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ON DS FUNCTOR FOR AFFINE LIE SUPERALGEBRAS

MARIA GORELIK, VERA SERGANOVA

ABSTRACT. We study Duflo-Serganova functor for non-twisted affine Lie superalgebras
and affine vertex superalgebras.

0. INTRODUCTION

Let g be a Lie superalgebra and let z € g7 satisfy the condition [z,z] = 0. The
operator ad, defines an odd square zero endomorphism of any g-module. This yields a
functor N — DS,(N) := Keryz/Imyz from the category of g-modules to the category
of modules over g, := DS,(g).

The functor DS, was introduced in [DS] (see also [S2]) as a means to assign an ana-
log of singular support to representations of Lie superalgebras. This functor preserves
superdimension and tensor product of representations.

Recall that the defect of a finite-dimensional Lie superalgebra g is the dimension of a
maximal isotropic subspace in QA; for A(m — 1,n — 1), B(m,n), D(m,n) the defect is
equal to min(m,n); for other cases of non Lie algebras it is one. It is well-known that
the defect is equal to the maximal number of mutually orthogonal isotropic simple roots.
A finite-dimensional simple Lie superalgebra of zero defect is either a simple Lie algebra
or 0sp(1|21); the finite-dimensional modules over these Lie superalgebras are completely
reducible (and these are the only simple Lie superalgebras with this property).

If g is a finite-dimensional Lie superalgebra, then DS,(g) is a finite-dimensional Lie
superalgebra of a smaller defect. If g is the affinization of § and z € g5, then g, is the
affinization of g,, see [GS].

In this paper we consider the DS functors for affine Lie superalgebras g = g(*) and
affine vertex superalgebras Vi(g); we always assume that = € g7.

Let Vac*(g) be a vacuum g-module of level k and Vack(g) be its simple quotient. It is
easy to see that DS,(Vack(g)) = Vac*(DS,(g)). We prove that for a non-negative inte-
gral k one has DS, (Vaci(g)) = Vacy(DS:(g)) if g, has zero defect and g, # C, see Theo-
rem 2.2. As aresult, the corresponding vertex algebras are isomorphic, see Corollary 3.4.2.

The principal admissible modules for an affine Lie algebra t were classified in [KW5].
A level k is called principal admissible if Vacg(t) is principal admissible. From Theorem
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of Arakawa [A] it follows that for a principal admissible level k the Vi(t)-modules in
the category O are completely reducible and the irreducible modules are the principal
admissible modules of level k.

We introduce the principal admissible levels for an affine Lie superalgebra g using Kac-
Wakimoto definition for Lie algebra case. We prove that if g, is a simple Lie algebra and
g # B(n+1|n), then for a principal admissible level k one has DS, (Vaci(g)) = Vack(gz)-
This implies the isomorphism of the corresponding vertex algebras. The proof is based
on Arakawa’s Theorem and the fact that the maximal proper submodule in Vack(g,) is
generated by a singular vector (if g, is a Lie algebra, this can be easily deduced from [F]).
We believe that the statement holds for g, = osp(1]|2n)®), however both Arakawa’s and
Fiebig’s results are not established in this case.

In Section 1 we recall the construction of Duflo-Serganova functor DS, and summarize
the results which we use later.

In Section 2 we study DS functor for integrable vacuum modules and prove Theorem 2.2.
Since integrable vacuum modules have principal admissible levels, this theorem for the
case, when g, is a simple Lie algebra and § # B(n + 1|n), is a particular case of Theo-
rem 4.4.2. However, the proof of Theorem 2.2 is different: it does not use vertex algebras
and Arakawa’s Theorem. In § 2.4 we give an example when DS, (Vack(g)) # Vack(gz)
(g = sl(1]2)®), k is critical).

In Section 3 we introduce the DS functor for vertex superalgebras. In particular, we
prove that if DS,(Vacy(g)) = Vack(g:), then DS, maps the simple affine vertex su-
peralgebra Vi (g) to the simple affine vertex superalgebra Vi(g;). As a result, for any
Vk(g)-module N the image DS,(N) is a Vi(g,)-module.

In Section 4 we study Vack(g) if k is a principal admissible level, (this notion we define
in § 4.2 similarly to the Lie algebra case). In § 4.4 we prove that DS;(Vack(g)) = Vack(gz)
if g, is a simple Lie algebra and g # B(n + 1|n).

Let 3 be a set of simple roots which contains a maximal isotropic subset S = {4, ..., B}
(r is the defect of g). We consider DS, for = }°_, z;, where z; is a non-zero vector
in gg,- In this case g, = DS,(g) has zero defect. All our results are valid also for the
composition DSg := DS;, 0 DS;, 0...0 DS;, . Note that DSs(g) = DS,(g).

Partial results of this paper were reported at the conferences in ESI in January 2017
and in RIMS in October 2017.
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discussions. A part of this work was done during the first author stay in ESI in January
2017 and in MIT in August 2017. We are grateful to these institutions for stimulating
atmosphere and excellent working conditions.

128



ON DS FUNCTOR FOR AFFINE LIE SUPERALGEBRAS

1. PRELIMINARIES

Throughout the paper g = ("), where § # D(2|1,a) is a finite-dimensional Kac-Moody
superalgebra with a set of simple roots (a base) & and a Cartan subalgebra h. We denote
by b the Cartan subalgebra of g: § = h o CK @ Cd.

Let A C b* (rep., A) be the set of roots of g (resp., of §). We denote by Ag and Az the
subsets of even and odd roots. We denote by W the Weyl group of gg. Recall that Aj is
a union of a finite number of root systems of affine Lie algebras with the same minimal
imaginary root §. Throughout the paper we fix A and denote by Ao the corresponding
fundamental weight, i.e. (Ag,d) =1 and (Ag, A) = (Ao, Ag) = 0.

We assume that A is indecomposable (i.e., g, § are quasisimple in the sense of [S3]).
We fix Ag and consider the subsets of positive roots A* which contain Ag . The choice of
AY gives a triangular decomposition of g, compatible with the triangular decomposition
of gg, corresponding to A%’ . For a fixed subset of positive roots At we denote by ¥ the
corresponding base (i.e., the set of simple roots) and by p the corresponding Weyl vector.
For a fixed base ¥ we denote by g the affine root, i.e. & =3 U{ap}, where X is the base
of A+,

We denote by O the BGG category of finitely generated g-modules with a diagonal
action of h and a locally finite action of g, with o € Ag . The category O is equipped by
a duality functor N +— N* and the simple modules are self-dual.

We normalize the form (—, —) on g as in [KW3] and set
= {a € Ag| (a,a) > 0}.

The corresponding algebra g# is a simple Lie algebra; we denote its highest root by 6.
We will use bases ¥ such that 6 is the highest root in A*(X); then

ao=—"(5—9.

Let © be the Casimir operator for g which corresponds to the invariant bilinear form
(=, =), see [K1], Ch. II. Recall that the dual Coxeter number A" is half of the eigenvalue
of the Casimir operator §2 on the adjoint representation § and h¥ = (p,8). We always
choose the Weyl vector p in the form p = AV Aq + p.

We say that k € C is non-critical if k # —hY and A € h* is non-critical if K (A) # =hY,
ie. A+p,0) #0.

We use the following notations: if X,Y C h* we set (X,Y) = {(z,y)| z € X,y € Y};
for a vector space V, X C V and R C C we use the notation RX = {}>°;_ rizi| r; €
R,z; € X} (for instance, ZA is the root lattice). For S C h* we set

ti={vep'|vBeS (Bv)=0}

i=1
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If @ € A is a non-isotropic root, we say that a g-module N is a-integrable if g+, act
locally nilpotently on N. We use conventions of [GK]. We say that a g-module N € O is
integrable if N is integrable as a gg-module and N is a-integrable for each o € A satisfying
|le||? > 0.

For A(m|1)®,C(m)V), N € O is integrable if N is integrable as a gg-module and b
acts diagonally.

1.1. DS functor for affine Lie superalgebras. Take z € g7 satisfying [z,z] = 0.
Recall that Duflo-Serganova functor DS, is defined by

DS,(N) := Keryz/Imyz;

we view DS,(N) as a module over g° (where g® is the centralizer of z in g). Note
that [z,g] C g° acts trivially on DS,(N) and that g, := DS,(g) = ¢°/[z,g] is a Lie
superalgebra. Thus DS, (N) is a g,-module and DS, is a functor from the category of
g-modules to the category of g.-modules. This is a tensor functor (DS,(N ® N') =
DS, (N) ® DS, (N'), see [DS]).

An exact sequence of g-modules
0—>N, —-N—->N,—>0
induces the exact sequence of g,-modules
0 — FE — DS, (N;) — DS,(N) — DS;(N,) — II(E) — 0.

Recall that for a g-module N with a diagonal action of § one has
sch N := Z sdim N,e”.

veh*

If 0 » Ny -+ N = N, — 0 is exact, then schDS,(N) = sch DS, (N;) + sch DS,(Ns).

1.2. Choice of z. In this paper we consider DS, for z € g:
(1) ' T € QT, [ZD,:L‘] =0.

1.2.1. Definition. For a € g we denote by supp(a) the subset of A U {0} such that

a = Z ag,

Besupp(a)

where ag is a non-zero vector in gg.

1.2.2. Definition. We call S C AT an isotropic set if S is a basis of an isotropic subspace
in h*.

Note that if supp(z) is an isotropic set, then z satisfies (1).
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1.2.3. Let G be the Lie group of g5. By [DS], Thm. 4.2 each z satisfying (1) is G-conjugate
to 2, where supp(z’) is an isotropic set; this gives a one-to-one correspondence between
the G-orbits for z satisfying (1) and W -orbit of isotropic sets in A. In particular, for each
z satisfying (1) there exists a base % such that z is G-conjugate to z’ such that supp(z’)
is an isotropic set and supp(z’) C . We call the cardinality of supp(z’) the rank of z; 0
has the zero rank and the maximal rank is equal to the defect of g.

Let t be a Lie subalgebra of gz and N be a g-module which is t-finite (i.e., U(t)v is
finite-dimensional for each v € N). Then the Lie group of t acts on N. Moreover, any
element g in this Lie group induces an isomorphism between the algebras g, and gaq,(z)
and the corresponding modules DS;(N) and DS 44,(z)(N).

In particular, for a g-integrable g-module N, this construction gives an isomorphism

between DS;(N) and DS,/(N) with ' as above (supp(z’) is an isotropic subset of a certain
base X).

1.2.4. Assume that S := supp(z) is an isotropic set.

It is shown in [DS], Lemma 6.3 that g, a finite-dimensional Kac-Moody superalgebra
with the roots

A, = (St NA)\ (SU(=S));

g2 can be identified with a subalgebra of g generated by the root spaces g, with o € A,
and b, G h* = {h € h| S(h) = 0} such that

Be ® (O Chp) = b7, [8ar8a) C b Vo € A,.
BeS

Moreover, b, is a Cartan subalgebra of g, and g° = g, & [z, g]. Note that b is identified
with a subspace in §* and S+ = CS @ b?.

If A, is not empty, then A,c is the root system of the Lie superalgebra g,. One can
choose a set of simple roots X, such that A*(X,;) = At N A,.

Let r be the rank of z (i.e., |S| = r). If § = A(m|n), B(m|n) or D(m|n), then g, =
A(m—r|n—r), B(m~rln—r) or D(m—r|n—r) respectively. If g = C(n), G3 or Fy, then
r = 1 and g, is the Lie algebra of type Ch—_2, A; and Aj, respectively. If § = D(2|1;a),
then r =1 and g, = C. One has

defect g, = defect § — rankz.

It is easy to show (see [GS]) that DS,(g) = g is the affinization of g,; we identify this
algebra with

g:= Y (8:°) ®CK ®Cd, b, :=h & CK & Cd;

8§=—00

131



MARIA GORELIK, VERA SERGANOVA

then A, := A(g,) is the affinization of A,. One has
B2 =h*@CSBCA C h*, St =h:®CS.
Set A} := AT (Z)N A, and consider the corresponding triangular decomposition of g,.
We will describe the base £, which corresponds to A} below.

If A, is empty, then g, = 0 or §, = gl,. Ifg, =0 (ie, g =
1|n), B(n|n), D(n|n),C(2)), then g, = CK x Cd. If g, = gl; (ie, g
or D(2|1,a)), then g, = glgl), A*(g:) = Zsod and T, = {4}

If ¥, is connected, then £, := 3, U {6 — 6.}, where 8, is the maximal root in A‘*(‘Zx).

A(n|n), A(n +
= D(n + 1|n)

If 3, is not connected, then A, = D, (ie., § = D(n + 2|n) with z of the maximal
rank). In this case A, = Dgl) is a union of two copies of Agl) with the same imaginary
roots, that is T, := 3, U {6 — 6:}2_, where A} = {6,62}.

1.3. Casimir operator. Take z as in (1). The bilinear form (—, —) induces an invariant
bilinear form (—, —), on g,. If N is an integrable g-module, then DS,(N) is an integrable
gz-module.

Let 2 be the Casimir operator for g which corresponds to the invariant bilinear form
(=,—), see [K1], Ch. II. Let A, # 0. By [GS], the image of 2 is the Casimir operator for
g This implies ||o]|?> = ||p,||2 and

) [DS(Lo(N) : L) £0 =5 (A+20,3) = (V' +20,, X)s,
where X € h% = S1/CS.

1.4. Duality. The duality in O is defined by an anti-automorphism o of g which stabilizes
the elements of h. By above, g,, go(s) are identified with a subalgebra of g which is o-stable
(in particular, g, = gy(z))- It si not hard to see that the map ¥ : DS, (N*) — (DS, (N )
defined by ¥(f)(v) := f(v) is an isomorphism of g,-modules if N € O.

2. INTEGRABLE VACUUM MODULES

In this section g is a finite-dimensional Kac-Moody algebra and z € gy is such that
supp(z) has a maximal rank, that is g, has zero defect. Recall that g, is the affinization
of g,.

2.1. Vacuum modules. If p is a Kac-Moody superalgebra with a Cartan subalgebra t,
we denote by Ly()\) a simple highest p-module with the highest weight A € t*. For an
affine Kac-Moody superalgebra p we denote by Vacf the vacuum module of level k and by
|0) the vacuum vector. For p = g we write simply L()), Vack. Note that L(kAo) = Vack
is the simple quotient of Vac* and so it does not depend on the choice of X; we call L(kAo)
a simple vacuum module; if L(kAo) is integrable, we call it an integrable vacuum module.
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2.1.1. The character of an integrable vacuum module is given by the Kac-Wakimoto char-
acter formula, see (GK]. From the proof it follows that an integrable vacuum module is
a unique integrable quotient of Vac* (since the proof uses only the fact that L(kAo) is a
g#-integrable quotient of Vac¥, so all integrable quoteints have the same character and
thus such quotient is unique).

Recall that g# # D,. Let 6 be the highest root of A# and e € g# be the corresponding
root vector. From [K1], Lem. 3.4 it follows that a quotient Vac*/I is g#-integrable if and
only if k € Zyo and I contains f5+1|0) for f, := et™!. Therefore L(kAo) is integrable if
and only if k € Z>o; in this case

L(kAo) = Vack/I(k), where I(k) is generated by f&*1|0).
Note that the vector f¥1|0) is singular if 6 — 8 € .

2.1.2. Remark. Recall that L(kAo) does not depend on the choice of 3. Combining § 1.2
and § 5, we see that computing DS;(L(kAo)) we can always assume that supp(z) is an
isotropic set which lies in S satisfying (P1), (P2), (P3) in § 5.

2.2. Theorem. Letzx € g7 be such that [z,z] =0 and supp(x) has a mazimal rank.
(i) If 8, = 0 and k # —hY, then DS,(L(kAo)) is one-dimensional.
(ii) Assume that Y contains S := supp(z) and the following inclusion holds
3) (Q@0Z N S*) € (QS + QxoZs).
If L(\) is integrable and (), S) = 0, then
DS (L(A)) = L, (Alp.)-

(iii) If 9, # C and k € Zyo, one has
DS, (L(kAo)) = Ly, (kAo).

2.3. Proof of Theorem 2.2. For (i), (iii) we set A := kAo € h* (so L(\) = L(kAo)) and
S = supp(z). Using Remark 2.1.2, we assume for (i), (iii) that S, 2 satisfies (P1), (P3)
of § 5,i.e. § C X and (3) holds except for g = D(n + 2|n), D(n + 1|n).

We introduce

AI = Albz e b;‘

Since (A, S) = 0 one has dim L(A)x—, = &, for v € ZS. Thus the singular vector in
L(X) has a non-trivial image in DS, (L(kA)) which is singular; moreover,
4) [DSz(L(X)) : Lg. (N)] = 1.
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For (i) g, = CK x Cd. By § 1.3, the Casimir Q, = 2(K + hV)d acts on DS,(L(kAo))
by a scalar, so d acts on DS, (L(kAo)) by a scalar. Now (i) follows from (4).

For (ii), (iii) assume that [DS;(L())) : Ly, (N — V)] # 0 for some v/ € b} with v/ # 0.
Since X' — v/ is a weight of DS;(L(A)), there exists v € h* such that v|,, =/, (1,9) =0
and L(\)y_, # 0. In particular,

(5) v EZxE NSt
Let us prove (ii). Combining (5) and (3), v € QS + Q>0%;, that is v/ € QxoX,. If
A, is empty, we obtain v/ = 0, a contradiction. Now we assume that A, is not empty.

By §1.3, DS, (L())) is g.-integrable, so Ly, (\'), Ly, (X — /) are integrable modules and
[IN =V + p||> = ||\ + pz]|?, that is

N =V + pg, V') + (N + pg, V) = 0.
Since g, has zero defect, the integrability of Ly, (\') and Ly, (X — v/') gives (X, v/), (N —
V,V') 2 0 and (V/, p;) > 0 (for v # 0), a contradiction. This establishes (ii). Recall that
for our choice of (S, Z), (3) holds except for § = D(n+2|n), D(n+1|n). Thus (ii) implies
(iii).

It remains to verify (iii) for § = D(n + 2|n). Consider the short exact sequence

0 — I(k) = Vact — L(kAo) = 0,
where I(k) is the maximal proper submodule of Vack. It is easy to see that DS, (VacF) =
Vac*(g;). Thus the corresponding long exact sequence is

0= E — DS,(I(k)) & Vack(g:) & DS4(L(kAo)) — II(E) — 0.

Since DS, (L(kAp)) is g.-integrable, the image of 1/ is an integrable quotient of Vack, that
is Ly, (kAo). Since Ly (kAo — V') is a subquotient of DS,(L(kAo)) and v/ # 0, it is a
subquotient of II(E). Therefore II(Ly, (kAo — V) is a subquotient of DS, (I(k)). Take
¥ such that [|ao||> > 0. By § 2.1, I(k) is generated by a singular vector of the weight
kAo — (k + 1)ap. Therefore

N~V =kAo— (k+ Voo — 1/,
where ¢/ = g, for some p € h* such that p € Z5oX. Then
(6) (V,Ao) > k+ 1.
Take S := {41 — 0}, and & = {e; — €3,65 — b1, ..., En41 — Op,0n £ Ent2}; then
ap =08 — &1 — €2, 50 ||ap||> = 2. One has
T,={ax En-4:2;5 —(e1£ent2)}, Pz =2A0 + e

One readily sees that (CX N S*) C (CS +CZ,), so v/ € CL,, so

V' = j6 — s4(e1+ Ensa) — (€1 — €nta)-
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The integrability of Lg, (kA¢ — +’) implies 0 < s; < k/2. In addition, (2) gives
(k+2)j—sp —s_ =82 +s2,

so j < k/2. However, j = (V/,Ag) > k+1 by (6). This contradiction completes the proof.

2.4. Example: g = sl(1|2)(),k = —1. Take g = s[(1]2)® with £ = {§ — &, + 63,61 —

01,61 — 2} and S = {e; — 6;}. Using the character formula (3.20) in [KW4] it is not hard
to show that DS, ((L(—Ay)) is not one-dimensional.

3. DS FUNCTOR FOR VERTEX SUPERALGEBRAS

3.1. Vertex algebras. Recall that a vertex (super)algebra V = V5@ V5 is a vector
superspace endowed with a vacuum vector |0), an even linear endomorphism T and a
parity preserving linear map

Y:V = (EndV)[[2,27Y]], ar Y(a,z2) = Za(n)z‘"‘l
nez

subject to the following axioms (a,b € V,m,n € Z)
(translation covariance) [T,Y (a, 2)] = 8,Y (a, 2);
(vacuum) T|0) = 0; Y'(|0),2) = Idv; a(-)|0) =a, amy|0) =0 forn >0;

and the locality axiom which we use in the Borcherds form

oo Im
(@gm)b)my = Z(—l)'( . ) (@(m-iybinssy — (=1)™POPOb L sag).
=0
For m = 0 this gives
(™) (2@b)m) = [2(0), b(m)]-
Note that T is “determined” by Y, i.e.
(8) Ta = a(_2)|0).

3.1.1. Modules. A weak module over a vertex superalgebra V in a vector superspace M
with a parity preserving linear map

YMiV 5 (BrdM)(z,27Y)] ar Yila,2) = a2,
nZ

such that for each v € M one has af‘,’{)v =0 for n >> 0, Yr(|0), z) = Idp and af‘;’n),bf‘;{)
satisfy the locality axiom. As above, the locality axiom gives

) (a©d)tay = [a(s), bim)-
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An ideal of a vertex algebra is a subspace I C V such that am)b, bimya € I for each
a€l,beV,m¢eZ. IfIis an ideal of V, then the quotient V/I inherits the structure of
a vertex algebra.

If I is an ideal of V, the V/I-modules are the V-modules annihilated by I, that is
aafl) = 0 for each a € I,m € Z. We say that an ideal I is generated by a set E if I is a

minimal ideal containing E. The locality axiom implies that in this case M is V/I-module
if and only if a?fn) =0 for each a € E,m € Z.

3.2. Definition of DS,(V). Let V be a vertex superalgebra and = € V' be such that
(10) z€Vy, zr=0 and |0) € Imx ().
By (7) one has "’3%0) = 0. We define the vector space DS,(V) as follows:

DS, (V) := Kery z(qy/Imyzg).-

By the vacuum axiom, |0) € Ker z(), so |0) has a non-zero image |0)’ € DS,(V). From
the translation axiom [T, z(g)] = 0, so T induces an even map T' € End DS,(V).

Take b € Kery z(). From (7) it follows that [b(n), ()] = 0 for each n, so b, induces
(n) € End(DS,(V)) and b, = 0 if b € Imyz(g). This gives a parity preserving linear
map
DS,(V) = (EndDSe(V)[[2,27"]] b Y'(6,2) =D Yz ™"

nezZ

The space DS,(V') equipped with |0)/, 7" and the fields Y’(b, z) form a vertex algebra
(the axioms for V"’ follow from the corresponding axioms for the vertex algebra V). We
denote this vertex algebra by DS, (V).

3.2.1. Remark. A vertex algebra V is Zy¢-graded if V = @2, V, with

deg(a(;b) = deg(a) + deg(b) —j — 1,
where deg stands for the degree of a homogeneous vector in V. We claim that the condition
|0) & I'maq) holds for each a € V if V is a Zx(-graded vertex algebra with V, = C|0).

Indeed, assume that deg(a()b) = 0 for homogeneous a,b. Then deg(a) + deg(b) = 1, so
a or b lie in V = C|0). However, |0)q) = 0 and a(g)|0) = 0 for each a, that is a@gyb = 0.
Hence |0) & Imag) for each a € V.

3.2.2. Modules. Let M be a V-module. The condition 2z = 0 gives [zfg), z{s)] = 0.
We introduce
DS, (M) = Kery, xfg)/ImM:z?g).

Using (9) it is easy to check that DS, (M ) 1nher1ts a structure of DS, (V)-module (i.e.,
YM induces a map DS,(V) — (EndDS;(M))[[z, 2] which satisfy the corresponding
axioms).
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3.3. Affine vertex superalgebras. Let § be a finite-dimensional Kac-Moody superal-
gebra and let g = g(».

By [FZ], the vacaum module Vack(g) has a structure of a vertex superalgebra with
(11) Y(at™0),2) = Y (at")z™""" fora €.
neZ
We denote this vertex superalgebra by V*(g).

The weak V*(g)-modules are the restricted [g, g]-module of level k (M is "restricted”
if for each v € M one has (gt*)v = 0 for s >> 0).

The above correspondence between V*(g)-modules and [g, g]-modules implies that the
maximal proper submodule I(k) of Vac®(g) is the maximal ideal in the vertex algebra
V*(g). Moreover, if I(k) is generated by E as a g-module, then I(k) is generated by E
as an ideal in V*(g). In particular, L(kAo) inherits a structure of a vertex superalgebra,
which is simple; it is denoted by Vi(g).

For g = 0 or g = C, the vacuum module Vac*(g) is one-dimensional and V*(g) = Vi(g)
is a one-dimensional vertex algebra.

If g is a Lie algebra, then for k € Zy( the Vi(g)-modules correspond to the restricted
integrable g-modules of level k, see [DLM], Thm. 3.7; these modules are completely
reducible and the irreducible modules are the integrable highest weight modules of level
k (there are infinitely many such modules and Vi(g) is a rational vertex algebra). The
following result was proven in [GS], Thm. 6.3.1 for g# # Ds.

3.3.1. Theorem. If L(kAo) are integrable, then Vi(g)-modules are the restricted [g, g]-
module of level k which are (g%, g#]-integrable.

Proof. Let I(k) be the maximal proper submodule of Vack, so L(kAo) = Vack/I(k).

For g# # D, consider the natural embedding Vac*(g#) C Vac* and denote by I# the
maximal proper submodule of Vac*(g#).

If g# = Dy = A; x A; consider the natural embeddings Vac*(A4,), Vac*(4,)" C Vac*
which correspond to two copies of A; in Dy; let I’, I” be the maximal proper submodules
in Vack(A;),Vack(A,)" respectively. Set I# := I' + I".

By § 2.1, the submodule I(k) is generated by I#. By above, a restricted [g, g]-module
N of level k is Vi (g)-module if and only if it is annihilated by a(m) for eacha € 1 # meZ.
Since g# is a Lie algebra, N is annihilated by am) for each a € I*, m € Z if and only if
N is g#-integrable ([DLM], Thm. 3.7). O

3.4. DS, for affine vertex algebras. Fix z € gy satisfying [z, z] = 0. View
2’ = xt70)

as a vector in V*(g) and Vj(g) respectively. Note that x20) =z.
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One has zjg2’ = z(xt™|0)) = 0. The vertex algebras V*(g), Vi(g) are Zxo-graded (the
grading is given by the action of —d € g) and the zero component is spanned by |0).
Hence 7’ satisfies (10).

Consider the vertex algebras DS,/ (V*(g)), DS, (Vi(g))-

It is easy to see that DS, (Vac*(g)) is canonically isomorphic to Vack(g,) as a g,-module.
Choose a vacuum vector |0) in Vack(g) and let the vacuum vector |0) in Vac*(g,) be the
image of |0).

3.4.1. Theorem. Letg be an affine (non-twisted) Lie superalgebra and let ¢ € gy be
such that [z,z] = 0; set z' := z¢~1|0).

(i) The canonical isomorphism DS, (Vack(g)) — Vac*(g.) induces a verter algebra
isomorphism DS, (V*(g)) — V*(gs)- '

(#i) If DSy(Lg(kAo)) = Ly, (kAo), then v induces the vertex algebra isomorphism
DSz (Vi(8)) — Vi(gz)-

Proof. By above, ¢ is an isomorphism of g,-modules and (|0)) = |0)’. If V*(g,) is one-
dimensional, this implies (i) and (ii). Assume that V*(g,) is not one-dimensional. Then
A(gy) # 0. Since ¢ is an isomorphism of g,-modules,
1(at710)) = (DS, (a)t™)|0)’

for each a € g such that [z,a] = 0. By (11) we obtain
(12) Y(u(v),2) = (Y (v, 2))
for each v = bt™1|0) with b € g,.

Let V be a vertex algebra and E be a subspace of V. Denote by (E) the smallest
subspace V' of V' which contains £ and such that b¢;yv € (E) for each b,v € V' and j € Z.
The locality axiom and (8) imply that if V admits two vertex algebra structures (|0),T,Y)

and (|0),7",Y") such that Y (v, 2) = Y"(v, 2) for each v € E, then these structures coincide
on (E) (ie., TV =T'v and Y (v, 2) = Y'(v, 2) for each v € (E)).

Now let E C V*(g,) (resp., E C V*(g.)) be the span of |0) and bt~!|0) with b € g,.
Since V*(g,) and Vi(g.) are generated by |0) as a [g,, g,]-modules, V*(g,) = (E) (resp.,
V*(g;) = (E)). Thus ¢ is an isomorphism of the vertex algebras. O

Using Theorem 2.2 we obtain the

3.4.2. Corollary. Ifk is a non-negative integer,  has a mazimal rank and § differ from
D(n + 1|n), D(2|1,a), then DS, (Vi(g)) and Vi(g:) are isomorphic as vertezr algebras.

138



ON DS FUNCTOR FOR AFFINE LIE SUPERALGEBRAS

3.4.3. Take z as above. Let M be a weak V*(g,)-module which we view as a restricted
go-modules of level k. One readily sees that, as a g,-module, the DS,/ (V*(g))-module
DS, (M) is DS, (M), so DS, for V¥(g)-modules correspond to DS, for [g, g]-modules.
We will denote the functor DS, by DS,.

3.4.4. Corollary. Let L(kAo) be integrable. For any Vi(g)-module M the V*(g,)-
module DS, (M) is a Vi(g.)-module.

Proof. By Theorem 3.3.1, M is [g#, g#]-integrable. Note that g is the image of g¥NKeryz
in g, = Ker,g/Im,g. Therefore DS,(M) is [g¥, g¥]-integrable, so DS, (M) is a Vi(g.)-
module by Theorem 3.3.1. 0

4. PRINCIPAL ADMISSIBLE VACUUM MODULES

In this section we define admissible weights for affine Lie superalgebras and prove The-
orem 4.4.2,

4.1. Affine Lie algebra case. Let  be a finite-dimensional simple Lie algebra; let
t = t{() be the corresponding affine Lie algebra with a Cartan subalgebra . We denote
by A, the set of real roots of t.

4.1.1. For a non-critical weight A € h* the set of A-integral real roots is defined as

2(A+p,a)
(o, )
For our purposes we consider only As where CA,.()\) = CA,.. In this case A,(A) is the

set of real roots of an affine Lie algebra algebra £ with the same Cartan algebra b and the
triangular decomposition induced by the triangular decomposition of t, i.e.

Are(A) ={a € A, € Z}.

Are(V)F 1= A () N AT

We denote by p,p the Weyl vectors of t,t respectively. The character of Ly(\) and the
character of the highest weight t-module L;(A+p—7p) are related by the following formula:

(13) Re? ch Ly(\) = Re? ch Ly(\ + p — P),

where R, R stand for the respective Weyl denominators (see [KT1],[KT2] and references
there).
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4.1.2. Admissible weights. A non-critical weight \ € h* is called admissible if CA,.()\) =
CA,e and Lg(A + p — p) is an integrable t-module.

If ) is admissible, then chLi(A + p — P) is given by the Weyl-Kac character formula and
ch L()\), suitably normalized, is a ratio of theta functions, which is a modular function,
see [KW1],[KW2]. The admissible weights were classified in [KW2]. An admissible weight
A (and a module L()\)) is called principal admissible if A,e(\) = A,., that is t = t; the
principal admissible weights were classified in [KW5].

4.1.3. Principal admissible levels. A level k is called principal admissible if kAg is prin-
cipal admissible.

It is easy to see that k is principal admissible if and only if
\'

k+hV=pzh , where p,u € Zsg,u >0 (p+h",u)=(u,r") =1,

where 7V is the lacity of t (see the definition below in 4.2.1).

4.1.4. The following Adamovié-Milas conjecture [AM] was proven by T. Arakawa in [A].
Theorem, Arakawa, 2014.

Let k£ be an admissible level for an affine Lie algebra t. The Vj(t)-modules in the
category O are completely reducible and the irreducible modules are Li()\), where X are
the principal admissible weights of level k.

4.2. ‘Admissibility for affine Lie superalgebras. Let g be a (non-twisted) affine Lie
superalgebra.

4.2.1. Lacity. Let § # D(2|1,a). We call @ € A (resp., a € A) a short root if |(a, )|
takes the smallest non-zero value. We define the lacity for g and for g as
v _ 2
(a, )’
where a is a short root. Observe that the lacities for A and for A are equal. Moreover,
this lacity is equal to the lacity of g# if g # B(0|n); for g = B(0|n) one has r¥ = 4.

The set A,(\) was introduced in [GK]. As for Lie algebra case, we define the admissible
weights as follows.

4.2.2. Definitions. A non-critical weight A € h* is admissible if CA,.(\) = CA,. and
Lz(A + p — p) is an integrable g-module.

An admissible weight X is called principal admissible if Ape(A) = Ave.

We say that k is an admissible (resp., principal admissible ) level if kAq is admissible
(resp., principal admissible).
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By [GK], Thm. 11.2.3, ch L(kAy) is given by (13) if k is admissible.

4.3. Principal admissible levels. It is not hard to show that for § # D(2|1,a) the
level k is principal admissible if and only if

k+h' = , where p,u € Zso,u >0 (r'(p+h"),u) =1,

p+hY

u
where 7V is the lacity of g. Note that rV(p + AY) is integral: AV is integral for g #
B(m|n),m < n, and h¥ =n —m+ } for § = B(m|n),m < n.

Let k be a principal admissible level. Then A,.(g) = A + Zu$, where u is as above and
the formula (13) takes the form

(14) Re? ch Ly(kAo) = Re” ch Lz(pAo).
Note that A,.(g) N A+ vhas the base ¥ U {a}}, where
ap = (u—1)8 + ayp,

where £ = £ U {ap}.

Recall that for z € g such that A, is non-empty, g and DS, () have the same dual
Coxeter numbers. If, in addition, A, has rank more than one, then § and DS,(g) have
the same lacity rV, so the principal admissible levels for g and DS,(g) coincide. If A,
has rank one, then the lacity of g is 1 for A(n & 1|n) and 2 for other cases, whereas the
lacity of DS, (g) is 1; hence each principal admissible levels for g is principle admissible
for DS,(g).

4.4. Vacuum modules for principal admissible levels. Retain notation of § 4.3.

4.4.1. Take z € § satisfying (1) such that z has a maximal rank, i.e.
t := DS, (g)

has zero defect. We denote by I;(k) the maximal proper submodule of Vacf. Let k be an
admissible level for t. The vacuum module Vacf has a singular vector of weight r).kAo,
where

/ * —
T = Tay € w.

From [F] it follows that in the case when t is a simple Lie algebra, this singular vector
generates [;(k).
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4.4.2. Theorem. Let g # B(n+ 1|n) be a finite-dimensional Kac-Moody algebra and
let k be a principal admissible level. Let x € gy be of the mazimal rank.

Assume that t := g, satisfies the following: t is simple,

(A1) I(k) is generated by a singular vector of weight r§.kAo;

(A2) any irreducible Vi, (t)-module in the category O is principal admissible.
Then

(1) DSz (L(kAo) = Ly, (kAo) as gz-modules;

(%) DS, (Vi(g)) = Vi(g:) as vertez algebras;

(i3) for any Vi(g)-module N, DS,(N) is a Vi(g,)-module;

(iv) if N is a Vi(g)-module in O, then DS,(N) is either zero or the direct sum of
principal admissible modules of level k.

4.5. Proof of Theorem 4.4.2. Note that g # A(m|n), B(m|n), D(m|n) with m =
n,n+1 and D(n+2|n). Using Remark 2.1.2, we assume for that S, % satisfies (P1), (P2),
(P3) of § 5, i.e.

scs, (5,6 =0, |6|P=2,
where 6 is the maximal root in A*(%), and (20) holds.
In particular, ap := & — 6 is the affine root for g and for t.
Since L(kA,) is g-integrable, we can (and will) assume that supp(z) = S.

We fix the Z,-grading on Vac* and all its subquotients by letting the highest weight
vector to be even. For a Z,-graded space E we write dim E = (a|b) if dim F5 = a,dim By =
b. Retain notation of § 4.3.

4.5.1. Denote by I(k) the maximal submodule of Vac* and by I3(p) the maximal sub-
module of the vacuum g-module Vac;i. One has

Re*MochI(k) = Re™*(chVac® — chL(kAo)) = R — Re~*°chL(kAy),
where R,. R, R are the Weyl denominators for A+, A+ A" respectively; recall that A C A,
so R=R.
From (14) we have Re~*4chL(kAo) = Re~PAochLz(pA,). This gives
(15) Re*ochI(k) = R — ﬁe"”mcth(pKo) = -Re”’x"chlg(p).
By § 2.1, Iz(p) is generated by a singular vector v’ of the weight
p = phAo — (p+ 1)ag.
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Now the formula (15) can be rewritten as
(16) Re"0*hoch (k) = Re *chly(p)
since kAo + p — pAo = kAg — (p + 1)y = 7h.(kAy).

Recall that v/ = ff¥1|0), where fo € g_aj- For any B € S we have (o),8) = 0, so
[9-az, 9+s] = 0. Therefore g.gv' = 0 and so

(17) dim Iz(pAo), = (1]0), Iz(pAo)u—y =0 for y € ZS \ {0}.

4.5.2. Set
R:={ Z a,e”’| a, € C}, Ps( Z a,e””) = E a,e”’.

VEZ>oZ VEZ 3oL VE€Z>0S

Clearly, R has a ring structure; this ring does not have zero divisors. Note that Pg is
a ring homomorphism (since S C ¥) and P2 = Ps.

The ring R contains R, R, R, R, R ' and
Ps(R) = Ps(R) = Ps(R).

Since Iz(p) is generated by a singular vector of weight 4, one has e”#chlg(p) € R.
By (17), Ps(e *chgl(p)) = 1. Using (16) we get

(18) e~ TokochI(k) € R, Ps(e”"o*MochI(k)) =1,

By (18), r¢.kAq is the highest weight of I(k) and dim I(k)sy ks, = 1. Thus I(k); ka, is
spanned by an even singular vector. By (18), this vector has non-zero image in DS, (I(k))
DS (I(k))rs ko is spanned by this image.

We conclude that DS;(I(k))r; ks, is spanned by an even singular vector, which we
denote by vq.

4.5.3. Recall that DS, (Vac*) = Vacf. Consider the short exact sequence
0— I(k) = Vac* = Vacy, — 0
and the corresponding long exact sequence
0= E = DS,(I(k)) & Vact % DS, (Vac) — I(E) — 0.

By (A1), Ii(k) is generated by a singular vector v of weight ry.kAo. Since v, vg are
singular, ¢(vp) is proportional to vg. There are two possibilities: either ¢(vp) = v (up to
a non-zero scalar) or ¢(vp) = 0.
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Assume that ¢(vo) = 0. Since vo spans DS;(I(k)),; ka, One has vy ¢ Im¢ = Kery.
Since vy € Ker¢ one has
(19) dim Er(’,.kAo = dim DSz(I(k)),.é,kAo = (1|0)
Since vy € Kery, the t-module DS,(Vac,) has an even indecomposable subquotient of
length two with the socle Ly(rg.kAo) and the cosocle L¢(kAo). Since Vacy, = L(kAo) is self-
dual, DS, (Vacy) is also self-dual (see § 1.4); thus DS, (Vac;) has an even indecomposable
subquotient of length two with the cosocle Li(r).kAo) and the socle Li(kAo). Since I¢(k)
is generated by a singular vector of weight ).kAo, one has [Vacf : L(rh.kAo)] = 1, so
Ima does not have such subquotient. Then II(E) has an even subquotient Li(r§.kAo),
which contradicts to (19).

We conclude that ¢(vg) = vj up to a non-zero scalar. Denote by a a preimage of vg
in I(k) C Vack. Let N be a Vi(g)-module and DS,(N) # 0. Since Vacy = Vac*/I(k),
§ 3.1.1 gives Y(a, z)N = 0, so Y (vo, 2) DS;(N) = 0. Since Vacix = VacF/I(k) with I(k)
generated by v}, § 3.1.1 implies that DS, (N) is a Vi(t)-module. This establishes (iii).

Let ‘us prove that DS, (Vacy) = Li(kAo). Clearly, [DS;(Vack) : Li(kAo)] = 1. Let
L¢(\") be a subquotient of DS,(Vack) and X’ # kAo. By (iii) and (A2), " is a t-
admissible weight. One has X" = kAo — (v|ys) for some v € (Z5oZ N S*). Recall that
(S, %) satisfies (20), so vy, € ZZg, which contradicts to Lemma 4.7. This gives (i); (ii)
follows from Theorem 3.4.1 (ii). a

4.6. Corollary. Let g is one of the following algebras: A(m|n),C(n); B(m|n),m >
n+2; D(m|n),m #n+1,n+2, B(n|n), F(4) or G(2). Take x € g7 such that supp(z) is
mazimal. Let k be an admissible level. Then

(z) DS (L(kAo) = Ly, (kAo) as gz-modules;
(i) DS, (Vi(g)) = Vi(g:) as vertez algebras;
(%) for any Vi(g)-module N, DS,(N) is a Vi(g:)-module;

(i) if N is a Vi(g)-module in O, then DS,(N) is either zero or the direct sum of
principal modules of level k.

Proof. For g, # 0, the assumption (Al) of Theorem 4.4.2 follows from [F] and the as-
sumption (A2) follows from Theorem 4.1.4. This gives (i)—(iii) for g, # 0; (iv) follows
from (iii) and Theorem 4.1.4.

If g, = 0, then (i) is a particular case of Theorem 2.2 (i); moreover, (ii)-(iv) follow from
(0)-
4.7. The following lemma was used in the proof.

Lemma. Let t has zero defect and let k be a principal admissible level. If A is an
admissible weight such that kAg — \ € ZX, then X = kA,.
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Proof. Since kAg — A € ZX one has A,(A) = Aye(kAo). Set
1
Ni=X+(@+hr)1- E)A"‘

One readily sees that )\ is a dominant weight of level p. One has pAg— X = kAg— )\ € ZL.
Since )\’ is dominant,

0 < (Ag,pAo = X) = —(X,Ao) and 0 < (pAo — X, X) = p(Ao, X') — (X, X).

Therefore (X, X') = (Ao, A’) = 0. Since pAg — X = kAo — A € ZX, we obtain kAg — A =0
as required. O

5. APPENDIX

We fix the standard triangular decomposition in A5 and consider the bases ¥ which
are corqpatible with this decomposition. For each base ¥ denote by 65, the maximal root
of A+(X).

Let S be the set of maximal isotropic subsets of A7. Consider the action of the Weyl

group W on 8. For each orbit it is not hard to give an example of a pair (S, E) such that
S is a representative of this orbit and

(P1) SC3;
(P2) 6, € A* and (8, S) = 0 for g # A(m|n), B(m|n), D(m|n) with m = n,n + 1;
(P3) if g # D(n + 1,n), D(n + 2|n), then the following inclusion holds

(20) (Q>0Z N S*) C (QS +QxoZs),

where & = {6 — 63} UX is a base for A = A®),

For instance, for B(m,n), D(m,n),n > m one has A# = C,. Wetake S := {&;—6;11}7,
and
S i={61 —€1,61 — 02, ,Em — Oms1, Oms1 — Oma2, - - -, One1 — On, @65},
where a = 1 for B(m|n) and a = 2 for D(m|n). One has § = 26;, so (P1), (P2) are
satisfied. One has ]
Ys= {51 ~Om42y .- ,Jn—l - 6m aén};
of type B(0|n — m) for B(m|n) and C,_,, for D(m|n); it is easy to see that (20) holds.
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