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Abstract. This paper is concerned with the weak solvability for fully nonlinear parabolic
variational inequalities with time dependent convex constraints. As a possible approach
to such problems, there is for instance the fixed point method of the Schauder type with
appropriate compactness theorems. However, there has not been prepared any compact-
ness theorem up to date that enables us the application of the fixed point method to
variational inequalities of prabolic type. We have to start establishing a new compactness
theorem for a wide class of prabolic variational inequalities.

1. Introduction

We consider a variational problem of quasi-linear parabolic type:

/Q{ul,t(ul —&1) + ug(ug — &) }dadt
+ / {ar(z,t,u)Vuy - V(ur — &) + ag(z,t,u) Vg - V(uy — &) }dadt (1.1)
Q

< / (fulus — &) + folus — &)}dedt,
Q

VE = [61.6) € L2(0,T; HA(Q) x HA(Q)) with £(t) € K (¢) ae. t € [0,T], (1.2)
w(z,0) =up(z) nQ, u=0o0nXx, (1.3)

where  is a bounded domain in RY, Q := Q x (0,T), 0 < T < 0o, I' := 00, ¥ :=
I'x (0,T), u := [u1,us] and the diffusion coefficients a;(z,t,u), i = 1,2, are strictly
positive, bounded and continuous in (z,¢,u) € @ x R? as well as a constraint set K (t) is
convex and closed in Hg(Q) x Hj () satisfying some smoothness assumption in ¢ € [0, T).



Functions f := [f1, f2] and ug are prescribed in L*(Q) x L*(Q) and K (0), respectively, as
the data. Our claim is to construct a solution u of (1.1)-(1.3) in a weak sense such that

e O([0,T); LA(Q) x L2(Q)) N L*(0,T; HY(Q) x HLQ)), ult) € K(t), ae. t € [0,T].

In the case without constraint, namely K (t) = H3(Q) x H}(S), our problem is the
usual initial-boundary value problem for parabolic quasi-linear system of PDEs:

N
3] 0 .
U'Lt_ E axk (al(x7t’u)az;) =f1($,t) m Q’
k=1

N
0 0 .
Ugy — Z a—xk (az(x, t; U)E:-;—) = fo(z,t) in Q.
k=1

For the solvability a huge number of results have been established (cf. [1, 19]), for instance,

the Leray-Schauder principle together with some compactness theorems, such as [2, 22].
In connection with quasi-linear variational inequalities, the concept of nonlinear mono-

tone mappings was generalized to several classes of nonlinear mappings of monotone type,

133

for instance, semimonotone [20], pseudomonotone [3, 8, 14], and furthermore L—pseudomonotone

mappings [4]. Especially the last class is available for parabolic variational inequalities and
its simplified form is mentioned as follows: Given a linear maximal monotone mapping
L from D(L) in a reflexive Banach space X into its dual space X* and a single-valued
bounded mapping A : D(A) = X — X*, we say that A is L-pseudomonotome, if the
following statement holds: ’

if w, — w weakly in X, 3¢} € Lw, such that liminf, o |€}|x+ < o0,
Aw, — h weakly in X* and lim, oo (Awn, w,) < (h,w), then Aw = h.

Under some coerciveness assumption, it was proved in [5] that the range of L + A is the
whole of X*. In this theory the linearity of L is crucial and it seems difficult to remove it.
In a typical application of this theory to parabolic problems the linear maximal monotone
L is the time-derivative 4.
Our model problem (1.1)-(1.3) is formally written in the space L?(0,T;H~'(Q) x
H71(Q)) as
f € Lu+ A(u,u), u(0) = u,

by taking as L the mapping L := 4 +0Ixw () : D(L) C X := L?(0,T; H} () x H}(Q)) —
X*=L*0,T; H () x H™}(Q)) and as A the mapping A(v,u) : D(A) = X — X* given
by

(A(v, u), [€, ] xox = /Q {02, 0) Vg = VB~ 2,0 Vit - Vi sl

for u := [Ul,U2], V= [7}1;1)2]’ E = [51362] € X’

where (-, -) x+ x stands for the duality between X* and X. We see that L is maximal mono-
tone from D(L) C X into X*, but L is nonlinear in general. Since 1970, it remains for
us to set up an abstract approach to such a quasi-linear parabolic variational inequality
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as our model problem. In this paper we establish a new approach to parabolic varia-
tional inequalities with time-dependent constraints { K (¢)}, based on a new compactness
theorem derived from the total variation estimates for solutions of parabolic variational
inequalities (cf. [13]).

There is a different approach to nonlinear variational inequalities of parabolic type
with time-independent convex constraint in [1] in which the time-discretization method
was employed and a compactness theorem was estsblished to ensure the strong convergence
of time-discretized approximation schemes in time. This idea seems available to the case
of time-dependent convex constraints.

2. Time-dependent convex sets

Throughout this paper, let H be a Hilbert space and V be a strictly convex reflexive
Banach space such that V is dense in H and the injection from V into H is continuous.
In this case, by identifying A with its dual space, we have:

V € H CV* with continuous embeddings.

For simplicity, we assume that the dual space V* is strictly convex. Therefore the duality
mapping F from V into V* associated with gauge function r — |r|P~! is singlevalued and
demicontinuous from V into V*, where p is a fixed number with 1 < p < co.

For the sake of simplicity for notation, we write (-,-) for (-, )y« v

Let K := {K(t)}+cjo,r] be a family of non-empty, closed and convex sets in V' such that
there are functions o € W2(0,T) and 8 € W11(0,T) satisfying the following property:
for any s,t € [0,7] and any z € K(s) there is Z € K (t) such that

2= 2lu < loft) — a1+ [2l), 12 — |26 < 1B - BEIL+12F). (1)
We denote by ®(«, 8) the set of all such families K := {K(¢)}, and put
Og = U ®(a, B).

aeWL2(0,T), BEWL1(0,T)

We call ®g the strong class of time-dependent convex sets.

Given K := {K(t)} € g, we consider the following time-dependent convex function
1
#i(2) = el + Ik (2),

where I (y(-) is the indicator function of K (t) on H. For each t € [0, T}, ¢%(-) is proper,
Ls.c. and strictly convex on H and on V. By the general theory on nonlinear evolution
equations generated by time-dependent subdifferentials, condition (2.1) is sufficient in
order that for any uo € K (0) (the closure of K(0) in H) and f € L?(0,T; H) the Cauchy
problem with real parameter A € (0, 1]

u/(t) + Mg (u(t)) 3 f(t), u(0)=uo, in H,
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admits a unique solution u such that v € C([0,T]; H) N LP(0,T;V) with u(0) = wuy,
t20/ € L*0,T;H) and t — tgh(u(t)) is bounded on (0,T], where ' denotes the
subdifferential of ¢% in H. In particular, if ug € K(0), then v/ € L*(0,T;H) and
t — ¢l (u(t)) is absolutely continuous on [0, 7).

Next, we introduce a weak class of time-dependent convex sets. Let Rq be a bounded,
linear and self-adjoint operator in H as well as bounded and linear in V, and let oy be
a function in W' (0,T; H) N C([0,T); V), zl) + z% = 1. Then there exists an increasing
continuous function cy(e) of € € (0,1] such that

|z 4+ eRoz + eao(t)y, < |25 + co(€){1 + |25 + oo (t) % },

V¢ € [0,T], Vz €V, Ve € (0,1];

in fact, for instance, we can take co(e) = 12p(||Rol| + || Rol|” + 1)&, where ||Ro|| denotes
the operator norm of Ry in the space of all bounded linaer operators from V into itself.

Definition 2.1 (cf. [12]) Let Ry and oy be as above. Then we define a class ®y :=
Dy (Ro,00) by: {K(t)} € ®w if and only if K(¢) is a closed and convex set in V for
all t € [0,T] and there exists a sequence {K, := {K,(t)}}nen C @5 such that for any
e € (0,&o] there is a positive integer N, satisfying

(I + eRo)Kn(t) + e0o(t) C K(t), (I+eRo)K(t) +eoo(t) C Kn(?),

Vt€[0,T], ¥n> N..

In this case, it is said that {K,(t)} converges to {K(t)} as n — oo, which is denoted by
“K,(t) = K(t)” on [0,T] in this paper.

It is easy to see that @y is strictly larger than ®g, in general. Now, given {K(¢)} €
Py, we put
K :={v e LP0,T;V) | v(t) € K(t) for a.e. t € [0,T]}
and
Ko:={nek|n eLr(0,T;V*"}

Next, we introduce the time-derivative with constraint K (t) and initial datum uy € K(0).

Definition 2.2. Let {K ()} € ®w and uy € K(0).
whose graph G(L,,) is given in LP(0,T;V) x L¥ (0, T;V
follows: [u, f] € G(Ly,) if and only if

Then we define an operator L,,
D gty =1(1<p<o0) as
feIl”(0,T;V*), uek

and

T
1
/ (o — fru—n)dt < Lo — (O, Vi € Ko.
1]
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The most important property of L, is given in the next theorem.
Theorem 2.1. Let {K(t)} € ®w and ug € K(0). Then Ly, is mazimal monotone from
D(Ly,) C LP(0,T;V) into L¥ (0,T;V*), and the domain D(L,,) is included in the set
{ue C(0,T); H)NK | u(0) = uo}.

In the proof of Theorem 2.1 we observe the following characterization of L,,: f €
Ly,u if and only if u € K N C([0,T); H) with u(0) = w, f € L¥'(0,T;V*) and there
exist sequences {K, = {K,(t)}} C ®s, {u,} and {f,} such that u, € K, := {v €
LP(0,T;V) | v(t) € Ky(t) for a.e. t € [0,T]}, u, € LP (0, T;V*) (hence u, € C([0,T]; H)),
fn € LP(0,T;V*) and

K, (t) = K(t) on [0,T7,

un, — w in C([0,T); H) and weakly in LP(0,T;V),

T
/ <u;z — fryun —0)dt <0, Yv € Ky, Vn,
0

T T
fa — f weakly in LF'(0,T;V*), limsup / (fr, tn)dt < / (f, u)dt.
0 0

n—00

Summarizing the structure of operator L,,, we have the following theorem.

Theorem 2.2. Let {K(t)} € ®y. Then we have:

(a) Let ug € K(0) and f € Lyyu. Then, for any s, t € [0,T] with s <t,

[0 = gy ndr 4 310 008, < 3lute) =) ¥ Ko

(b) Let uyp € K(0), and f; € Ly, u; for i =1,2. Then, for any s, t € [0,T] with s < t,
1 2 1 2 '
lu(®) —wa@)ly < Sluls) —wa(s)g + [ (fi = foyu1 — uz)dr.

Remark 2.1. In Hilbert spaces similar operators to L,, we considered in the time-
independent case K = K(t) (cf. [6]) and it was generalized to the time-dependent case
K(t) (cf. [17]). In the Banach space set-up (cf. [16]), the similar results were discussed,
too.

Remark 2.2. Theorem 2.1 gives a generalization of the results of [16, 17] in a class of
weak variational inequalities. Morover it is expected to compose L,,, for various constraint
set K (t) in a much wider class @y than in this paper, for instance the class in [18].

3. A compactness theorem
In this section, let V, H and V* be the same as in the previous section. In order to
avoid some irrelevant abstract arguments we suppose that H, V and V* are separable.



Also we assume that V' is compactly embedded in H and introduce another separable and
reflexive Banach space W such that W is a dense subspace of V embedded continuously
in V. Hence the injection from W into H is compact. We denote by Cj an embedding
constant from W into V' and H, namely

|zlv < Cwlzlw, |2|lp < Cwlzlw, VzeW. (3.1)

For any function w : [0,7] — W*, we denote the total variation of w by Vary(w),
which is defined by

T
Vary«(w) := sup / (w,n'yw+ wdt.
n € G3(0,T; W), ~°
[nlzeo 0wy < 1

We refer to [7] or [10] for the fundamental properties of total variation functions.

Theorem 3.1. Let {K(t)} € ®w, ug € K(0) and assume that there is a positive number
K such that
kBw(0) C K(t), Vte[0,T], (3.2)

where By (0) := {w € W | |w|lw < 1}. Let My be any positive number. Then

[u|zeo,rv) < Mo, 3f € Ly,u such that
¢ (3.3)
SUP¢eo,1] fg <f7 U>d7” < My, IfILl(O,T;W*) < My

is relatively compact in LP(0,T; H).

Z(Mp) = {u € D(Ly,)

We begin with the following lemma that is crucial for the proof of Theorem 3.1.

Lemma 3.1. Let {K(t)} € ®w, uo € K(0) and assume (8.2) holds. Further let My

be any positive number. Then there exists a positive constant C* = C*(k, My, |uo|g),
depending only on &, My and |up|g, such that
luloo,may < C*, Varws(u) < C*, (34)

for allu € Z(My).
Proof. Let u be any element in Z(My), and take a function f € L, u such that

i
sup / (f,uydr < Mo, |flzrorwe) < Mo. (3.5)
te[0,7]1 Jo

By (a) of Theorem 2.2, we have
1 E 1
100 = 1O + [ = fru=mir < Suo = 0O, ne Ko, e DT (30
0
Now, note that 0 € Ky by (3.2). Take n = 0 in (3.6) to get

1 ¢ 1
31O < [ (fuddr+ Jluolh, Ve [,71.
0
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Hence it follows from (3.5) that

1
lu(@®)|a < {luold +2Mo}? < |uola + /2My, ¥t € [0,T). (3.7)

Next, let n be any function in C§(0,T; W) satisfying |n|rerw) > 0 and put 7(t) :=
") ___ Then, by (3.2), £k € Ky, so that it follows from (3.6) that

[l oo 0,7;w)

T
= - 1
[ it = g0 sids < Sl
0

whence

/0T<u,ﬁ/)dt| < I/OTU, ﬁ)dt, + % /OT(f, u)dt + iluoﬁf

Hence,

T T
" s 1 1
’/ <U, U')dtl < 1f|L1(o,T;W*) 7]|L°°(0,T;W) + —/ (f, U>d7' + —|Uo|§1
0 K 0 2&

It is easy to obtain from the above inequality that

T 1 1
/0 (u, U')dt’ < (Mo + EMO o %luoﬁq) 7] Lo (0,75

for all n € C3(0,T; W). This shows that

1 1
Varyy« (u) < My + EMO + ﬁl’dol%{

By this inequality and (3.7), we obtain (3.4) with C* := |ug|y + v2My + My + 2 Mo +
& ol 0
2k 1 “0lH"

Lemma 3.2. Let M; be any positive number and let {u,} be any sequence of functions
from [0,T] into W* such that u, € LP(0,T; V)N L>(0,T; H)

lun|r vy < M1, |un|reo@rmy < My, Varws(u,) < My, n=1,2,---. (3.8)

Then there are a subsequence {u,,} of {u,} and a function u € LP(0,T;V)NL>(0,T; H)
such that uy, (t) = u(t) weakly in H for every ¢t € [0,T] as k — co. Hence u,, (t) — u(t)
in W* for every t € [0,T] and un, — u in L9(0,T; W*) for every q € [1,00) as k.— 0o.
Proof. Since W is separable, there is a countable dense subset Wy in W. Now, we
consider a sequence of real valued functions A,(t,&) := (un(t),&)n (= (Un(t),E)w+w) on
[0,T] for each £ € Wy. Then we note from (3.8) that the total variation of A,(t,&) is
bounded by M;|{|w. Hence from the Helly selection theorem (cf. [10 ; Section 5.2.3])
it follows that there is a subsequence {n;}, depending on { € Wy, such that A, (¢,&)
converges to a function Ag(t,£) pointwise on [0,77] and its total variation is not larger
than M |¢|w.



Since Wy is countable in W, by using extensively the above Helly selection theorem we
can extract a subsequence, denoted by the same notation as {n;} again, and a function
Ao(t,€) on [0,T] x Wy such that

An, (t,€) = Ao(t,€) as k — 00, Vit € [0,T], V¢ € W, (3.9)

Furthermore, by ‘density, this convergence (3.9) can be extended to all £ € W. Also, the
functional A, (¢,&) is linear in £ and uniformly bounded by (3.1), i.e

1Ank(t7 €)| < M1|€|H < MlCWlé-lW, vt € [O’ T]a V§ ew.

This implies that Ag(t,¢) is linear and bounded in £ € W and |Ay(t,€)| < M;|¢|g for all
€W and t € [0,7]. As a consequence, by the Riesz representation theorem, there is a
function u : [0,T] — H with |u(t)|g < M for all ¢ € [0,T] such that

Ao(t,€) = (u(t),§)n, V€€ H, Vte0,T].

Now it is clear by (3.9) that un, (t) — u(t) weakly in H for t € [0,7] as k — oo. Finally,
by the compactness of the injection from H into W*, we see that w,, (t) — u(t) in W* for
t € [0,T] and hence u,, — w in L2(0,T; W*) for all ¢ € [1,00) as k — 0. O

Proof of Theorem 3.1. We first note from Lemma 3.1 and (3.3) that
Z(Mo) CX .= {U, I |U|LP(O,T;V) < My, |UILOO(O,T;H) < C, VarW*(u) < C*},

where M, and C* are the same constants as in Lemma 3.1. Therefore it is enough to prove
~ the compactness of X in LP(0,T’; H); note that X is closed and convex in LP(0,T;V).

Let {u,} be any sequence in the set X. Then, by Lemma 3.2, there is a subsequence
{un,} and a function v € L*(0,T; H) such that u,, (t) — u(t) weakly in H for every
t € [0,T] as k — oo. By the injection compactness from H into W* we have that

Up, = u in LP(0,T; W) as k — oo. (3.10)
and that IUnleP(O,T;V) < M, and |u|Lp(0,T;V) < M,.

Here we recall the Aubin lemma [3] (or [25; Lemma 5.1]): for each § > 0 there is a
positive constant Cs such that

2|5 < 8|z}, + Cslzlfy., Vze V.

By making use of this inequality for z = uy, (t) — u(t), we get

/|unk - Erdt < 6(2Mo)P +Ca/ |utmy () — () [yt

On account of (3.10), letting k£ — oo gives that

lim sup |up, — u|’2p(0’T;H) < §(2Mo)P.

k—o0
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Since ¢ > 0 is arbitrary, we conclude that u,, — v in L*(0,T; H). O

Remark 3.1. In the case of K(¢t) = W for all t € [0,T], f € Ly,u implies that v’ = f €
L (0,T; W*). Therefore, Theorem 3.1 says that the set

{u | [ulzrrivy < Mo, |UIILP'(O,T;W*) < Mo}

is relatively compact in LP(0,T; H) for each finite positive constant My. This is nothing
but a typical case of the Aubin compactness theorem [2]. Also, see [21] for various
applications.

Remark 3.2. A compactness result of the Aubin type was extended in [15] to the case
when {K (t)} € &5 and K(t) is a closed linear subspace of V for any t € [0,T]. We refer
to [9] for a further generalization to the Dubinskii’s type, too.

4. Perturbations of semimonotone type

We assume that H, V and W be the same as in the previous section; V is dense in H
with compact injection and W is dense in V' with continuous injection.
Let A(t,v,u) be a singlevalued mapping from [0, T] x H x V into V*, and assume that:

(a) (Boundedness) There are positive constants ¢, co such that

|A(t, v, u)|v+ < cr|ull ! + ¢y, Yo € H, Yu €V, Vt€[0,T].

(b) (Coerciveness) There are positive constants cz, ¢4 such that

(A(t,v,uw),u) > cslulf —cs, Yve€ H, YueV, Vte|0,T].

(c) (Semimonotonicity) For each v € H and t € [0,T], the mapping u — A(t,v,u) is
demicontinuous from D(A(¢,v,-)) =V into V* and monotone, namely

<A(t,’U,U1) - A(t)vaUZ)aul - U2) Z 0) Vul) Uy € Vvv

Moreover, for each u € V the mapping (¢,v) — A(¢,v,u) is continuous from [0, T x
H into V*.

We have the following perturbation result of L,,.

Theorem 4.1. Let A := A(v,u) be an operator from LP(0,T;V) into L' (0,T;V*) given

b
! [AC, M](t) == A(t,v(t),u(t), Vv, ue€ LP(0,T;V).

Let {K(t)} € ®w and ug € K(0). Then, for any f € LP(0,T;V*) there exists a function
u € D(Ly,) such that
f € Lyyu+ A(u,u).
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The precise proof is refrred to [13].

(Application to the model problem (1.1)-(1.3))
We use our abstract theorems in the set-up

H:=L*Q) x L*(Q), V := Hy(Q) x H}(Q), W := W x Wy, N < q < co.

Hence V* = H™Y(Q) x H'(Q), VC H C V* C W* and W C C(Q) x C(Q). Let
¥ = 9(z, t) be an obstacle function prescribed in C(Q) so that ¢ > ¢, on @ for a positive
constant ¢y, and define a constraint set K (t) by

K@) ={l&n eV [l +Inl <y(,t) ae. in Q}, Vt€[0,T].

In case 9 is in C(Q), it is known (cf. [12] or [18]) that {K ()} belongs to the weak class
®yy. Therefore, on account of Theorem 2.1, the maximal monotone mapping L, is well

defined for any given ug := [u10, uz] € K(0). Since any function of By (0) is uniformly
bounded in C(Q2) x C(Q), it is easy to see that

kBw(0) C K(t), Vte[0,T]

for a certain positive constant k(< cy), namely condition (3.2) is satisfied. Also, we define
a nonlinear mapping A(t,v,u) : [0,7] x H X V — V* by

(A(t7 v, U),§> = /{al(xat) U)Vul : Vé.l =+ aZ(‘/L'a t,’l})VUQ : véQ}dx»
Q
v:i=[v,v9] € H, u:=[u,uz) €V, E=[61,&] €V, t €[0,T],
where a;(z,t,v) and ay(z,t,v) are continuous functions on Q x [0, 7] x R? and
e < ai(z,t,v) < ¢, Y(z,t,v) € QA x[0,T] xR?, i=1,2,

for positive constants c,, ¢*. Under the above assumptions, we easily check the conditions
(a), (b) and (c). Accordingly we can apply Theorems 4.1 to solve our model problem for

given data ug := [uo1, up2] € K(0) and f = [f1, fo] € L?(0,T;V*) in the form
f € Lyyu+ A(u,u).
This functional inclusion is written in the following weak variational form:

u = [uy,us] € KN C([0, TT; H), u(0) = uo;
‘/Q{&J(UI — &) + &ai(ug — &) }dxdt
+ / {a1(, £, W) Vs - V(us — &) + a2, b, w) Vg - V(g — &) }dods
Q

< [ 410m =60 + falva = )} + {0~ 6O + oo~ £0) o)
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10.

11.
12.

13.

14.

15.

VE = [¢,&) € KNWY2(0,T; H).
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