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AT, EHMEMICBI2BRFDO2 ODORE HEEZBENTS. 12013,
compact FEREZEFIZ BT A ECETH D, 5 1 DX, ElEHEEERIzE
TEAREREHTH S.

2. COMPACT FERfEZERIIZ B 1) 5 REj ST

compact HIEEZEFIZ BT 2R REEDOH T, Ho LI VWD < Did Edel-
stein OAREREHTH 5.

EH 1 (Edelstein [6]). Let (X, d) be a compact metric space and let T be a

mapping on X. Assume
(1) z#y = dT=Ty)<d(z,y)

for any z,y € X. Then T has a unique fixed point z. Moreover {T"z}

converges to z for any z € X.

ZOFEBIIIERICHBICHATE 3. EE, ZREOHREMBEICL RoTW
3. RS ZXTALD.

SEBA. We first note that T is continuous. So, a function f from X into [0, 00)

defined by f(z) = d(z,Tz) is continuous. Fix u € X. Then since {f(T"u)}

is nonincreasing, it converges to some 8 > 0. Since X is compact, there

exists a subsequence {T™u} of {T™u} such that {T™u} converges to some

z € X. Then {T™*1u} converges to Tz. From the continuity of f, we obtain

f(2) = f(Tz) = B. By (1), 8= 0 holds, thus, z is a fixed point of 7. Arguing
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by contradiction, we assume that w is another fixed point of T. Then we have
by (1)
d(z,w) =d(Tz,Tw) < d(z,w),

which implies a contradiction. Therefore the fixed point z is unique. (I

—EDIEBZERIZBE T, & (1) ZAEFNRETHSD. LrLEHNRS, 2
[E12% compact TH D720, BMOERMAIZE R > TWD. FRIZIX, Browder [3] D
RESEHEIC HBL T AN L BUEIZ AR 5. T DS MENEE L D Ehz
BN OERETHS. 7,12 EBEOZ L.

EH 1 DREIZFNMEETH W 205, MVMEETEHS. TDd, HHE
DORPFRINTVWARNVWEIIZEZ S, KT Y Tcompact BHEEZERIZ BT B A
HEEHOF T, EokizBwvwo< ] 2 U7, Edelstein OEHELAS %
Boo ZEEEL W RS HNZ W,

7z, B 1 DOFEREBS X

o TESDME—ME
o {T"z} DAFRANDYR
D2OP5H>TWS. ZOWMWBMIEBL, 2 00 E DHMT 22 & T, 5%
DORMBEE N, EBIZ, ZOHTHENT 2 2 DOFRENSEHOMERIZ, #
BHDH, F1IIBEDATHS. ft->T, BEIZIZ, T 1 ORI TII R,
AHRDOFEIZDAEE L-GE, IREE LRI LN TE 5.
S (1) MWATOE S CESHITETH 5.

(2) 0d(z,Tz) <d(z,y) = d(Tz,Ty) <d(z,y)

b (1) ITHR, S (2) RIEFIZHDDIZL o TV, BidZhE Y
TR, &M (1) ZEEKTH D, 54 (2) 121X Tol LWIBHERA-T
WEDT, EBATHS. ZOBMENAKELL ANITRBZIEY, KEHS 1T L
%%, fEMER AL BVWDT, 2R UTHRMHIITE RS, TIE, X2 T
FTTBIENTEBLDTHAIN?

EH2IIZDOMNDEZ 2 EATWS. & (3) 128155 1/2 1d best possible
THhd. Tibb,1/2 XV KRELTDL, FHRERZROVKAILBFET 3.
7 fEamE i [REROM—] TH L. KHIWEET S [10] 72, [{T z}
DAFRADPIR] IFFEHATER L,

I 2 ([10]). Let (X,d) be a compact metric space and let T be a mapping
on X. Assume that

3) —;—d(:v,Tx) <d(zy) = d(Tz,Ty) <dy)
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for any z,y € X. Then T has a unique fixed point.
B, ROEHEPFEHE N

EI 3 ([8]). Let (X,d) be a compact metric space and let T be a mapping on
X. Assume that there exist a continuous, strictly increasing function 7 from
[0, 00) into itself with n(0) = 0 and r, s € [0,1) such that r +2s =1 and

(4) n(d(Tx, Ty)) < rn(d(z,y)) + sn(d(z,Ty)) + sn(d(Tz,y))

for any z,y € X. Then {T™z} converges to a fixed point of T for any z € X.
Jachymski [7, 12] OFERIZE D, 4 (1) &

(5) n(d(Tz,Ty)) < rn(d(z,y))

CEMEIZRD. ZOEBESWMIETEHILITLY, M (4) 1354 (B) XV
WZERRDD. EEEREME ({The) OFRBERAOIE] Th2. HEE
BERF & 725720, [REIKOME—ME] IZFEATE RV, EHIIIEH 1D
BIREHETIRAWD, REEOBEEIZOAEE TN, 8 3 IXEH 1 OLE
EMTHD, LEIILNTES.

3. SEMMPEREZZRIZ 1) 2 R E T

SRR B A A EREEOF T, E-kIZBVn2L DX, 8554,
Banach OMi/NRETH 5.

I 4 (Banach [1], Caccioppoli [4]). Let (X,d) be a complete metric space
and let T be a contraction on X, that is, there exists r € [0,1) such that

(6) d(Tz,Ty) < rd(z,y)

for any z,y € X. Then T has a unique fixed point z. Moreover {T"z}

converges to z for any x € X.

r<l THBILIZEE. ABEO12DF—<N I<1] & I=1] OFEWVT
H5. r IFMAFENPTEHILEVSTHNILKTESLD, 1L IXMIRELTE 1 DFF
ThD. KK,

lim r? =0, lim 19=1
g—00 q—00

TH5.
1960 - 1970 F£RIZ, EH 4129 5, % < OIREHAFEA S N 7=



FHE 5 (Cirié¢ [5]). Let (X, d) be a complete metric space and let T be a quasi-

contraction on X, that is, there exists r € [0,1) such that
(7)  d(Tx,Ty) < r max {d(x,y),d(z,Ty),d(Tz,y),d(z, Txz),d(y,Ty) }

for any z,y € X. Then T has a unique fixed point z. Moreover {T"x}

converges to z for any z € X.

EIE 6 (Bogin [2]). Let (X,d) be a complete metric space and let T be a
mapping on X. Assume that there exist r € [0,1) and s,¢ € (0,1/2) satisfying
r+2s+2t=1and

(8) d(Tz,Ty) <rd(z,y) + sd(z,Ty) + sd(Tx,y) + td(z,Tz) + td(y, Ty)
for any z,y € X. Then T has a unique fixed point z. Moreover {T™z}

converges to z for any z € X.

REH L TEBTNEH, EH5 LEH 6 IIMIZUEHTH L. Blt, lH
DILFREEAHSFE & h 7.

EE 7 ([13]; see also [9, 11]). Let (X, d) be a complete metric space and let
T be a mapping on X. Assume that there exist ¢ € (0,00), r € [0,1) and
s,t € (0,1/2) satisfying r +2s+2¢ =1 and
(9) d(Tz,Ty)* < rd(z,y)’ + sd(z,Ty)* + sd(Tz,y)*

+td(z, Tz)" + td(y, Ty)*
for any z,y € X. Then T has a unique fixed point z. Moreover {T"z}

converges to z for any z € X.

FEHA-FH 7 OFERBDIETARCA—TH 5. EMICET 245 TRCH
—ThHDH. BN, FRT IHETERMEDOATHS. EHE4-EH 7 % HLERG
LTAaLS.

3.1. EE 4 & FE5 DR 7, EH4LTHS DHE2SHD5. (6) &
(7) DEDHEA—TH B Z EIZERT 3. AURALERKT 2L, HE SN

rd(z,y) < r max {d(x,y), d(z,Ty),d(Tz,y),d(z, Ta:),d(y,Ty)}

MDD, DV, (6) DAELED (7) DELOAKEW (EREIZIE, Bk
Thd1) . £oT, (1) OFANRFMAEL L TH. o T, TH 5 ILEH 4 DGR
EHTHS.
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32 EIE4ETEH6 DR, Rz, EH4LEH6DLKETS. (6) & (8) D

EAWRA—THB I LIERTS. AARLE2HEKT L, HE S
rd(z,y) <rd(z,y) +sd(z,Ty) + sd(Tz,y) + td(z,Tz) + td(y, Ty)

DD, DD, (6) DAL LY (8) DEHDAKREN (BALETHSB) . £/
e ds5,t€(0,1/2):r+2s+2t=1

WBELTIE, ref0,1]) Bl-78T, s:=t:=(1-r)/4 &THELN. &o

T, EHADRER =T L &L, EH6DRELEH=T. /> T, EH6I13E

B4 DIREHTH 5.

33 M5 EEH6DLE. (7) & (8) 2HEL T, £FTEVDL DX, Holder
DAEFERNTH 5.

5
> a;b; < llall1 bl
j=1

ZORDEDI (8) DALITATWT, AL (7) DAELITMT WS, (7) &
(8) I ARHET 52, EH5 DEREHE6 DRELY LT RAZ2HH
higwv. LU, |laf, OB ICEE T2 ekTHEDS. EHE5ICBVWTIE
lali =7 <1, 9%4bb [<1] THY, EH6IZBWTH ||a]) =r+2s+2t =1,
$ibb [=1] ThHs. 20, Holder DAERDEL%E (8) DHELEEZ
&, G0 () OEDIZIRAR SR, 2 Holder DAREROELE (7)
GLEEZ D e, Ak (8) OABITIF RS\, BT 517, Holder DAFER
ELC, FH5 LEMe 2HEBETIZ2IETERW. EBE UTORHIND 5
DT, EH5 LEH6IIMILAZTHTHS.

5 8 ([9]). Define a subset X of a Banach space (R, |- |) by
X ={0,2,3}.
Define a mapping T on X by
T3=2
Ta=0 forac€{0,2}

Then T satisfies the assumption of Theorem 5, but does not satisfy that of
Theorem 6.

B 9 ([9]). Define a subset X of a Banach space (R?, || - ||o) by
X ={(0,0),(£1,£1)}.
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Define a mapping T on X by
T(0,0) = (0,0)
T(a,—1) = (a,1) for a € {£1}
T(a,1) =(0,0) for a € {£1}.

Then T satisfies the assumption of Theorem 6, but does not satisfy that of
Theorem 5.

34. BRI 6 EEEB7TOLE. EH5 L EHE T OLEROFIIC, EH6 L EHT &
T 5. BETIZBWT g=1 23, @H6IZR5. f{t-> T, THTIXE
HeDWRECHETHD. B, FHTIZBWT, g DEZRELTHIERELR
518 IREIXT/L 2 5.

3.5. BE5 EEE7OLE. UT2HMET S LT, EH7HEHE 5 DILRE
BTHoHILERT.

& 10 ([13]). Let T satisfy the assumption of Theorem 5. Then T satisfies
the assumption of Theorem 7.

SEBA. Let r € [0,1) satisfy (7) for any z,y € X. We also let g € (1, 00) satisfy
r? < 1/5. Then we have

d(Tz,Ty)*

< r? max {d(z,y),d(z, Ty),d(Tz,y),d(z, Tz),d(y, Ty) }*

< (1/5) max {d(z,y),d(z,Ty), d(Tx,y), d(z, Tx),d(y, Ty) }

= (1/5) max {d(z,y)?, d(z, Ty)*, d(Tz,y)?, d(z, Tx)?,d(y, Ty)" }

< (1/5) (d(z,y)* + d(z, Ty)* + d(Tz,y)" + d(=z, Tz)* + d(y, Ty)")
for any z,y € X. Hence T satisfies the assumption of Theorem 7. d

1/5 WS BERBAEDOIR, RTL 1IZRBIERLTHoT, W 5TH

INSVEIZZRZ ZLIZERLAZWV. r <1 O T<1] WS RMEEHRD RN
ZHETHBZ LI, WDTEMALrING.
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