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Abstract. We denote, by f € C(0,00){,,,, f is a continuous function
on (0,00) to (0,00), unital (f(1) = 1), and symmetric (f(¢) = tf(1/t)).
For f € C(0,00)f we define the function My : (0,00) x (0,00) —

1,sym?
(0, 00) as follows:

My (s, t) =tf(s/t), s,te€ (0,00).
Then M; has the following proprties:

Mf(s,t) > 0, Mf(l, 1) =1,
Ms(as,at) = aM(s,t) (a>0), and Ms(s,t) = Ms(t,s).

For A be an N x N matrix, we define L4 and R4 as follows:

L4 :Mp(C) > X — AX € My(C),
R4 :My(C) 3 X — XA € My(C).

We see (My(C), Tr) as a Hilbert space. Then Ly and R4 are bounded
linear operator on (My(C), Tr).

We call the function ¢ : R — R positive-definite if, for any n € N and
T1,T2, -, Tn € R, the matrix (¢(z; — z;))7,-; is positive, that ism

Z ¢(zi — l‘j)fz'f_j >0 V&,...,& eC.
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For f,g € C(0,00){ ,,m, we denote f < g if

f(e)
g(e*)

Hiai-Kosaki [3] proved that, for f,g € C(0,00){,,.,, it is equivalent to
hold f < g and to hols the following inequality:

R 3 z = —— € R is positive-definite.

1My (La, Be) X ||| < | My(Lar, Ree) X |

for all H, K, X € My(C), H and K are positive and invertible, and |||- |||
is any unitarily invariant norm on My (C). They also proved, for functions

() = LHE € 00,000 m (@eB)

it holds that f, X f, if @ < b. Applying this for f;,(t) = t1/2 and
fa(t) = &, they proved McIntosh’s inequality:

IEY2X K| < SlIHX + XK,

Let a = (a1,a2,...,an), B = (b1,ba,...,b,) € R*. We consider the

function
— t’Y(a:ﬁ)
5(t) = H - 1

where y(a, 8) = —;’;l(a'— Then we can see that fo3 € C(0,00){
and f, 5(t) = fa(t) 1fn =1l,a=(a),B=(a-1).

Let o = (a1,...,as), B = (b1,...,b,) € R*, & = (c1,--.,¢m), B =
(di,...,dn) € R™. Under what condition does it hold fo g X for,p? This
means whether it holds

|| Ma,(Lr, Re) X ||| < ||| Mo (L, Ric) X ||

or not, and here M, s(s,t) = tfa,s(s/t).

Since

Fa,5(€%) ﬁb i sinh a2 Hc,- sinh d;z

fawp(e2®) 11 g.sinhbz 11 d;sinhc;z’
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our problem is reduced to the following: for a; > a3 > --- > a, > 0,
by > by > -+ > by > 0, under what condition is

Y sinh a;T
¢(z) =[]

pabey sinh b;x

positive definite? Our answer is

o If Zle a; < Z:;l b; for all k = 1,2,..., N, then ¢(x) is positive
definite.

e Ifa; >bjora;+as+---+any > by +by+---+ by, then ¢(z) is
not positive definite.

e Assume that N = 2. Then @(x) is positive definite if and only if
ai Sbl and a; + as Sb1+b2

1 Notations

Z OBFZEIE Imam Nugraha Albania K & OIEHETH 3.

f € C(O’ Oo)1+,sym GCJ:")'C, f & (0,00) 5 (0) OO) ’\O)ﬁﬁg@'@,
&M (f(1) = 1) EXHELE (fF@) =tf(1/t) Z2MWTdHDETS. 20
k9% feC0,00)] m BEZONTLE ROERRT f ICBEL -

1,sym

ST 2 BEBIE M; : (0,00) x (0,00) = (0,00) BBSNB:
M (s, t) = tf(s/t), s,t€ (0,00).
SED M, BT O & 5 hEEH-
Mg(s,t) >0, M;(1,1) =1,
Mj(as,at) = aMy(s,t) (a>0), and M(s,t) = Ms(t, s).

Nx N 115 A N L TED»S, G2 o6DfEA L UTERE Ly, Ra 2
ERT 5.

Ly : MN(C) 5S5Xm—AX € MN(C),
Ry : MN(C) 353 X— XAe€ MN((C)
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FLU—2EREEEZNT (My(C), Tr) 1 Hilbert Z2f7% DT, Ly, Ra
X (My(C), Tr) LOWHAZIERARICRS.

Bt o R — RVIEEBETHE LI, EBDneN, z1,7,,...,2, €ER
LT

Hxy—x1) P(x1—22) - B(z1 — )
d(xa — 1) P(ra—22) -+ BT —Tp) >0

O(@n—01) P(on—12) - Han— )

ERBILETHS.
IAIDIEEREDOHE L O, IEEMEBERO IR+, IEEEBEHOM, B,
FRIDCRAERRBIS LS % 7 IEEEBIRIC 2 5. FERL Y, BRTHS

& (|g(z)| < 4(0)) ®
o(z) =1, é(x) =€ (a €R)

BIEEMETH 2 2 LRIz hh 3.

Bochner DEB & b | JF 5 ¢l 2 IEEEBI%IE, R LOBRZHE 4
ZRWT g

6@ = [ eduto.

LB EBRONT VS,

BE% ¢: R — R BEBOBIRETHE L IF, £BD n=1,23,... I
WMUT U BEEMEICEEIEEZNV). TDEE, RicdREEHELD,
FEBD r>0 Iz LT fr BWIEEMBICRSZ E8bh» 3B,

2 Introduction
Z C'C“G:l:, o= (0,1,0,2,. .. ,an), IB = (bl,bQ,. - ,bn,) € Rn E: LT, k@l
) IRBEBENRET S,

Jap(t) "tV(aﬁ)H i :3

22T A f) = TR 3 FEET BT LI
ta —

=logtifa=0
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ERTILLE
fOt,ﬂ € C(O’ oo)itsym

Th5.
CDFEDOHERIZBZDIE, RD Mclntosh D/ WV AARERTH 5.

|H2XK V) < SIHX + XK]

CITHKXeBH) ThHh HK>0 2T,
COAERAB L UVBERT 3AERBELECHARINTV S, TR
X/ NVLARERER, THAOBAICREE o TH 30T, HE-FiFick 3

Tk (3] T, B

90 ="2% 1) = Vi€ 00,000 om

22T
f(e”)

Rz —=L
g(e®)

DIEEMERISIC 2 5 2 L 2 TR, ZD & & Bochner DEHIT X 2 iR
By ZRWT
Mf(LH, RK)X = / His(Mg(LH, RK)X)K_“d,u(s)

EVIEGRRZEL. COBEIRRZD S, EAE/ VAR TR 2=
FUARE I VAR LT
| My (L, Ric) X ||| < ||| My(La, Rgc) X

BPRLT B LB,

L 72335 T, McIntosh DAERD & 9 % /) VAARER 2B 3 HikZ,
BBIIE F C C(0,00)] gy I22WT, fg € F ITHLT
f(e®)
g(e)
BEFEETHEI L (f<g BT LT 3) pbhiud My, M, 12k
T2/ NVLARERNB[oONB I Licks. HA-ERK 3 IcB»TIE, 20
Fiho & L CBEBUE

Rozm—>

F= g £ul) = ST, e rU (oo}




2EEL fo,e F KWLT
foXfie® —0<a<<b< @

%E‘LT‘J’ 5 (f1/2 j f2 bi McIntosh @$%Etb:ﬁﬁﬁ?%)
COMX TR EDT7 Tu—F22Z>T, NRE T HE5EE

F ={fap:a,B R neN}
EEZTw3. a=(a),f=(a-1)eR &T3L
fa,ﬂ(t)zfa(t)

ERBDT, ZHOBBEZ X VESHYV BRI EEZTRY. fop < fup
DAL T &ML 2 o i, 2R L TEAE / VARER S
GNBIERED. bLAA fop X fup THELODRMESRMZ 523
ZLIZBETIRD B0, SOBRBETIIBON TV,

3 Results
fas EF THBEIZa= (al,az,... @), B = (bl,bg,...,bn) R T
bi(t% — ie1(ai — by)
— +7(a,B) i=1
t H ai(t — 1)’ (@ 8) = 2

EREDBIETHS. TTIRBREKIIC fop, fup EFIRNLT fop <
forpr ZRRIE, THIZNHEL 72/ERAIR / MV ARERB/ SN B 0T, YU
DRIE X £ ()
a,B\€ m
Roz+— Fur 2 (22)
DIEEMEBEZRARE L TH .
o =(c1y-.yCm), B =(d,...,dp) ER™ LTBHLE

_"""‘—'fa,ﬁ(e2z) = 62’7’(0‘,,3)1—2’7(0/,,3')2 H b (6 R 1 H 2‘1.7z — 1)
d e2c3az

faf,ﬂ/(eza:) il @ 62b z — 1 - 1

_ﬁb(ea‘z_e—az H d]w_e dJa:)
- a; (eb z _ o=bi a:) d.: (ec]x —_ e—Cj:z)

i=1

H b; sinh a;x H c; smh d;z
a; sinh b;x d;sinh c;x
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E5. COEEEEZHET 20T

N

b; sinh a;x
9(z) = g a; sinh b;x
LIS HBOBBOEEHEENHETENIIRVLI LITRS. LikdoT,
BT Tk ¢(z) DIEEEBEZFARS 2 LIZ2W TR S, Hl ETBR 3
23, ¢(x) DSIESEE (positive definite) TH B Z L 2FMRB LD b Kk i
HECTdH 3 ERIMETEE (infinitely divisible) TH 5 Z L 2T 2 HE
Mz b s.

sinhaz _ sinh(—a)z
a = —a

B7DTa; >0,b;>0(i=1,2,...,N) LIKET 3.
Theorem 1. Leta; > az > --->any > 0,0y 2 by >--->by > 0. If
Ele a; < ZLI b; for allk =1,2,..., N, then ¢(z) is infinitely divisible.

CDEBDIREZ M S aWRAIRBEICIX, RD X 5 ITIEEEICE S
BRI EPbd 5.
Proposition 2. (1) Ifa; +---+an > by + -+ + by, then ¢(z) is not

positive definite.

(2) If max{a;,as,...,an} > max{b,bs,...,bx}, then ¢(x) is not pos-
itive definite.

N=20D¢t &I, FHOEHZHH- IR WVIFEEIX I D proposition DR
WIZHTEEBDT

Corollary 3. Assume that N = 2. Then ¢(z) is infinitely divisible if and
only if a; < by and ay + az < by + bs.

N > 20Dt Z2IEBDKREZ ¢(z) BEBOETTRETD 5 - DFIfESE
B2 E ), W) ORBRALEEL LBbhs. BERBSMUT
D& ) LBd 3 DT, TNXFEEEEIIZR > TWin,

sinh 8z sinh 6z sinh 3z is not positive definite
e .
sinh 9z sinh 4z sinh 4z P

sinh 8z sinh 6zsinhz . | ) L
<inh.9% sinh 47 sinh 4z 18 infinitely divisible.

AEBA D FEM IZ D V> T preprint [1] ZBFIC L TW»ZL ZEIZLT,
outline IZ2WTIFRDETHERSZ Z LT 3.

Example 4.

Example 5.



4 Outline of proofs
Theorem 1 IZBAR LT, a,b> 0 (a # b) TR LT

bsinhar / * ot sin(ma/b)
asinhbr ~ J_.,  2a(cosh(wt/b) + cos(wa/b))

DERABE SN T3 [5]. Tk b beinhes jiEEETtH LI L la<d

asinh bz
DEMETH 5 Z L3 5. X7-N0INT 5 HERHFEE
sin(ma/b)
2a(cosh(7t/b) + cos(ma/b))

BERLZ2RDE—RAV P2 LD,

o(z) PERRSTFETIRE (infinitely divisible) TH %, 2 ¥ h Wit 3 5 FFRAI
BEBERIEAETH D 2RDE—X ¥ FWERTH 3 L ¥, Kolmogorov
DEBIC XY, p(z) DB FEATREM: I3

dt

dt

, © et 1 —ixt
logp(z) = ivo+ | (D)),

DEZFOILTRBMSTIONS. TZTyeR, v IERAETH 3.
FHI[6) Ik D

bsinhaz) _ /—°° (e — 1 — itz) sinh((1/a — 1/b)7t/2)

- 2t sinh(7t/2a) sinh(7t/2b) at

log(

BRENTWS, 2FD

asinh bz

B _ t*sinh((1/a — 1/b)nt/2)
=0, dv(t)= 2t sinh(nt/2a) sinh(nt/2b) *

L30T, beinhar HumRARTIRETH Z L L a <HVAMBTHEZ L
Bhdb.
FRIZ X D EERNIREINTOEIMETHE8, b>a>c>d>0»

Da+c<b4+dDELE

bd sinh az sinh cz

acsinh bz sinh dz

RO EAETH 5. T OmEIZ

o bd sinh az sinh cx — 1o bsinh ax o dsinh cz
& acsinh bz sinhdz & a sinh bz S csinh dz
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IZ Kolmogorov DELETRZEA L €, BEBEESHAICRZIEZRS
C LIk o TEROBATREELIHETE 5.
ZORRZHAWT

folz) = sinh 3.1z sinh 2.9z sinh 2.4z sinh 1.5z sinh 1.3z
5\%) = sinh 4z sinh 3z sinh 1.6z sinh 1.4z sinh 1.2

DB OB TH S LERLTAS. ERSBAREZERORKIZ, ¥

B OBARTH 205, LD B LVERKICREIRI I L2EL3.
%9, 2 DBIKUIIE Theorem 1 DIREZWM LT3, 1D F

DEBRKELLBDIZ24>16%DT,3+16-24=22%2HnT

. sinh 3.1z sinh 2.9z sinh 2.2z sinh 2.4z sinh 1.5z sinh 1.3z

fs(@) = sinh 4z sinh 2.2z sinh 3z sinh 1.6z sinh 1.4z sinh 1.2z
_ sinh2.2rsinh 2.4z _ sinh 3.1z sinh 2.9z sinh 1.5z sinh 1.3z

"~ sinh 3z sinh 1.6z X sinh 4z sinh 2.2z sinh 1.4z sinh 1.2z
sinh 2.2z sinh 2.4z
= Ja(z)

"~ sinh3zsinh 1.6z

LR FRRTRE R BIRL L fu(z) DWEICKRD. T T T fo(zx) B Theorem 1
DIREZ W TDT29>22 IFEHL, 4+22-29=33%2Fn<T

_ sinh 3.1z sinh 3.3z sinh 2.9z sinh 1.5z sinh 1.3z

fa(z) sinh 3.3z sinh 4z sinh 2.2z sinh 1.4z sinh 1.2z
sinh 3.3zsinh 2.9z  sinh 3.1z sinh 1.5z sinh 1.3z

sinh 4z sinh 2.2z X sinh 3.3z sinh 1.4z sinh 1.2z

sinh 3.3z sinh 2.9z

= sinh 4z sinh 2.2z fs(x)

ERERDRTTRELBIB L fa(z) DRICR B, 51T fi(z) ICABRZRERZ
HHT 5L

. sinh 3.1z sinh 3.2z sinh 1.5z sinh 1.3z

fa(w) = sinh 3.2z sinh 3.3z sinh 1.4z sinh 1.2z
_ sinh 3.2z sinh 1.5z sinh 3.1z sinh 1.3z

" sinh 3.3z sinh 1.4z x sinh 3.2z sinh 1.2z
&7 BDT, IBMEYIZ Theorem 1 DFEHTE B Z L 3b D 5.

Proposition 2 (1) IZ2W T ¢(z) BIEERZERICL B Z L5 bd
5. (2) I Tk, HA-FIR-Petz-Ruskai [4] IZX 5 a,b>0 D & &

sinh az sinh bz

sinh?
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DBIEEMETH 5 7 D DFEMEREIL 0,b < 1TH 5 Z & DFEH L REMIC
HLCTH5.

ORI RO T L D 2D hyperbolic sine BADRIZ > T3
25, I NEDOBAIKEZS LI EEERICES. BELT 26
BlipZ 3 EoREETHLE

sinh((p + 1)z/p)(sinh(z/p))N !
(sinh z)(sinh((p — 1)z /p))N-1

PIEEBETRWILERT I LETHS. 2% D Fourier BH#a L 7-B%HIE
AR E RS RLI L REET S,
Theorem 1 & Proposition 2 12X ), N=2D L & D%

b1 by sinh aqz sinh axx
aias sinh by z sinh byx

DR PRTTREIC 72 B 7 D DEBEDVTRB2ICRE I N Z L% B (Corol-
lary 3). N >2® L &%, Theorem 1 DIREZ W7z X 2T, IEEME
127 & 72\ BIS (Example 4), #EBRAFRTRE IC 72 % BI%L (Example 5) 23
YT 5.

Example 4 I22WCIE, WY 2R 2 EBA CTIEE@TIICE S BV H Dl
BT 50 LTRT - LT B,

Example 5 22Tl

o sinh 8z sinh 6z sinh z 1o sinh 8z o sinh 6z o sinh z
g sinh 9z sinh 4z sinh 4z & sinh 9z & sinh 4z S sinh 4z

& LT, 2NF NI Kolmogorov DRI 2E 2T, BEBEKMNIEAIC
BRBIELEMEDPDBI LIS T, BB ARETH B Z L23bD 5.

5 Applications

Theorem 1 DIRZEZ#7-F a;,b; ZEZ 5. ThEHAWTE L DEAFR
JIWVAAREABBONB I Lk 7. BENLRE L LT, EBRoER]
BBThar tE2ABE

sinh 3.1z sinh 2.9z sinh 2.4z sinh 1.5z sinh 1.3z
sinh 4z sinh 3z sinh 1.6z sinh 1.4z sinh 1.2z
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2EZET. ZOBKIZ

sinh 3.1zsinh 1.5z  sinh 2.9z sinh 2.4z sinh 1.3z

sinh 3z sinh 1.6z X sinh 4z sinh 1.4z sinh 1.2z
sinh 3.1z sinh 2.4z sinh 1.3z  sinh 2.9z sinh 1.5z

sinh 4z sinh 1.6z sinh 1.2z x sinh 3z sinh 1.4z
BEVAIWARLRAEVBTEET. TNIIWHLT

f3.1,15),3,1.6) = f4,1.4,1.2),2.9,2.4,1.3)

f31,2.41.3),4,1.6,1.2) = f(3,1.4),29,1.5)

BRONBZDT, Tz d ki 2.Introduction TR X ) IT/ERE / )V
LAERXDBBONET.
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