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Growth properties for generalized Riesz potentials in
central Herz-Morrey spaces

Yoshihiro Mizuta

Abstract

Riesz decomposition theorem says that a superharmonic function on the punc-
tured unit ball By is represented as the sum of a generalized potential and a harmonic
function outside the origin. Our first aim in this note is to study growth properties
near the origin for generalized Riesz potentials of functions in central Herz-Morrey
spaces on By.

We know another Riesz decomposition theorem which says that a superharmonic
function on the unit ball B is represented as the sum of another generalized potential
and a harmonic function on B. Our second aim in this note is to obtain growth
properties near the boundary OB for generalized Riesz potentials of functions in
central Herz-Morrey spaces on B.

A continuous function u on an open set €2 is called monotone in the sense of
Lebesgue [18] if for every relatively compact open set G C €,

max ¢ = maxu and minu = minu.
Fel 3G el G
Harmonic functions on @ are monotone in Q. More generally, solutions of elliptic
partial differential equations of second order and weak solutions for variational prob-
lems may be monotone (see [15]). Our final aim in this note is concerned with growth
properties for monotone Sobolev functions in central Herz-Morrey spaces.
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Part I
Isolated Singularities

1 Generalized Riesz potentials

Let us consider the Riesz kernel I,(z) = |z|*™ of order a and a generalized kernel
(=)
Lg(@,y) = Ln(z —y) = Y |~y Da(z)
[xj<e

for an integer £; when ¢ < —1, I, ,(z,y) = I,(x — y). Note here that I, ,(z,y) is Taylor’s
remainder of |z + z|*™™ around z = 0.

We define the generalized Riesz potential of order « for a locally integrable function f
on the puncture unit ball By by

Iosf(2) = /B Lnelz,9)/(4) dy.

Here we prepare the estimates for generalized Riesz kernels.
LEMMA 1.1 (cf. [12, Lemma 3.2]). Let £ > 0.
(1) [Tae(z,y)] < Clx — ylo= when [a]/2 < |y| < 2la.
(2) ap(z,y) < Clyl*H x|~ when |y| < |z|/2.
(3) au(z,y)| < Clyl*|z|* " when 2|z| < [y].

REMARK 1.2. If u is a superharmonic function on B, then u is represented as the sum of
a potential and a harmonic function (see e.g. [2], [3], [14], [23]).

Let u be a superharmonic function on By. In view of Theorems 1.3 and 3.4 in [12], if
7%5(|ul,r) is bounded in (0, 1) for some a >n — 2, then

sup rt2"u(A(0,r)) < oo (A(0,r) = B(0,2r) \ B(0,r))

0<r<1/2
and u is represented as
u(z) = I yp(z) + a harmonic function

near the origin (except at the origin), where (2—n+a)—1 < £ <2-n+aand p = ¢(—A)u
is the Riesz measure; see also [8], [10], [11].
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2 Central Herz-Morrey spaces

For 1 € p < oo and a real number v, we consider the family MP%"(B) of all measurable
functions f on B satisfying

1 1/q
“f”Mp.q,u(B) = (A (’I”V”f“Lp(A(O’T)))qd’f'/’l") < 00
when 0 < ¢ < 0o and
[l mpoormy = sup r*||fl|zo(acm) < 003
0<r<1
set f = 0 outside B as before; see e.g. [4], [5], [16].
If 0 < g1 < g2 < 00, then
MPY(B) C MP2Y(B) C MP™*(B)

Our space is somewhat a family of functions with finite weighted mixed norm

1/q

Ilfllp,q,w=</ ( lf(w,y)l”w(w,y)dy)Q/pdx) < oo.

3 Sobolev’s inequality

Let p* be the Sobolev exponent of p > 1 :
1/p"=1/p—a/n > 0.
LEMMA 3.1 (Sobolev’s inequality (cf. [1], [23])). There is a constant C > 0 such that
oSNl ot @ny < Cllfllzo@n).-

Sobolev’s inequality is extended to generalize Riesz potentials of functions in central
Herz-Morrey spaces.

THEOREM 3.2. Assume that o — n/p <v <n—n/p. Then

”Iaf”Mp“,q,u(B) < C'“f”Mi"‘l"’(B)'
THEOREM 3.3 (Sobolev’s inequality for generalized Riesz potentials). Assume that £ > 0
andn—n/p+f<v<n-—n/p+{€+1. Then

Mot f | sgot 0y < Cllflazriaw(m)-

To prove Sobolev’s inequality, for a real number § and 0 < r < 1, let us consider the

Hardy type operators ,
310 = [ WP s dy
B(0,r)

and

Hj f(r) = T_ﬁ/ lylP~ f(y) dy

B\B(0,r)
for measurable functions f on B.
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LEMMA 3.4. Let S —v —n/p > e > 0. Then

1/q

r d
510 < e ([ i) )

forall0 <r <1 and f € L (R").
LEMMA 3.5. Let 0 < e < =8+ v +n/p. Then

. 1 o dt 1/q
i) < o ([ i lmwen) T)
r/2

forall0 <r <1 and f € L} (R").
Proof of Theorem 3.3. Let || f||mpar(s) < 1 and f > 0. For z € B, set

Lef(z) = / Loz, 9) () dy
B(0,|z]/2)

+ / Toel,9) f(v) dy
B(02/z)\B(0, 21/2)
+ / Tou(z,y) f(y) dy
B(0,1)\B(0,2|z|)
= w(x) + us(z) + us(z).

Let 0 < r < 1. By Lemma 1.1 we have

luz(z)] < C lz = y*™"|f(y)ldy
A(0,r/2)UA(0,r)

for € A(0,r), so that Lemma 3.4 gives
”Uz”Lpﬂ(A(o’r)) < C'”f”L,,u (A(0,r/2)UA(0,r))"
Hence,

v qdr r g dt
| (lhelrowen)’ T < O [ (1 leeorzoam)” 7

By Lemma 1.1 we see that

|ur ()]

IA

Clafnt-t / o f () dy
B(0,|z|/2)

CreH ., [(r)

IA

for z € A(0,r). Hence, using Lemma 3.4, we find

—e—v " e+v dt Ha
fostisoaon < € [ 1 lsaon) &)
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for0<e<n+£¢+1—n/p—v. Consequently,

1 dr 1 T . dt\ dr
/ ("l llzeaom)’ — < C/ (T—E/ “ “f”LP(A(O’t)))q_)—
| r A 0 t T

1 Lo dr\ dt
< C/ N f e aoan)” </ r eqT)?
0 t
<

o dt
¢ [ @ 1rhouon)'

Similarly, by Lemma 1.1 we see that

lus(z)| < Clafomt / Iyl f () dy

B\B(0.2/x|)
< Cr“H;:Hf(r)

for € A(0,r). Hence, using Lemma 3.5, we find

—v ! —e+v dt
fuslocaany < 07 ([ (1 liwan)' )

for0<e< —(n+¢—n/p—v). Thus,
! v dt\ dr
C/O (7"/ (¢ E*”Hfllm(A(o,t)))qT) -
t

v gdr
; (rlusll ocr aomy)* = r
‘ 1 t o dr\ d
< C / (t_s+‘,”f”LP(A(0,t)))q( / qu_)_
A o r)t

L g dt
< Ol laon)’ 7

1/q

IA

4 Growth near the origin of spherical means
The L? ( 1 < g < 00) means over the spherical surface S(0,r) for a function u is defined
by

1

1/q
S,(ur) = <|_SW " |u(x)|qu(x))

1 1/q
- (o5 [ tlase)
Wn-1 J5(0,1)

where S(0,7) = 9B(0,r) and |S(0,7)| = wy_17™" ! with w,,_; denoting the area of the unit
sphere.
Our aim is to find d > 0 such that

i 7457, = 0

for a function f on B satisfying Herz-Morrey type conditions.
Our result is a continuation of Gardiner’s result ([13, 1988]) :

5
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REMARK 4.1. For a Green potential Gy on B,
(1) if (n—1)/(n—-2) <qg<(n—1)/(n—3), then
lim ilnf (1 =)= D/aG (G, r) = 0;
T—

(2) fl1<g<(n—1)/(n—2), then
lim (1 — 7)==/, (Gu,r) = 0,

THEOREM 4.2. Suppose n —n/p+{<v<n—n/p+{L+1. If(n—ap—1)/(p(n—1)) <
1/q <1/p, then

hrIE (Ef p(n—ap+vp)/p Sq( Iosf,m) < 00

for all f € MP¥(B).

THEOREM 4.3. Suppose n —n/p+L<v<n—n/p+L+1. If(n—ap—1)/(p(n—1)) <
1/q < 1/p, then

imi (n—ap+vp)/p —
115362” Sq(Iasf,r)=0

for all f € M§"(B).

Part II
Boundary growth properties

5 Superharmonic functions on B

The Riesz kernel is written as

|’T - yla—n = Z(l - Iyl)e¢a,€(xa 'g),

¢
where § = y/|y| and
Poe(@ ) = D Gaexls— o H (@ §— 1%
£/2<k<e
In fact, consider the Taylor expansion of
le —y|* " =z -G+ g|*"

and set t =1 — |y|.
Now define

) |z —yl*™" (y € B(0,1/2));

Kam(@9) = G =agon } J2— o1 = SO0 [9)6us(z.5) (v € B\ B(0,1/2)).

The following properties for K, are fundamental.
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LEMMA 5.1 (cf. [9, Lemma 2.2]). (1) AKsp(,y) =6, when n > 2;
(2) |Kam(z,y)| < Clz —yl*"H(1 — |y|)™*" when 1 — |y| < (V2 ~1)|z —g|.
We show Riesz decomposition for superharmonic functions on B.

THEOREM 5.2. If u is superharmonic in B and
hITIl)llnf (1-r)°S(u,r) > —o0,

then
@) = [ Kam(a,y) du(s) + holo)
B
where hg is harmonic in B and m is an integer greater than a .

Set
C(0,r) = B(0,7+ (1 —7)/2)\ B(0,r — (1 —1)/2)

for0<r<1. _
Denote by MP¥(B) the family of all functions f € L} .(B) such that

loc

£l izow )y = sup (1 —1)"[|fllze(com) < o©.
0<r<1

Now we give a continuation of the results by Gardiner [13].

THEOREM 5.3. Let 1 < ¢ < 00 and suppose || F|| g gy < 1 with F(y) = (1 — |y]) f(y).
Then there exists a constant C > 0 such that

(1) ifn+m—-1—ap<(n—1)/g <n+m— ap, then

liminf (1 — r)eert/p=e-bia5 (K, f,r) < C
r—

(2) ifn—ap+m<(n—1)/g<n+m+1— ap, then

sup (1 —r)nmept)/p-(0V/ag (k¢ fr) < C.
1/2<r<1

6 Isolated singularities for monotone functions in the
sense of Lebesgue [18, 1907]

A continuous function v on a domain D is said to be monotone in the sense of Lebesgue
[18] if for every subdomain G, G C D,

max u = maxu and min v = min u;
e oG G oG

see Heinonen-Kilpeldinen- Martio [15], Koskela-Manfredi-Villamor [17], Manfredi-Villamor

[20, 21], the author [22, 23], the author-Shimomura [24, 25], Villamor-Li [29] , Vuorinen

(30, 31]



THEOREM 6.1. Suppose n —1 < p < v+ n. Let u be a function on B \ {0} which is
monotone in the sense of Lebesgue and satisfies

sup TV/ Vu@)P dz <1 (p>n—1).
0<r<1 A(0,r)

Then
sup rP7/Ply(z)| < C < 0.
z€EB

For monotone functions in sense of Lebesgue, the following is a crucial tool.
LEMMA 6.2 (cf. [20], [21], [23]). If u is monotone in B(xo,2r) in the sense of Lebesgue
and py > n — 1, then Va,y € B(xzg,r)

lu(z) — uly) [ < Cro / Va(2) P d. 6.1)

B(z0,2r)
EXAMPLE 6.3. For 8 > 0, consider u(z) = |z|=®. Then
e u is monotone in B\ {0} in the sense of Lebesgue ;
o |Vu(z)| < Clz|™?7 '
If-(B+1)p+v+n>0,

sup r”/ [Vu(z)|P dz < oo.
A(0,r)

0<r<1
Hence, letting 8 = (n —p+v)/p > 0, we find

; (n—p+v)/p -
leli% |z| u(z) = 1.

Finally we show boundary growth for monotone functions on B in the sense of Lebesgue.

THEOREM 6.4. Supposen —1 <p<v+mn,p<q< oo. Let u be a function on B which
is monotone in the sense of Lebesgue and satisfies

sup (1 — r)”/ |[Vu(z)P dz < 1.
C(0,r)

0<r<1
If(n—1)/g<(n—p+v)/p, then

sup (1— r)("_"_”)/”_("'l)/qu(u, r) < C < oo.
0<r<1
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