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ON SOME RESULTS OF HYPERGEOMETRIC BERNOULLI
NUMBERS AND POLYNOMIALS (PARTLY JOINT WORK
WITH TAKAO KOMATSU AND MIN-SOO KIM)

SU HU

ABSTRACT. In this note, we shall give a survey on our recent results
concerning hypergeometric Bernoulli numbers and polynomials, includ-
ing sums of products identity, differential equations, recurrence relation,
closed form and determinant expressions.

1. INTRODUCTION

The Bernoulli polynomials B, (x) are defined by the following generating
function

(1.1)

and B,, = B,(0) are named Bernoulli numbers. These numbers and polyno-
mials have a long history, which arise from Bernoulli’s calculations of power
sums in 1713, that is,

’Zn 771 _ Bn+1(m + 1) B Bn—H
’ n+1
7j=1

(see [41, p.5, (2.2)]). They have many applications in modern number theory,
such as modular forms [25] and Iwasawa theory [24]. A recent book by
Arakawa, Ibukiyama and Kaneko [1] give a nice introduction of Bernoulli
numbers and polynomials including their connections with zeta functions.

For r € N, in 1924, Nérlund [33] generalized (1.1) to give a definition of
higher order Bernoulli polynomials and numbers

to\T DR
(1.2) (6_ 1) et =;Bfl)(x)a.

We also have a similar expression of multiple power sums

m—1

Z (t+l1+"'+zn)k

U1y ln=0
in terms of higher order Bernoulli polynomials (see [28, Lemma 2.1]).
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For N € N, in 1967, Howard [15, 16] modified the generating function
of Bernoulli polynomials to define a new polynomial sequences By ,(x) as
follows

tN 1t/N|
1.
( 3) TN 1 ZBNn

where T_(t) is the Taylor polynomial of order N — 1 for the exponential
function. If N = 1, this reduces to the classical Bernoulli polynomials, that
in, By alz) = By{®).
Let (a), be the Pochhammer symbol
{Ma+Dn-m+n—1)(n2U
1

(@) = (n=0)"

The confluent hypergeometric function 1 F(a; b;t) is defined by

a
F t)
11ab ;}bnn'

(see [26, p. 2261]). Because the generating function f(t) = %ﬂ(ﬁ‘(t) can be
expressed as 1 F;(1; N + 1;t), that is,
tNezt/N! et = tn
1.4 = = B n —,
. et —Tn-1(t) 1Fi(L; N +151) Z N’ (a:)m

n=0

it is reasonable to name the polynomials By ,(z) hypergeometric Bernoulli
polynomials and the numbers By, = By,(0) hypergeometric Bernoulli
numbers .

2. RESULTS

In this section, we shall introduce our recent results with Takao Komatsu
and Min-Soo Kim on hypergeometric Bernoulli numbers and polynomials,
including sums of products identity, differential equations, recurrence rela-
tion, closed form and determinant expressions. All the proofs can be found
in several papers listed in the references.

The classical Bernoulli numbers and polynomials satisfy many interesting
identities. The most remarkable one is Euler’s sums of products identity

n

(2.1) Z (?) BB, i=-nB,_1—(n—1)B, (n>1).

=0

This identity has been generalized by many authors from different directions
(see [3, 8, 11, 27, 29, 37, 38]). In particular, Dilcher [11] provided explicit
expressions for sums of products for arbitrarily many Bernoulli numbers and
polynomials, and Hu and Kim [29] obtained the sums of products identity
for the Apostol-Bernoulli numbers by expressing them in terms of the special
values of multiple Hurwitz-Lerch zeta functions at non-positive integers.
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As the Bernoulli numbers and polynomials, the hypergeometric Bernoulli
numbers and polynomials also satisfy many interesting properties ([7, 10,
18, 19, 32, 34, 35, 36)).

In 2010, Kamano [26] proved the following result for sums of products of
hypergeometric Bernoulli numbers, which is a generalization of Euler’s and
Dilcher’s works (see [11]).

Theorem 2.1 (Kamano [26, p. 2262, Main Theorem]). Let N and r be
positive integers. For any integer n > r — 1, we have

n!
E ﬁBN,il v+ By,
TIRERE N

il,-.-,ir20
P s e
r—1
1 n
_ (N) e _ _ ) ] :
= ey ‘E_O A1+ N(r—1) —n)(-1) <i>Z!BN’"_“

where A,(«N)(z';s) € Q[s](0 < i < r —1) are polynomials defined by the
following recurrence relation:

AM0;5) =1

(2.2) _
AM (i; 5) = 2 1

AN ;s — NY+ AN (i — 1,5 — N +1).

=

Herer > 2 and AgN)(i;s) are defined to be zero fori < —1 and i > 7.

Recently, Hu and Kim [21] obtained the following sums of products of
hypergeometric Bernoulli numbers which generalized the above results.

Theorem 2.2 (Hu and Kim [21, Theorem 1.2]). Let N and r be positive
integers and let x = x1 + -+ - + x,. For any integer n > r — 1, we have

n!
Z F—‘T-!BN,il (Il) -+ By, (xr)

11 yeenyir 20 e @ o ZT
i1+ tir=n
] &t n
— NY /i o o | |
N1 Z;Ar (Z,I,1+N(T 1) Tl)( 1) <i>Z!BN,n—1(.’L‘)’

where AgN)(i,a:; s) € Qlz,s](0 <i < r —1) are polynomials defined by the
recurrence relation:
(2.3)

AM(0,2;8) =1
s—1
r—1

z—(r—1)

AN (i, z;5) = .
T —

AN (G 235 — N) — AM G- 1,35 — N +1).

Here r > 2 and AgN)(z',a:;s) are defined to be zero fori1 < —1 and i > 1.
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For N,r € N, according to Norlund (1.2), we may also define the higher

order hypergeometric Bernoulli polynomials B! N, n( x) by the generating func-
tion

tV/N! ’zt_
Al <m>€ (F1(1N+1t Z

=0

oC

(see [21, (1.18)]). The higher order hypergeometric Bernoulli numbers are
defined by BY), = BY),(0) (see [26, 36]). When = 1, we obtain the hyper-

geometric Bernoulli polynomials By ,(z) = B(l) ' (z) and By, = B(1 ,(0) is
the hypergeometric Bernoulli numbers.

Using the properties of Appell polynomials [2, 40], Hu and Kim showed
that the higher order hypergeometric Bernoulli polynomials satisfy the fol-
lowing differential equation.

Theorem 2.3 (Hu and Kim [21, Theorem 1.5]). The higher order hyperge-
ometric Bernoulli polynomials B](f,",)n(a:) satisfy the differential equation
By Bnn-1 BN2 z

i, (n) n— (n-1) " s T . S —y=0.
WY Tmen? Tt VTN T Nm D VY
Hu and Kim also obtained a linear recurrence for higher order hyperge-

ometric Bernoulli polynomials which generalized the results of Lu [32] and
He-Ricei [17].

Theorem 2.4 (Hu and Kim [21, Theorem 1.8]). For n € N, the higher
order hypergeometric Bernoulli polynomials Bj(\;)n(a:) satisfy the recurrence

. r BN n—k+1 o
Bfualo) = (o - 7 ) B rNZ( ) ettt B0 (o)

The special case N = 1 gives the following statement.

Corollary 2.5 (Lu [32, Theorem 2.1]). Forn € N, the higher order Bernoulli
polynomials B\ (x) satisfy the recurrence

n—1
1 )
(r) _ - (7- n—k+1 (r)
Briq{z) (I 2r>B TEQ()?l—k-{—lB (@l

Let N =r =1 and replace n by n+1 in Theorem 2.4 to obtain the next
result.

Corollary 2.6 (He and Ricci [17, Theorem 2.2]). For n € N, the Bernoulli
polynomials B, (x) satisfy the recurrence

Bn(w)=(fﬁ—%) —%Z() B,_1Bul(a).

={)

Remark 2.7. The special case r = 1 gives some results presented in [34].
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Hu and Komatsu [23] further defined the higher order generalized hy-
pergeometric Bernoulli polynomials Bﬁ&) nn(T), that is,

ezt

B,
(Fy(M; M + N; 1)) =2_ Bitlwal

n=0

’I'l

(2.5)

When z = 0, By,) N = Bx,) ~.(0) are the higher order generalized hyperge-
ometric Bernoulli numbers. When M = 1, we have the higher order hyper-
geometric Bernoulli polynomials Bx’)n(:z:) = BYJ)\,n(a:) (see (2.4) above).

By using the Hasse-Teichmiiller derivatives, Hu and Komatsu [23] ob-
tained the following closed form expression of the higher order generalized
hypergeometric Bernoulli numbers B](\Z) - According to Wiki (also see Qi
and Chapman [39]), “In mathematics, a closed form is a mathematical ex-
pression that can be evaluated in a finite number of operations. It may con-
tain constants, variables, four arithmetic operations, and elementary func-
tions, but usually no limit.”

Theorem 2.8 (Hu and Komatsu [23, Theorem 1]). For M, N,n > 1, we
have

;)Nn—n'z ¥ > Dy(er)- Diler),

eq +»--+ek.:n
Pl,...,ekzl

(M) (M)

5 Di(e) . —
(2.6) (e) 1+Z+= (M + N)@gl (M + N)Gng, !
i RS0

Hu and Komatsu [23] also obtained a determinant expression of B](\f[) s

Theorem 2.9 (Hu and Komatsu [23, Theorem 2]). For M,N,n > 1, we
have

D,(1) 1
D.(2) D, (1)
By, =(=1)"n! :
D,(n—1) D,(n—2) D,(1) 1
D’I(n) Dr(n_l) Dr(2) Dr(]-)

where D, (e) are given in (2.6).

When r = 1, we have the following determinant of the generalized hy-
pergeometric Bernoulli numbers By n .
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Theorem 2.10 (Hu and Komatsu [23, Theorem 3]). For n > 1, we have

Buarng
(M) 1
(M+N)(1)
()@ an®
= (=1)"n! z : 1
(M)(n=1) (M)(n=2) o (M) 1
(n=D)(M+N)@=1  (n=2)(M+N)"-2) (M+N)@
()™ (M)=b @@ ()W
n!(M+N)™) (n=D(M+N)=1) "7 (M+N)D (M+N)D

Remark 2.11. In fact, Theorems 2.8, 2.9 and 2.10 above are stated in a
more general situation in Hu and Komatsu’s work [23], in fact, they are all
established for the related numbers of Appell polynomials (see [2, 6] for the
definitions of Appell polynomials (of higher order)).

Letting M = N = 1 in the above theorem, we obtain the following
classical determinant expression of Bernoulli numbers which was stated in
an article by Glaisher [12] in 1875:

!

L 1

I

3! 2!

(2.7) B,=(=1)"n!| : 1

7 =) g i
9 = 2
(n+1)! n! 3t 2!

Remark 2.12. Recently, applying the Hasse-Teichmiiller derivatives [13],
Komatsu and Yuan [30] also presented a determinant expression of the
higher order generalized hypergeometric Cauchy numbers (see [30, Theorem
4]). When r = M = N = 1, their formula recovers the classical determinant
expression of Cauchy numbers ¢, which was also stated in the article of
Glaisher [12, p.50]:

L 1
1
3 2
Cn=mnl| : 1
1 1 il
n n—1 2 1
e E 11
n+1 n 3 2

From the integral expression for the generating function of Bernoulli
polynomials, Qi and Chapman [39] got new closed form and determinant
expressions of Bernoulli polynomials, which reduces to another determinant
expression of Bernoulli numbers. In [22], by directly applying the generat-
ing functions instead of their integral expressions, Hu and Kim obtained
new closed form and determinant expressions of Apostol-Bernoulli polyno-
mials [4, 5, 31].

143



144

HYPERGEOMETRIC BERNOULLI POLYNOMIALS

3. ACKNOWLEDGEMENTS

The author is grateful to Professor Yasutsugu Fujita for his invitation

of the corresponding talk in “Analytic number theory and related areas” at
RIMS, Koyto University.

10.

L

12,

13.

14.

15.

16.

17

18.

19.

20.

2k

REFERENCES

. T. Arakawa, T. Ibukiyama, M. Kaneko, Bernoulli numbers and zeta functions. With
an appendiz by Don Zagier. Springer Monographs in Mathematics. Springer, Tokyo,
2014.

. P. Appell, Sur une classe de polynomials, Ann. Sci. Eco. Norm. Sup. (2) 9 (1880)

119-144.

T. Agoh and K. Dilcher, Convolution identities and lacunary recurrences for

Bernoulli numbers, J. Number Theory 124 (2007), 105-122.

T.M. Apostol, On the Lerch zeta function, Pac. J. Math. 1 (1951), 161-167.

T.M. Apostol, Addendum to “On the Lerch zeta function” . Pac. J. Math. 2 (1952),

10.

. F. Bencherif, B. Benzaghou, S. Zerroukhat, Une identité pour des polynémes d’Appell,
C. R. Math. Acad. Sci. Paris 355 (2017), 1201-1204.

. A. Byrnes, L. Jiu, V.H. Moll and C. Vignat, Recursion rules for the hypergeometric
zeta function, Int. J. Number Theory, 10 (2014), 1761-1782.

. K.-W. Chen, Sums of products of generalized Bernoulli polynomials, Pac. J. Math.
208 (2003) (1), 39-52.

. G. Dattoli, H.M. Srivastava and K. Zhukovsky, Orthogonality properties of the Her-

mite and related polynomials, J. Comput. Appl. Math. 182 (2005), no. 1, 165-172.

K. Dilcher, Bernoulli numbers and confluent hypergeometric functions, Number The-

ory for the Millennium, I (Urbana, IL, 2000), 343-363, A K Peters, Natick, MA, 2002.

K. Dilcher, Sums of products of Bernoulli numbers, J. Number Theory 60 (1996),

23-41.

s W. Js. Glaisher, Expressions for Laplace’s coefficients,
Bernoullian and FEulerian numbers etc. as determinants, Mes-
senger (2) 6 (1875), 49-63. https://www.deutsche-digitale-

bibliothek.de/item/S4VML72SWQQZ3U5CNG66KNUXZG3RW6VI?lang=de

R. Gottfert, H. Niederreiter, Hasse-Teichmiiller derivatives and products of linear
recurring sequences, Finite Fields: Theory, Applications, and Algorithms (Las Vegas,
NV, 1993), Contemporary Mathematics, vol. 168, American Mathematical Society,
Providence, RI, 1994, pp.117-125.

H. Hasse, Theorie der héheren Differentiale in einem algebraischen Funktionenkérper
mit Vollkommenem Konstantenkorper bei beliebiger Charakteristik, J. Reine Angew.
Math. 175 (1936), 50-54.

F.T. Howard, A sequence of numbers related to the exponential function, Duke Math.
J. 34 (1967), 599-615.

F.T. Howard, Some sequences of rational numbers related to the exponential function,
Duke Math. J. 34 (1967), 701-716.

M.X. He and P.E. Ricci, Differential equation of Appell polynomials via the factor-
ization method, J. Comput. Appl. Math. 139 (2002) 231-237.

A. Hassen and H.D. Nguyen, Hypergeometric Bernoulli polynomials and Appell se-
quences, Int. J. Number Theory 4 (2008), 767-774.

A. Hassen and H.D. Nguyen, Hypergeometric zeta functions, Int. J. Number Theory
6 (2010), 99-126.

A. Hassen and H.D. Nguyen, Moments of Hypergeometric Zeta Functions, J. Algebra,
Number Theory: Advances and Applications 7 (2012), No. 2, pp. 109-129.

S. Hu and M.-S. Kim, On hypergeometric Bernoulli numbers and polynomials, Acta
Math. Hungar. 154 (2018), 134-146.



22

23.

24.

25.

26.

LT

28.

29.

30.

31

32.

33.
34.

35.

36.

37.

38.

39.

40.

41.

42.

SU HU

. S. Hu and M.-S. Kim, Two closed forms for the Apostol-Bernoulli polynomials,
Ramanujan J., in press, 2018, https://link.springer.com/article/10.1007/s11139-017-
9907-4.

S. Hu and T. Komatsu, On the determinant expression for the related numbers of
higher order Appell polynomials, preprint, 2018.

K. Iwasawa, Lectures on p-adic L-functions. Annals of Mathematics Studies, No. 74.
Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1972.
N. Kurokawa, M. Kurihara, T. Saito, Number theory. 3. Iwasawa theory and modular
forms. Translated from the Japanese by Masato Kuwata. Translations of Mathemati-
cal Monographs, 242. Iwanami Series in Modern Mathematics. American Mathemat-
ical Society, Providence, RI, 2012.

K. Kamano, Sums of products of hypergeometric Bernoulli numbers, J. Number The-
ory 130 (2010), 2259-2271.

M.-S. Kim, A note on sums of products of Bernoulli numbers, Appl. Math. Lett. 24
(2011), 55-61.

M.-S. Kim and S. Hu, A p-adic view of multiple sums of powers, Int. J. Number
Theory 7 (2011), 2273-2288.

M.-S. Kim and S. Hu, Sums of products of Apostol-Bernoulli numbers, Ramanujan
J. 28 (2012), 113-123.

T. Komatsu and P. Yuan, Hypergeometric Cauchy numbers and polynomials, Acta
Math. Hungar. 153 (2017), 382-400.

Q.-M. Luo, On the Apostol-Bernoulli polynomials, Cent. Eur. J. Math. 2 (2004),
509-515.

D.-Q. Lu, Some properties of Bernoulli polynomials and their generalizations, Appl.
Math. Lett. 24 (2011), no. 5, 746-751.

M. E. Norlund, Differenzenrechnung, Springer—Verlag, Berlin, 1924.

P. Natalini and A. Bernardini, A generalization of the Bernoulli polynomials, J. Appl.
Math. 3 (2003), 155-163.

H.D. Nguyen, Generalized binomial expansions and Bernoulli polynomials, Integers
13 (2013) All. 1-13.

H.D. Nguyen and L.G. Cheong, New convolution identities for hypergeometric
Bernoulli polynomials, J. Number Theory 137 (2014), 201-221.

A. Petojevié¢, A note about the sums of products of Bernoulli numbers, Novi Sad J.
Math. 37 (2007), 123-128.

A. Petojevié, New sums of products of Bernoulli numbers, Integral Transform Spec.
Funct. 19 (2008), 105-114.

F. Qi, R. J. Chapman, Two closed forms for the Bernoulli polynomials, J. Number
Theory 159 (2016), 89-100.

I. M. Sheffer, A differential equation for Appell polynomials, Bull. Amer. Math. Soc.
41 (1935), 914-923.

Z.-W. Sun, Introduction to Bernoulli and Euler polynomials, a lecture given in Taiwan
on June 6, 2002, http://maths.nju.edu.cn/ zwsun/BerE.pdf.

O. Teichmiiller, Differentialrechung bei Charakteristik p, J. Reine Angew. Math. 175
(1936), 89-99.

DEPARTMENT OF MATHEMATICS, SOUTH CHINA UNIVERSITY OF TECHNOLOGY,

GUANGZHOU, GUANGDONG 510640, CHINA

E-mail address: mahusu@scut.edu.cn

145



