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1 KP hierarchy

For the function 7(z) of £ = (z1,Z2,...) the KP hierarchy [4] is the bilinear equation
given by

/T(a: —y— [k )r(z+y+ [k]) exp (—2 Zy,H) dk = 0, (1)
=1

where [k71] = (™%, k71/2,k%/3,...), v = (v1,¥2,...) . The integral denotes taking
the coefficient of k~! in the Laurent expansion.

Any formal power series 7(z) can be expanded as
(@) =Y _ &), )
)
where A runs over all partitions.

A subset M C Z is called a Maya diagram of charge ¢ if M satisfies the following
conditions:

(i) Zso N M and Zo \ M are finite,

(i) #(Zxo N M) — #(Zco \ M) =c.

A partition is a weakly decreasing sequence A = (A1, A2, As,...) of nonnegative
integers such that [A| = Y., A is finite. We identify a partition A with its Young
diagram, which is a left-justified array of || cells with ); cells in the ith row. Given a
partition A, we put

pN) =#{i: >3}, a=N—4 Bi=MN-i 1<i<p(\),

where )] is the number of cells in the jth column of the Young diagram of A\. Then we
write A = (a1,...,p»)|B1,- -, Bp(r)) and call it the Frobenius notation of A.

Example 1 If A = (3,2,1) the Frobenius notation of X is (2,0]2,0).

We can identify Maya diagrams M of charge 0 with partitions A = (A1, Ag,---) =
(a1,...,0|B1,-..Br) by way of the following conditions:
(i)
M= ~12—-2X~-3...),



(ii)
ZZQOM={01,...,QT}, Z<0\M={—,81—1,...,—,3,‘—1}.

Example 2 If A = (3,2,1) = (2,0]2,0), Maya diagram M corresponded to A becomes
=(3-1,2-21-3,—4,-5,---) = (2,0,—2, -4, =5, --).

Proposition 1 [17] The function 7(z) given as (2) is a solution of the KP hierarchy
if and only if the coefficients {{[M}n satisfy the Plicker relations
Z(—l)ié[mhm% co >Tﬁi) s ]g[m‘i’nly n2,.. ] = 0, (3)
i>1

where M = (mqy, ma,...) is Maya diagram of charge 1 and N = (ny,n,,...) is Maya
diagram of charge —1. The m; means removing m; from the sequence.

Proposition 2 The function 7(z) is a solution of the KP hierarchy if and only if the
coefficients &y satisfy the following Pliicker relations:

pt+1 ~

(_1)1'&- Myy e, My, o, Mpy1 E M, N1y. .., Ny
E / ’ ’ ’
P my,...,Mm Ny, -

1 P "nq+1
q+1
— 1p+3 My, ..., Mpia Ny, ..., Nyg 4
( '3 m' m. 3 ' -5 ' s ()
Ireees My, T Misee ey Myenns Mgpy
for any sequences my, ..., mpr1, My, .., My N, N, N, L, MYy Of NONNEgative in-

tegers.

Corollary 1 The function 7(z) is a solution of the KP hierarchy if and only if the
coefficients €y satisfy the following Plicker relations:

ay,...,0 cl,...,Cs
(hm)e@ni)
— _1\r—k y .. ’6'767 ey Qp 0k, C1y...,Cs
“;( 2 5( br, ..., byy )5(b,,d1,...,d,>
-1 Cl,...,Cq
+Z( 1) é.( r—l,dl)E(br,dl,...,dl,...,ds>, (5)

and
(hw)e(@a)
-yt e ()
3 () e (o) o

for any sequence of nonnegative integers (ay,. .., a,), (b1,...,b,), (c1,...,c,) and (dy,...,
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2 Main theorem

Fix a partition g = (7,...,7s/01,...,0s). We assume that 7(z) has the following
expansion:

(@) = 5u(2) + 3 &rsa(a). (7)

ADp

Theorem 1 [14] The function 7(z) gievn by (7) is a solution of the KP hierarchy if
and only if the expansion coefficitnes {€,}x is the following formulae for a partition
A= (al, v ,arlﬂl, R ,,B,-).‘

& = (—1)" det <((§;’5"3">19-,j$, () I%Snlsjss> : ®)
Bj ) 1<i<s8,1<j<r

where 248, ud, 'ug) satisfy

) ug) - f (a,’)’l,é:l.’. ,."Yj, e ,’Ya) , (9)

To derive the determinant formulae (8) we need the following lemma.

Lemma 1 Fiz o partition p. Suppose that T(x) given by (7) is a solution of the KP
hierarchy. Then & can be expressed as a polynomial in

— (2205 PRRS £ N
I“‘{g(b,al,...,aj'“’bEZZO}
U € aa’)’l,"',’Yjv"',’y.s 30/€Z>0,1Sj58
01,...,08 2
Y1y o3V . .
U{§<b,51,...,5,»,...,5,>'bEZZO’lf’SS}'

Example 3 We consider the case of p = (y]6) and X\ = (a1, a2|By, B2). The set I,
becomes

{63 s ) emr) o (g) om0

Using(5) we have

o, 0 T _ e[ a7y a1 Q2,7 0, Q2 Y
¢ (m,ﬁz) ¢ (6) = (m) ¢ (62,6) ¢ (m) ¢ (/32,6) +¢ ( By,6 ) ¢ (ﬂz) :
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Similarly using (5) and (6) we have

i\ (o 5y a0z _ o 2,y a1, o
() =e(3)e(3) e (5%) =-<(3)e (D) +<(5:3)<(5)
Then we have

ay,7Y ay, 7Y (07}
\us) \ps) S5

ap,az) Q2,7 Qz, Y a2
's(ﬂl,ﬁz)‘ det [€8p 6) \ps) €\s
v v
«(3) @) o
3 BKP hierarchy

The BKP hierarchy [4] is a system of non-linear equations for 7(z) given by
7 dk
74 e W0z —y — 2k ~o) (@ +y + 2k o) g = 7(z — )7(z + ),

where the integral means taking the coefficient of k= in the expansion of the integrand
in the series of k.

A formal power series 7(z), = (1,3, -+) can be expanded in terms of Schur’s
Q-function as

x
7(z) = ZfﬂQu (5) ) (10)
m
where u runs over all strict partitions.

For a skew summetric matrix A = (a;;)1>ij>2m Pfaffian Pf(a; ;) (8] is defined by

Pf(a'i]') = Z Sgn(il’ s ai2m) " @iy ig Qigyig * * * Qiggn—1,i2m) (11)
where the sum is over all permutations of (1,...,2m) such that
1 <tz <v- <oy, b1 <y ccc,l2mo1 < f2m,

and sgn(y, . . ., %2m) is the signature of the permutation (41, . . ., %2, ). In order to describe
Pf(a;;) more conveniently we use some set of symbols X;, 1 < i < 2m. Set (X;, X;) = a;j
and define Pf((X;, X;)) as

Pf((X‘HX])) = (X17 ot ,sz).
The Pfaffian can be expanded as

2m

(X1, , Xom) = Z(—l)j(XhXj)(Xz,“- Xy, Xom)

Jj=2



For a strict partition A = (A1,- -+, Axr) we assume that 7(z) is expanded as
@) = Qa(3) + Y &Qu(3) (12)
92 SHp 2 )
lul>1Al
where g = (p,-- - , px) is a strict partition.

Theorem 2 [19] Suppose that T(z) has the ezpansion (12). Then 7(x) is a solution
of the BKP hierarchy if and only if the coefficients &,, p = (p1,--- , &), i(p) = k are
given by the following formulae.

(i) M =201,
_ (A(l)’... ,A(2L—1),M, s poae1), fh=20-1, (13)
T (ALAD L. ARL-D) f k= 21
( ’ ) ) y M1,y Hu‘21)a Zf .
(i) M = 2L,
_ (A’A(l)’ ’A(2L),p,1’... ,”21_1), sz—_—.2l—]_, (14)
g (A(l): ;A(2L)HU'11"' ’,U’ZI)) ka = 2l7

where the elements of the Pfaffian are

(ADm) = &oy o rumy
(A,n) = &, dom)s
(nivnj) = 5(1\1."- WAL, )Y

(A, A(i)) = (AD Ay =0,
Example 4 We consider the case of A\ = (A1) and u = (uy, po, p3). Then
EI‘ = (A(l)’ M1, K2, #3)

= (AD, ) (w2, p3) = (AD, ) (pia, pia) + (A®), pas) (a1, o)
= §u)80nmzms) — Ew2)E O a) T E(ua)Eh 1 m2)
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