | -12
= 3(10,100,100,10) @ 12, 111,111,03 (2) | % | 411 2211 e
zs | 411 2211 411 411 | -8
20+b+c+d+e+3f+39=0, z4 | 33 42 411 411 2
Ay Aoz Aoz Aoy Az Az Ags Ass Az Aszs
[0l [0]a [0]a [fls [dl2 [b]2 ol [f +9la [f +gls [f +9la
a2 & d [gla [el2 [do2 —f [a+2f+2g)2 b+2f+29 d+2f+2g
c e -f —-f -g c+2f+29 e+2f+2g

-9 =g



51,33,33,222 65 /<5 A —% P T
=10,10,10,100 & 41,23,23,122 (12) o 51 33 33 222 2
= 2(20,11,11,11) © 11,11,11,02  (3) z1 | 51 33 33 222 2

T2 33 33 3111 21111 | —16
zz | 33 33 3111 21111 | —16
a+3b+3c+2d+2e+2f =0, T4 | 222 222 21111 21111 -32
Ao1 Aoz Aoz Aos Az Aus Aszs A1s Az Azq
0s [0z [0]s [d2 [0]s [0]s [-b—¢cls [dlz2 [-b—c~d—e—flz [-b—c—d—e—f]2
a [z [cs [e)z [ds [b]s 2d [e]2 bte b+e
[f]2 2e [f]2 b b
2f c c
0 0

42,411,33,33 6535 A—4 o
=20,110,11,11 e 22, 301, 22,22 (2) o 42 411 33 33 2
=21,210,21,12 ¢ 21,201,12,21 (4) T | 42 222 411 411} 4
= 2(10,100, 10, 10) @ 22, 211,13,13  (4) z2 | 411 222 2211 2211 | —22

zs | 33 411 2211 2211 | —16
=2(11,200,11,11) & 20,011,11,11 (1) o | 33 40 2211 2211 16
2a+b+c+3d+3e+3f =0,
Ao1 Aoz Aoz Aos Ax Az
[0« [0la [0]s [e]s [0]2 [0]4
lals b [ds [fls [~a~c—d—e—flz a+d+2e
¢ [~Fa-b-d—e~fla at+d+2f
Aza Ais Aos Azg
02 [-a-d—e-fla [a+fla [a+bt+e+]]
[d]2 d [a+ €2 [a+c+e+ fla
—a—e —d 0 —a—-b—-2d—e—f
—a—f —d —a—c—-2d—-e—f
42,33,33,33 64 /357 A—% -
Zo T T2 x3 T4 idx
=10,10,10,10 & 32,23,23,23 (8) - o B m =l 2
=21,21,21,21921,12,12,12 (4) zy | 42 222 222 222 | -16
=2(20,11,11,11) ® 02,11,11,11 (1) o | 33 222 2211 2211 | —22
=2(31,22,22,22) ® —(20,11,11,11) (1) T3 | 33 222 2211 211 | 22
— T4 | 33 222 2211 2211 —22
Type 3 DHREB—OBND.
20 +b+c+d+e=0,
Ao1 Aoz Aoz Aos Az A Axs Azq Aszs
04 [0]s [O]s [ds [a]lo [a]2 [—a]2 [-b—~d—¢€lz [-c—d—e
Bala [tls [cJs [e]s [b]l2  [c] [~2a —d+ €]z [2a]2 [2a]2
[bl2 [-c2 b+c+3d [-2a+d—e]: 2¢ 2b
b+c+3e —c -b
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42,42,42,321 6535 A—4

Zo 1 T2 z3 T4 idx
= 10,10,01,100 & 32, 32,41,221 (3) 0 2 12 12 321 2
=11,11,20,110 6 31,31, 22,211 (3) z | 42 321 321 2211 | —14
=21,21,21,200 ¢ 21,21,21,120 (1) T2 42 321 321 2211 | -14
=2(10, 10, 10,010) & 22,22,22,301 (1) zs | 42 821 321 2211 | -14
za | 321 2211 2211 2211 ~28
=2(21,21,21,210) & 00, 00,00, (—=1)01 (1)
= 3(10,10,10,100) @ 12,12,12,021 (1) 2 +2b+2c+3d+2+f=0,
Aor Aoz Aoz Ao A1z Az
0l [0}« [0l [d]s [0]s [0]s
las [blz [z [l [-a—b-d—fl2 [-a—c—d—f]2
f a+b+2d a+c+2d
Azs Azg Azs Asg
[0]s [~3d+3f]2 [~3d+ 35l [-3d+3f)2
[-b—c—d—fl2 [b+c+d+flz [e+c+d+flz [a+bd+d+ fl2
b+c+2d f f f
—b—c—d —a—-c—d —a—b—d
Lo Rz Type 2 D bOR—2BNS. TOLEX Fy ORED (27) LR
Fi(o;8—6,8;v2,9) - F(a, 8,7 9) (28)

EVWH XS RREHIERITHIGL, KZ FBRE LTIRENTH DD, v EHDH D Schlesinger
BMERAL UTIXRMIZR S,

= ORMOBIE 42,42, 42,321 — 42,42, 42,42 = 2(21,21,21,21) IKKHEF 5 (cf. Remark 4).
21,21,21,21 iZ Appell ® F; D RX~2 MBI THS 2 L IcEE.

5.9 Decompositions of Type 2 and Type 3

4 RULDORHRERICHIET S 10 BUTOY ¥y RipA~R7 bVEL (347 ) O2TO Type 2 &
Type 3 D3fEE U TIZFIET 3. Type 2 DHET - TRENLY Py AR MELL, £D X
Y I/N& 2BEE D Type 2 D 43fRIZ middle convolution TRFINDZ L ERLTWS (K> TKZ
HRADENFEICIIEBL L RVWSHRE25).

22,22,22, 31 = 2(11,11, 11, 20) & 00, 00, 00, (—1)1
32,32, 32,32 = 2(21, 21, 21, 21) ® —(10, 10, 10, 10)
42,42, 42,312 = 2(21,21,21,201) & 00,00, 00, (—1)10 — 22,22,22, 310
42,33,33,33 = 2(31,22,22,22) ® —(20,11, 11, 11)
52,52,43, 322 = 2(31, 31,22, 211) & —(10, 10, 01, 100)
43,43,43,43 = 2(32, 32, 32,32) ® — (21,21, 21,21)
62,62,431,422 = 2(31, 31,220, 211) & 00, 00, 0(—1)1, 000 — 42,42, 231, 402
62,62, 44,3221 = 2(31, 31,22, 2110) & 00, 00, 00, (—1)001 — 42,42, 24, 3021
62,53,53, 332 = 2(41, 32, 32, 221) & —(20, 11, 11, 110)
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62, 53,44, 422 = 2(31, 31,22, 211) & 00, (—1)1,00, 000
62,44, 44, 431 = 2(31, 22, 22, 220) & 00, 00,00, 0(—1)1 — 42, 24, 24,231
53,44, 44,44 = 2(42, 33,33, 33) © — (31,22, 22, 22)
= 2(31,22,22,22) @ (~1)1,00, 00, 00
72,72,72, 63, 54 = 2(41, 41,41, 32,32) ® —(10, 10, 10,01, 10)
81,63, 63, 63,63 = 3(30, 21, 21, 21,21) & (—1)1, 00, 00, 00, 00
81,63,333,333 = 3(30, 21, 111, 111) & (~1)1, 00, 000, 000
72, 72,432, 432 = 2(41,41,221,221) @ —(10, 10,010, 010)
72,63,522,522 = 2(41, 32, 311, 311) & —(10, 01, 100, 100)
72,54, 54,432 = 2(41, 32, 32, 221) & —(10, 10, 10, 010)
63,63, 63,432 = 2(42, 42, 42, 321) & —(21, 21,21, 210)
54,54, 54,54 = 2(43,43,43,43) @ — (32,32, 32, 32)
= 2(32,32,32,32) @ —(10, 10, 10, 10)
82,82, 82, 64,631 = 2(41, 41, 41, 32, 320) & 00, 00, 00, 00, 0(—1)1 — 42,42, 42, 60, 231
82,82, 73,73, 55 = 2(51, 51,42, 42, 33) & —(20,20, 11,11, 11)
82,82, 442, 4321 = 2(41, 41, 221, 2210) & 00, 00, 000, 0(—1)01 — 62, 62, 242, 4301
82,631,622, 622 = 2(41, 320,311, 311) & 00,0(—1)1,000, 000 — 62, 62, 422, 4301
82,73, 55,3322 = 2(51,42, 33, 2211) & —(20, 11, 11, 1100)
82,73,532, 532 = 2(51, 42, 321,321) & —(20, 11,110, 110)
82,64, 64,4321 = 2(41, 32, 32, 2210) & 00, 00, 00, 0(—1)01 — 62, 62, 44, 4301
82,64, 631,442 = 2(41, 32, 320, 221) @ 00, 00, 0(—1)1,000 — 62, 62, 431, 440
82,64, 622,532 = 2(41,32, 311, 311) @ 00,00, 000, (—1)10 — 62,44, 422, 530
82,55, 55,433 = 2(51, 33, 33, 222) & —(20,11,11,011)
73,73,64,433 = 2(52, 52,43, 322) & — (31, 31,22, 211)
73,622, 55, 55 = 2(42, 411, 33,33) & — (11,200, 11,11)
64,64, 64,631 = 2(32, 32, 32, 320) & 00, 00,00, 0(—1)1 — 44, 44, 62,431
64, 55,55, 55 = 2(53, 44, 44, 44) @ — (42, 33, 33, 33)
= 2(42,33,33,33) @ —(20,11,11,11) -

b 2T, SHETIHRAN 4B EITRIET B Y Yy KARR7 MAET, Type2 & Type 3 ®

LOELTEBITE, [14] % Risa/Asir THARA TUT 2 EFHAE L.

Rank=8; /* give rank */
G=o0s_md.spgen (Rank|eq=1,str=1,pt=[4,100]); /* get spectral types */

for(T=G;T!=[];T=cdr(T)){
if ((os_md.sproot(car(T),"pairs"|only=6))!=[]) /* only type 2, 3 */
os_md.sproot (os_md.s2sp(car(T) |std=-1), /* in standard order */

"pairs"|only=6,dviout=1);
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5.10 Muiltiplicities of simultaneous eigenvalues

Y v F72 Schlesinger EBRAD AT A (Ag 1, Aoz, Aos, Ao,s PIE) & KZ FEXicik
BLIZEEDOEWICTHRARBEITSIO 1548 (§5.3 OFI LR UIE) OREEEECEEENRTHS.
[21,21,21,21]: 13,13,13,13,13,13,13,13,13,13 1313181313
[22,31,31,211] : 14,14,14,21%,14,14, 212,14, 14,14, 14,14, 14,14 14
[22,31,22,22) : 14,1414 14,1414 14,1414 14,14 14,14,14 14
[41,41,221,221] : 213,218,218 ,213,213,213,1°%,1°,1°,15,15,15,213 15,15
[41,32,23,211) : 213,15,15,213 15,15, 218,15, 15,15,15,15,15,15,1°
[32,32,32,32] : 15,15,15,15,15 15 15,15 15,15,15,15,15,15,15
[51,51,222,2211] : 313,214 2212 313,214,2%12,16,16,16,16,16,16,2%12,15 16
[42,411,411,411] : 214,214,214, 214,214 214,214, 214, 214, 214, 214, 214, 214, 214, 214
[51,42,33,2211] : 31%,1%,214,2%12,15,214,2212,1%,15,1%,1%,15,21%)16,18
[51,42,321,321] : 214,214,214, 214, 214,214,214, 15,16, 214,15, 15,214,161
[42,411,411,33] : 221%,2212,2212,15, 2212, 214, 15,2212, 214,15,15, 212, 18, 1%, 2212
[51,411,33,222] : 214,15,214,2%12,214,1°,15,2%12,16,1%,15,15,15,15,1°
[51,33,33,222) : 214,15,16 2212 16,16 2212 15,16,16 15 16,16,16,16
[42,42,42,321] : 2141515 214 16,16, 214,16,16,16,16,16,16,16,16
[42,411,33,33) : 15,15,16,214 214,16, 1°,2212,15,16,2212,16,16,18, 16
[42,33,33,33] : 16,15,15,15,16,15,15,15,16,16,15,15,16,16,16
[61,61,2221,2221] : 314,314, 3212, 314, 31%,3212,17,17,17,17,17,17,321%,17,17
[61,511,331,322] : 221,215 2213 2213 314, 21°,17,2%18,17,17,17, 215, 21%,17, 215
[52,511,43,4111] : 3212,231, 22133212, 215, 215,17, 215,231, 17,2218 215,17, 2%1, 21°
[511,511,43,421] : 314,215,213 314,215 2213 2213, 215, 215, 2213, 2213, 2213, 2213, 215,215
[61,52,331,3211] : 314,215, 314,2%18 215 314 2213,17,17,215,17,17, 314,17, 17
(61,421,421, 421] : 2218,2%13, 2213, 21°, 21°, 215,215, 21°, 21°, 215, 21°, 215, 215, 21%, 215
[61,52,322,322] : 215,215, 2213 2213 22132213 215,17,17,215,17,17,2%1%,17,17
[61,43,43,2221] : 314,215,215, 231,17,215,2%1,17,21%,17,17,17,215, 215,17
[61,43,421,322] : 215,215,215 215,2213 215 2%18,215,17,21%,17,17,21%,17,17
[52,52,421,421] : 21° 215,215,215, 215, 21°,21%,17,17,215,17,17, 215,17, 17
[52,511,43,331] : 215,215,17,314, 215,17, 21°, 2213, 215,17, 2213,17,17, 215,17
[52,52,43,322] : 221%,17,17,2213,17 17, 21%,17,17,17,17,17,17,17,17
[52,43,43,421) : 215,17,17,2213,17,17,2%13,17,17,215,215,17,17,17,17
[43,43,43,43] : 17,17,17,17,17,17,17,17,17,17,17,17,17,17,17

Remark 12 (REMED KZ FEX). 7T EEBELROTTHOY Py FRARZ MBI m it LT
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X(m) 21X Type 3 @b Dixievy. 2D K 572 L FiX Schlesinger RAEBHX L, ThEikE L KZ
FRADENFHIIR L THS.

Remark 13 (/%5 2 —# OfE%k). U v Fiz Schlesinger B FBRICH G Lz KZ FERRXOMB L 2
% 2 BHBBTREY, FERROEEE n L32L, h23DLE) NTXA—FDEDB/NL4LT
BRIZn+1L725%. BADOLDRE Pyp, BROSDIE I, Jp 725 (cf. [11, §13.9)) :

Py om =m + 1m — 1,mm, mm, mm
Piomi1i=m+1lm,m+1lm,m+1Im,m+1m
I = (2m — 1)1, mm, m1™, m — 11™*!
Lmsr = (2m)1,m + 1m,m+ 11", m +11™
Jom = (2m = 1)1, (2m — 1)1,2™1,2™m"112
Jom+1 = (2m)1, (2m)1,2™1,2™1

Remark 14 (V Py F2E19 0). BERNB 4250 TREUTO Y ¥ v K Schlesinger 5BXT, 2%
BRBBMMZHR L2 L EICRA L KZ SRR bOIRLUTO 44 (R MEORTERT) Th
5. TR TRRVEI0ED 7THUTO 2 EKBEME 5.
(41,41,221,221 : 41, 32,311,311) (51,51,222,2211 : 51,411, 33,222)
(61,61,2221,2221 : 61,43,4111,4111) (61,52,322,322 : 61,43,331,331)
—IZARY PAR T, & T, bE A—0 KZ BARRABRET 5.

4 EORKREE L DY Uy b Fuchs BIFBRXD A7 MEIDEK L FDOHCR—O KZ BRI
ST DMOBERBRNCRICT D LRI DL IR D. UTOR—O KZ BHFERICHLT 56T
i3, nBEOHE, HOHERKTn-11 LRDZAXT MEBELTEATNEZ LBHEN LS.

R3 WVORERRZY Py RRAS bEE 0 KZ B 2 BB

(29)

BE%k — 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Fuchs ®ODE |1 2 4 11 16 35 58 109 156 299 402 658 924 1517
FR—oKZZ (0 0 1 1 2 4 9 12 18 31 47 68 94 141
2EFEBM |1 2 3 10 14 31 49 97 138 268 355 590 830 1376

Remark 15 (FEVU ¥ Rig)lv B). U ¥y K7z 4 546 R A0 Schlesinger Bl E o RN RIS T
% KZ RN OHOES (21,22,23,24 D 425 5) O Schlesinger W HRRNE LN B, #BH
DIy FEERp 2 b0D%2E25 (LOFITIEp=2THEIBRARI MERTLERZ LD
FEZT). I6EETIZIL, p=0% -2 223 bDiITR\0.

I6FELUTTY Py FHEER 4 -6 O bORTANZDIIUTOHEICRS (X Frvay,
* I basic §724% middle convolution THENR TIF bR\ & 2RT).

idx = —4: 31,22,22,22 = 22,22,211,211
42,411, 33,33 = 42,411,411,222 — 22,22,211,211

idx = —6: 41,32,32,221 =  32,32,311,2111 — 22,22,211,1111 «
51,42, 33,2211 = 42,42 411,21111 - 32,32,311,2111
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=%, Y Vv Fig -8 BEN B DX

idx = ~8: 51,42, 33,2211
51,42, 321,321
61,52, 331, 3211
71,62, 3311, 3311
62, 611,431,431
72,711, 441,4311
82,811,4411,4411

411, 33,33,2211 *
42,42,3111,3111  — 22,22,1111,1111 %
52,52,4111,31111 — 42,42,3111,3111

62,62,41111,41111 — 52,52,4111,31111
62,5111,5111,422 — 42,42,3111,3111

72,6111,522,51111 — 62,5111, 5111, 422
82,622,61111,61111 — 72,6111,522,51111

L 2

DIED 31,31,22,211 211,211,211,211 + THES

(4m —2)11, (2m + 1)2™711, (2m + 1)2™711, (2m)(2m)

= (4m — 2)11, (4m — 2)11,4™1211,4™" 1211
(4m)11, (2m + 2)2™, (2m + 2)2™ 7111, (2m + 1)(2m + 1)

= (4m)11, (4m)11,4™11,4™ 12211

LWVWS BERORIIDLORHS (m=1,2,...).

5.11 Middle convolution of F}

§5.4 THER L Fy ioxind 5 KZ FRRC u > (21 — 23) 2% iIZRET 5 addition 253 &,
#* O—f%{t Riemann scheme i

Agr Aoz Agz Aos Ap As Aas Ay Az Asq

[0 [0]s [0z [d]z [0 [a—d+e]a [0z [-b+d—el2 [dl2 [-c+d—e¢]2

[b]g 2a [C]2 [6]2 [b]z 0 [c]z 2¢c+2d [8]2 26+ 2d ’
—2d + 2e 2d 2d

a+b+c+d+e=0

LB, NTA—EB—# b p B3 Schlesinger B EMHY F RN TH 5.
I HIZEH 21 12D\ T middle convolution mey, o4 M &, KK 6 0 KZ SN ELH,
D—#%1t Riemann scheme i

A1 Aoz Aos Aos Arz A1z Az Als Az Ass
(0] [0]s 0z [d2 [0]4 [0]s [0z [~2d]s [dz [-c+d—e]2
b+2d]2 [2a)2 [cJs [e]s [b+2d2 [~b—clz [ds [a+c]z [e]s  [2b+2d])2
26 -2d+e ¢ 2e —2d+e 2¢ c 0
2a
AT PV To T1 o T3 Tq | idx
g 42 321 321 321 | =10
T 42 42 321 321 -4
To | 321 42 321 321 | —-10
zg | 321 321 321 2211 | —-20
z4 | 321 321 321 2211 -20




T, YOEK z; (0<j<4) Oz Schlesinger HEMAFTERNSG U ¥y KTV,

RIRFEA 22 MM IL
[Apy: Ags] ={[b+2d:¢c],[b+2d:0],[0: ]2, [0:0], [0: —2d + €]},

[Aox
[Aoy

[Aoz
[Ao2
[Ao2
[Aos
[Aos
[Aos
[Aoa
[Aoa
[Aos
[A12

[A13
[A14

Li2s.
T =z BEIZHTOEMAFTRN (2o & 21 ZRBETHEEXTHLI) 1Y ¥y FEED -4

tAy]={[b+2d:¢€],[b+2d:d],[0:¢€]2, [0:4d], [0: ]},
tAgg) ={[b+2d: —c+d—e],[b+2d:2b+2d],[0: —c+d—¢], [0: 2b+2d], [0: 0],

[0: 2a]},

s A} ={[2a:-b—¢,[0: =b—c], [0:2¢], [0:0], [2a: 0], [2b: O]},
tAugl={2e:a+¢,[0:a+d, [0: 2, [0: —2d], [2a: —2d], [2b: —2d]},

cAzg) ={[2¢: —c+d—e],[0: —c+d—e], [0:2b+2d],[0:0], [2a: 2a], [2b: 2b+ 2d]},
tArg) ={[c:b+2d], [0:b+2d], [c: 0]z, [0:0], [-2d +e: 0]},

Ay ={[c:a+c],[c:2c,[0:a+¢], [c:—2d], [0: —2d], [-2d+ e: —2d]},

tAogl ={[c:€],[c:d],[0:€],[0:d], [c: ¢, [-2d+e:¢€]},

1A ={le:b+2d), [d:b+2d], [e: 0], [d: 0], [c: 0]},

cAgl={le: —b—¢],[e:2e],[d: —b—¢], [e:0], [d:0], [c: 0]},

tAgg) ={le:d, [e:0),[d:¢],[d:0], [c: ], [e: —2d + €]},

tAgg)={[b+2d: —c+d—e],[b+2d:2b+2d),[0: —c+d—e], [0:2b+2d], [0:0],

[0:2d]},

tAgg ={[-b—c:e],[-b—c:d],[2e:¢€],[0:€],[0:d], [0: ]},
tAgg| ={la+c:c],[2c: ¢}, [a+c:0], [-2d: ], [-2d:0], [-2d: —2d + €]}

T, £0O—%{k Riemann scheme %

L2,

5.12

=0 z=y z=1 z=o00
[0]4 [0]4 [0]3 [~2d]s B
b+2d); p+2d [-b—c2 [a+d2 (a+b+c+d+e=0)
2e 2c
KZ equation

T Y DT NOEERNR KT HRAT

¢ 1 Q5 .
S P 1<i<n),
0z n;zi—zqu (lsisn)

mim; o
Quji=—F I = Diy =0 (1<i<j<n), i j

7 ™mj —m;
D = (mjép,i(dq,i = 8q,5) + mMidp,;(dq,; — 5q,i))15p5n =
1<g<n 5 —1m; m;
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EWVWIEELTWT, jEFEBORDH

/ H (7 — zy)_rl H t— zk)__zg

Y1<i<j<n

dt

THExbhAMu £ b (cf. [18]).
C" DEERES {e1,...,en} & LT (e; 1 n ROBAATHI I, D j 5B DR~ R )

=ei1+"'+eip

€31 yenip

el
Di,jeV=O (V7éi7 .7)’
D jei; =0,
D; je; = mje; — mie; = (m; +mj)e; mod Ce;
ThHHINH
Q4] = {[®F2]n-1, 5 — m; —my}.
byl
_Qloo = 912+ +Ql,n = m’il(m2+"'+mn)In - Bl,ooa
m2+...+mn —Ma —Mnp
—m mi
B =B+ -+ Byp =
—-m m1
LB E
Bi o€1,...n =0,
Bi €1 =(mg+ -+ +mp)er —miez — - —mye,
=(mi+:--+mg)er mod Cey,. n,
By o€j = —mje1 +mie; = ml('v)j mod Ce;
i g]

[Q1,00] = {[_mzl(mZ + oot mp = 2)]p—2, my— (’%‘L —D(mz + - +myp),
Za(mg 4 -+ mn)}.

Qije,..n €Cer..n THBEND, Q; »bV =C"/Ce,.. , LICHHERQ; PHERSH

(i3] = {[PF2)n—2, =52 —m; —m;},
[Ql,eo]={[ Br(mo+ -+ mp —2)|n-2, ml_(%l_l)(m2+"'+mn)}’

[@ge0] = {15 = BH0m1+ -+~ D]z, B~ (B = Do+ )}
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BT, S0 ue [[ig(mi— mj)_%u &) addition IZ £ ¥
(5] = {[0]n-2, —mi —m;}, [8,00] = {[Mjln_z, M1+ +mp}

LEBRIND.

T 2) DW= T EBOFBRD ALY MVETY ¥ v R72 Jordan-Pochhammer # n — 21,n —
21,...,n~-21 723 (nEADORKRRELEZEDL, n=3 D&% Gauss DBELML25) DT, KZHE
it n — 1 £ Lauricella ® Fp OF§7- T FRRCHIET DI & B35,

FDARY M VEIDOLE

m_2Ln—2l,  n—20=01,10,---,106n—20,n—31,--- ,n—31  (n)
= (n—2)(10,10,--- ,10) & 01,01, - - - ,01 1)

ThHB,D (cf [11, §13.3)), 21 ZH D Schlesinger By HRAD—#%({L Riemann scheme %

n

{[al,O]n—2 e [an»()]"—z} , Z((n - 2)ajo+aj1) =0

aiy te QAn,1 =1

tB L (ﬁ—f;ﬁ = {la1,0]n—2, 01,1}, Q,—li"" = {lajoln-2, @51}, 1 =2,...,n), BEHNODOXLEL

A . .
{Zaj,l, Z“j,é,-,k k= 1,...,n} NZ=0
j=1 j=1
s, Tihbb
{mi,...,Mp,m1+ -+ My} NKZ = 0.
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