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Abstract

The purpose of the present research is to investigate a hypergroup asso-
ciated with irreducible characters of a compact hypergroup H and a closed
subhypergroup Hy of H with |[H/Hy| < +o00. This research is a joint work
with Herbert Heyer, Tatsuya Tsurii and Satoe Yamanaka. The convolution
of this hypergroup is introduced by inducing irreducible characters of Hy to
H and by restricting irreducible characters of H to Hy. The method of proof
relies on the notion of an induced character and an admissible hypergroup
pair.

BIE NS H & X QEHNA N—F Hy DRT (H, Ho) LTRSS NS
NAR—BEK(HUHp) 12 DWTEET 3, . K(HU Hy) ® convolution IXEEHIFRE
OFHELEB2ANVWTEZRS. ZIZTER, RD3D2DT—ARZDWTHHAT 3.

(A) compact groups.
(B) compact hypergroups.
(C) commutative hypergroups.

N X—F (hypergroup) &, B3 v 80 MEZRERBNIC—RLL 78S
THH, REREOBEETIX, IV 7 FEOBMAMRNS N—BHO#EL2RF->T
W5, BT MERE) 2ROBNRELBRT 2K, ThoDT VY VRD
BRI RN T 2 D0, NA N—FDESHEME (convolution) TH Y, WF LK
FOMEIZLY, ~EOHRCHOKFHPHRT I2YEFAROTRIZESL T
%5, ¥/, ZOFEHEF, 24 -20FEBIZEVWTHO TN ORBNIZEDE
EURLBHINTWAY, ZORKOBEHLRFHFIIBEWTHENA NN—FHOH
SRBELKEEZRZTLEDNS,

locally compact groups C  hypergroup K = (K, M*(K), 0, %)
(R FRE) (RFMEDREN)



BENAA K—BOANE HEEE K = {co,c1,...,00) KHLT, K 2EEX T3 C
LOMIERE CK %712 MY(K) TR, Thbb,

(CK;: {Zajcj . a:3€C (j=0>1727"‘7n)}'

=0

7z,

kid n
(CK)1 = {Z% P4 20 (=0,1,2,...,n), Zaj=1}.

=0 j=0
ZD(CK) i3 K EOHRAEORE LIRRT 5,
CK LIZBHE o B+ BPERINTVWT, UTOLHE (a), (b), (c) 277
L&, K=(KCK,o,x) 3EBRNANRN—HTH D LHENTWVS.
(a) (CK,o0,%) &, co 2 BT L THREREEZW T+ B TH 5.
(b) CiCj € K ‘:j“j'l/"c, c;o¢c; € (CK)l TH5.
() K*=KT®Y,c,¢; € KITRHUT, ¢j = ¢} LRBBETHERBIZ, o €
supp(cioc;) TH 5.
CK LOEBEo AN TH B L &, K IATHNA R—F LR Eh TN 5.
1. BEER
NANRN—FHIET 2 HMNLRMEL LT, T5EX o AEZEM X EDNA -

HOMEZHOMIE L] LWISHENEDH S, ZOMBIZEUTTROZ &HH
LTV,

(1) R 2 DA S—F. X = {0,1}, Zy(2) = {co,c1} (0< g < 1).
& =qeo+ (1 —q)er.

(2) A3 DA N—FF 2002 £EiC Wildberger 2 & > TZ DREERE X hfz.
IR, X = {0,1,2}, Zy(3) = {co,c1,02} (0< ¢ < 1).

1- 1-
2qcl+ 2q

Cy=c1, Ci1Cy=qcy+ ca.

(3) AIF4 DA N—FEFEREINT VAR,

(4) BIEE5 DA N—FITIIIETRAENA N—BHBEET S (KT, 2K, BE,
#3F, i (2016)).
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X AMKE BEBLEEPSDIA Y b« LT TELNKK 5 OIET L
N1 S—BEE CK = M(2,C)  C OEEYL UTERE NS,

(6) X =2Zy :={0,1,2,...,n,...} EONA NN—BOEEIZ L TADHSB. %<
RERZHAIC L > TEREIND.
() BLIEF Yz INAN—BKYZ,). (ZLEDF VX LY *—7, orbital
hypergroup).

(i) B2MF = U = INA SN—BEKA(Z,). K2(Z4) = K(SU(2)).
(6) X =[-1,1] D1 /—F.
() Ki(Z0) = K'(-1,1) = {xe : -1 <z < 1},

1 1
Xcos8; * Xcosy = §Xcos(01+02) + §Xcos(91—02)‘

(i) K2(Z7) = K(SU(2)).
() X=To&&. K(T)=TIPRS. Zeuner (1989)

(8) X=TUT®& Z. Voit (2008).
Question X =T?UT? X =T?UT EONA N—FOEEIX?

(9) X =R, =[0,00) D& ¥. Bessel-Kingman hypergroup %.

2. Jones-Ocneanu & DHAEL (1988, UCB, Berkeley)

EFROSAEBEBRM DO N 2T 512H 72> T, Jonesi&Z ® index [M : N]
DOBEEEZEALE, T5IT, index BPFELVWEE, 2FED, M D Ny, o B [M .
Ni] = [M : No) Dy — ZADfEHFIZ Ocneanu I paragroup D&% EA L7z, 1988
42 Ocneanu IZR 7= &, [FIE 83 D7 & Z3 D {e} RAE L HZDHEUIZ T
HBM, ThoDTEBEROBVEED LS ITRA 29?7 LEME N7, Ocneanu
DERI. [REOFHELHBEZEVRULITAIE, 277 79WB5050, D
T3 70BNVNZEY, BEBEROBVWENATE S, ] Thol, TOTATAT
7 paragroup DHFERTH - 7=, '

(l) G=33=Z3 NQZ2, G0=Zz

(ii) G = Zs, Go = {e}.
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(i), (ii) 212 [G : Go] = 3.

3. Sunder-Wildberger & D&\ (1996, NSW, Sydney)

HFROGEERM O NITBWT, %O principal graph & UT, A%, DEI
E #® Dynkin diagram 2'8N%, % Z T, Sunder & Wildberger & IZ Dynkin
diagram (A#, D% FE #l) » 5 Fusion Rule Algebra /A /S—BE2 B L &5
EUTWe, ZRAFMTEL > T NI NR—BHLORPDOHRIWTH > 7z,
4. Heyer-Voit & D&\ (2004, NUE, Nara)

2004 £z, HIHILE O FERTTHRMBIAARIOEMRDAIZ, Heyer AL
Voit TAMPKHELUTW=, 2O, FHEELRBEEDEHIPLEDRATHS
Heyer X A2 FHEEN SBMUTEW:, T0%, Heyer X A &NA N—FHZHE
TEHHAMEIRZ Y, BELHREVTWS, £, REHERZICEWT, Heyer
JAE Voit TAWEEZ UTHEW:, ZOLE, Voit TAIRXX =TUT EDONAT
R—BERELES L LTV (). TR, TOEE, NI A—BOTANE

1 —T— X — Zy2) — 1:exact
EELATVE, TOBEXVALCTHE I L ICBBERA 2,
(A) Compact groups.
G compact group D& &, re GIZHLT
Ch(r)(g) := tr((g)),
ch(m)(g) := tr(m(g))

dim 7
EBL, TDLE,
F(Q) = {Ch(n) : # € G} : fusion rule algebra,
K(G) = {ch(r) : m € G} : character hypergroup of G,
K(G) = {all conjugacy classes of G} : conjugacy class hypergroup of G
TH b,
Gy C G, |G/G0| < +00 DT — ATl
(1) character formula.
e Gy loxt LT,

ch(indg, 7)(g) = / ch(r)(sgs~ ) 1g, (sgs~")ds.
G
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(2) Frobenius reciprocity theorem.
m€G, 7€ G IHLT,

[indG, 7 : m] = [res&, 7 : T](=: M r)

DREDZoTWVWB, 22T, GUG, RHEET. My, 238 L 3 % Frobenius diagram
D»Bond,
Example G = S3 = Z3 Xy Zo, Gy = Zy D — A D Frobenius diagram &

N

G

Go
THY, Thid A; BLD Dynkin diagram TH 5,
22T, K(GUGh) i={(ch(r),0), (ch(r),®) : m € G, 7 € Go} DEFM x %
(ch(m:), o) * (ch(m;), 0) := (ch(m;)ch(m;), ),
(ch(m), o) * (ch(7), ®) := (ch(resg,m)ch(T), ),
(ch(T), ®) * (ch(m),0) := (ch(T)ch(resg ), ),
(ch(;), 8) * (ch(T;), ®) := (ch(ind§ (m: ® 7)), °)
REDVEHET R, ZOLE, HAr
(4) (exe)xe=0x(oxe0)

BDVWDTEHERDUD LIRS BN &Abhror, £ TRZEL, admissible pair
o)wﬁ&@lbf:o

Definition of admissible pair (G, Gy)

g€ GuIZHL T,
X(g) :={s € G:sgs~! € Go}.

¥ 8<. (G,Go) 7 admissible pair TH 5 & 13, 7 € Gy, g € Go s € X(g) KX LT,
ch(r)(sgs™") = ch()(g)
T e EIIWS,

Theorem K(G U Go) N1 N—BE. (& (4) 27%F.) & (G,Go) »* admissible
pair.

DL ¥E,

1 — K(G) — K(GUGy) —> Zy — 1 : exact



Thd, ¥,
(1) Go=G D7 =R TR, K(GUGY) =K(G) xZ, TH 5.
(2) Go={e} DFr—ATix. K(GUG,) =K(G)VZ, TH5,

TITROMEERE R T,
Question £ ® X 5 72 pair (G, Gy) »* admissible pair % 7

(1) G »* compact abelian group ® & ¥ % O.K.
2)m>nT,G=8, (ImMRXAHE) ,Gy=5, DL EX0K.

(3) G=H x4 Gy, ({EL, H, G, i finite abelian group). (G, Gy) 1 admissible
pair. UL, a PEBTRWVWRDY, (G, H) I admissible pair TZ2\.

Example 1 G =Z; = {e,g} (¢° =e¢), Go = {e}.
Xo X1

\4

To

K(G U Ga) = {(ch(xo),0), (ch(x),0), (ch(r),®)}. 0 = (ch(X0),0), 11 =
(ch(x1),0), po = (ch(m), ®).

1 1
YY1 =Y, PoPo = 5’)’0 + 571, Y1Po = Po-

Example 2 G =Z3 = {e, 9,9} (¢® =€) and Gy = {e}.

Xo X1 X2
(0]

To

K(G U Go) = {(ch(x0), ), (ch(x1), 0), (ch(x2), 0), (ch(To), ®)}.
MYL =72, M2V =Y, MiY2 = 70,

1 1 1
Popo = g’Yo + §“/1 + 572, Y1Po = Po, V2P0 = Po-

Example 3 G = S5 = Z3 Xy Zsy, Gy = Zs.
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o g V(B

To T1

1 1 1 1 2
MM =%, Y=Y +t-mt oY MY2=72, PoPo= P11 = 7N+ 57
4 4 2 3 3
1 2 1 1
Popr = p1po = 3N+ 3% WP Lo, MPO = Pl MaPo = 50T 5P

1 1
W01 =pr, MNPL= PO NP1 G0+ Sp1

Remark K(Z, U {e}) = K(4s), K(Zs U {e}) = K(Ds), K(5; U Zs) = K(4s). 1B
U, Az, Dy, As i& Dynkin diagram.

Example 4 G =Z4 = {e,9,9% ¢} (¢* =€), Go = Zs.

Xo Xi X2 X3
O,

T0 T

ML=, PY2=Y, MVWVB=7, MY2=73 Y1V3=Y, Y2V3=7,

1 1 1 1
PoPo = p1p1 = 5’)’0 + 5’)’2, Pop1 = P1Po = 5’)’1 + '2“’73, YoPo = Po, Y1Po = P1,
Y2Po = Po, V3P0 = P1, YoP1 = P1, NP1 = Po, VeP1 = P, V3P1 = Po-

Example 5 G =2, x Zy = {(¢,¢), (¢,9), (9.€), (9,9)} (¢ = ), Go = Zs.
Xo X1 X2 X3
O,

T0 T1

MmN =%, Y2P2=% VWB=Y% NV2=7 NVB=FY, V=N
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1 1 1 1
PoPo = P1P1 = 5’70 + 5’)’2, PoP1 = P1pPo = 571 + 573, YoPo = Po, Y1Po = P1,
Y2P0 = Po, V3P0 = P1, YoP1=P1, Y1P1=Po, YeP1 = P1, 7V3P1 = Po-

Example 6 G = S3 = Z3 Xy Zo and Gy = Zs.
Xo X1 9w

70 1 p)
K(GUGh) BNA N—BHZ R 7\,
Example 7 Dy = Z4 Xy Zy, Gy = Zs.

1 1 2 1 1
T T3 T4 T2 T3

70 T1

1 1 1 1
N1 =Y, YYo= Z’Yo + Z’h + Z’Y3 + ;1'74, Y3Y3 = Yo,  YaY4 = Yo,
MNMY2=72, MYV3=V4 TNV4=73 VRV8=72, V2N =72, VA=,
1 1 1 1 1 1
PoPo = p1p1 = Z’)’o + Z’Yz + 572 Pop1 = 5’)’2 + s + ;1"74,
1 1
MPo = Po, V2P0 = 5/’0 + 5,01, Y3Po = P1, Y4Po = P1,

1 1
MP1 = P1, YeP1 = 5/’0 + 5/71, Y301 = Pos  V4P1 = Po-

Example 8 Ay = (Zy x Zs) X4 Z3, Gy = Zs.

o st My T3
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1 1 1 2
NV =Y2, V2V2 =TV, VY3 = 570 + 5’)’1 + 572 + g’)’a, T1Y2 = Yo,

1 3 1 3
MY3 =73, VY3 =73 PopPo = P1p2 = Z’Yo + Z’Ys, Pop1 = 2’71 + Z’Ys,
1 3
Pop2 = Z’Yz + Z’)’s, Y1Po = P1,  YePo = P2, NP1 = P2, V2Pl = Po,

1 1 1
V3P0 = Y3pP1 = Y3p2 = gpo + :3';01 + §P2~

Example 9 Sy = Ay Xy Zs, Gy = Zo.

1 3 2 3 1

To T3 b Ty T
Q

70 1

1 1 1 1 2 1 1
MN =0 WR=gRE NN W= =gntgrt Bt

MY =Y, NYB=V4 NVA= V3 V2V = VY4 = %73 + %’74,

1 2 1 1 1 1 1 1
WU =gN T gt 3Bt 3% Pofo=pe =0+ e+ oM F 0%
PoP1 = p1Po = Ili’h + %’72 + i')’s + %"/4, YoPo = Po, MPo = P1,

1 1 2 1 1 2
"2P0 = 5P + 5P YsPo = 3P0 + 3L MaPo = 3P0 + 3PL N0PL= 1

_ _ 1 + 1 _ 1 " 2 _ 2 + 1
MP1 = Po, Y2P1 = 2/’o 201, Y3pP1 = 3Po 3/)1, YaP1 = 3,00 3P1-

Example 10 G = 8,, Go = Ss.

1 3 2 3 1
o 3 Mo Mg M
Q

To T2 T1
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1 1 1 1 2 1 1
MM =Y, YeVe= Z’Yo + Z’Yl + ’2")’2, Y33 = YaYa = 5’)’0 + 5’72 + §’>’3 + §’)’4,
1 1
Y1Y2 =72, MNY3= VY4, Y1Va =3, W3 = VeV4 = 5’)’3 + -2")’4,
_l o2 1 1 SRS S
Y3Vs = 971 9’72 373 374, PoPo = P1p1 = 470 4’73>
I SRS D SO - L .8 .4
P2p2 = 16’)’0 1671 8’)’2 873 874, pip2 = 4’)’2 8’)’3 874,
1 2 1 2
YoPo = Po;, MNP0 = P1, YePo=pP2, V3P0 = 3P0 + gﬂz, V4o = 3P1 + gpz,
1 2 1 2
WPL= Py MPL=Po, V2PL P2, VeP1L= 3P + 3P MPL= 300 + 3P
1 1 1
YopP2 = P2, NP2 = P2, YVeP2 = Zpo + yig! + 5P
ol 1
Y3pP2 = YapPo = 6/70 6’01 3P2~

(B) Compact hypergroups.

H %S compact hypergroup ® & ¥, K(H) = {ch(r) : 7 € H} I A =iz
BBLEBSEV. KH) BN A—BT2B 2 &, H % strong type £\ 5, M
. H % strong type TH 3 LIRET %, & 52, Hy % subhypergroup of H with
|H/Hp| < +00, strong type £ 35, TD& &,

K(H U Hy, Z4(2)) = {(ch(r), ), (ch(r),®) : m € H, 7 € Hy}
r5<,

Definition of convolution * = %, (0 < ¢ < 1)
(1) (ch(m:), o) * (ch(m;), 0) := (ch(mi)ch(;), ),
(2) (ch(m),o) * (ch(r), ) := ((resf,ch(m))ch(T), o),
(3) (ch(r),®) * (ch(m),0) := (ch(r)(resf,ch()), o),
(4) (ch(r:), ®) * (ch(r;), 8) = q(indff, (ch(m:)ch(;)), 0) + (1 — q)(ch(r:)ch(;), o)-

Definition of admissible pair (H, Hp)
UTo&MG2#-3 L &, (H, Hy) % admissible pair £\ 5.
(1) For m € H and 7 € Hy,

ind ((resfy ch(m))ch(r)) = ch(m)ind} ch().



177

(2) Forr € H,,
rest (indfj ch(r)) = ch(r)resk (ind% ch(m)),

where 79 is the trivial representation of Hy.

Theorem K(HU H,, Z4(2)) »* hypergroup. < (H, Hp) : admissible pair.
DL E,
1 —s K(H) — K(H U Hy, Z4(2)) — Z,(2) — 1 : exact
(1) H : compact commutative hypergroup @7 — X% 0.K.
(2) Ho=H O —A. K(HU Hy,Z,(2)) = K(H) x Zy(2).

(3) H #%*finite hypergroup G, Ho = {ho} D7 —Z. K(H U Hy, Z,(2)) = K(H) v
Z4(2).

Example 1 H =17Zy3) %o Zs, Hy = Zs.
IC(Z,,(S) U {Co} Z4(2)) = {Y0,71,72, po} are

_1-p +1+p _1+p +1—

" 2 " 2 Y2, Y2Y2e = 2 Y 2 Y2,
+1—p +1—

Y172 = PYo D) Y1 B Y2, Popo = 3

’Yo + 5’)‘1 + §’Y2 + (1 — q)po,
Y1Po = V2P0 = Po-

Example 2 H = (Z,(2) X Zg(2)) Xo Zo 13 g # 1 D & ¥, strong TR,

Example 3 H =Z,,)(4) X Zy, Hy = Zs.
’C(Z(Pﬂ‘)(4) U {00}7Zq(2)) = {70;71172’737 pO} are

Y171 = V33 = ) p’n + pys + 3 p’)'a, Yo¥2 = TYo + (1 - 7”)’72,
1-7r 147 2pr 1-p p—pr 1-p
Me=—75m + 2 MW= T Y + 2 M+ Tir Y2 + 5 e

1+7r 1-
MV = 5N + —-2——73, Popo = %70 + Z% + " + ;173 + (1 —q)po,

Y100 = V2P0 = V3P0 = Po-

(C) Commutative hypergroups.

H 7 commutative hypergroup of strong type T.
of H such that

Hy 7 closed subhypergroup

H* : compact in H
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THBLT 5, £72, phithe hyperfield of H based on Zy(2) = {co,¢1} such that
p(co)=H, wle))=H/Hy =Q,
where Q = H/Hy &5 5,
IOrE, K(HUH,Z,2) & K(H,0,Z,2)) KEHS D,
Theorem K(HUH,,Z,(2))is a hypergroup and K(HAUH,, Z,(2)) = K(H, ¢, Z4(2)).

H & H, %" Pontryagin type, i.e. A=~Hand Ho2HyDL &

Theorem K(H U Hoy, Zy(2)) & K(Z4(2), ¢, H) where ¢ is the dual hyperfield of
Z4(2) based on H.

Example 1 H=7Z> Hy=nZ (n €N).

K(H UHy,Zy(2)) =TUT (refer to Voit, [8]).
Example 2 H =7Z?=7Z X Z > Hy=mZ x nZ (m,n € N).
K(H U Hy, Zy(2)) = TP U T
Example 3 H=7Z?=7Z xZ D Hy=nZ x {0} (n € N).

K(H U Ho, Zy(2)) = T2 UT.
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