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On the non-homogeneous central Morrey type spaces in
LY(R"™) and the weak boundedness of some operators
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Dedicated to the memory of Professor Yasuji Takahashi

Abstract

Our aim in this note is to discuss the weak boundedness of the maximal and
generalized Riesz potential operators in the non-homogencous central Morrey type
space M%7 (R™) of all measurable functions f on R" satisfying

i g dr 1/q
[ fllartaw@mn) = </1 (r I f 1l L1 (B(0.r))) 7) < o0

for —oo < v < 0o and 0 < ¢ < oc; when g = 0o, we apply a necessary modification.
To do this, we consider the family WAP%¥(R") of all functions f € Lj (R") such
that

q dr

flhasmasmey =suw [ (7w € BO) :7@)] > X)) T < o

where 1 < p < o0.

1 Introduction

In the n-dimensional Euclidean space R™, the space BP(R") given by Beurling [5] is a
special case of Herz spaces 37 (R™") introduced by Herz [13]. As an extension of the space
BP(R"), Alvarez, Guzmén-Partida and Lakey [4] introduced the non-homogeneous central
Morrey space BPY(R™). Fu, Lin and Lu [11] proved the boundedness of the Riesz potential
operator I, on BPY(R"), where —n/p < v < —a; sce also [16].

It is well known that the maximal operator M is weakly bounded in the Lebesgue
space LY (R™) (sce [23]). We extend it to the non-homogencous central Morrey type space
MY9(R™) consisting of all measurable functions f on R" satisfying

) <, dr\"4
Hj”/\]l.qu/(Rn) = (/ (7' V“‘fHLl(B(O',.)))q 7—> < 0
1
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when 0 < g < 0o and
11 ar1.000 (rmy = sup r N s < oo

when g = oo, where B(z, ) denotes the open ball centered at z of radius 7.

There are several Morrey type spaces related to our non-homogencous central Morrey
type spaces; c.g., Morrey spaces by Adams-Xiao [1], local Morrey type spaces and comple-
mentary local Morrey type spaces by Burenkov and al. [3], [6, 7], [8], [9], grand Morrey

spaces by Kokilashvili-Meskhi-Rafeiro [12] (sce also [10], [17]), and Herz-Morrey spaces by
the second author and Ohno [20, 21].

Our aim in this note is to establish the weak boundedness of the maximal and gener-
alized Riesz potential operators in Mb%¥(R™).

2 Non-homogeneous central Morrey type spaces

DEFINITION 2.1 (Non-homogeneous central Morrey type spaces). For 1 <p < oc,
0 <qg<ooand —oco < v < oo, we define a non-homogeneous central Morrey type spaces
MP2Y(R™) of all measurable functions f on R™ such that

<, dr\ "4
s = ([ 0l ) < o0

when ¢ < oo and
1/l = sup 7 ooy < o0
>

when q = co.
Note that for 1 < p < oc,
(1) if v = 0, then MP>¥(R") = LF(R™);
(2) if v < 0, then MP>*(R") = {0};
(3) if v > 0, then MP>¥(R") D LP(R"™).
For fundamental propertics of our Morrey type spaces, we have the following.
LEMMA 2.2. Let 1 < p < oo and —oco < v < 00. For 0 < q < qa < 00,
MPOY(RY) € MP®Y(R™) C MPY(R™).

LEMMA 2.3. If1<p< o0, —co<v<oo and 0 < q < oo, then

0 1/q
£ larpamm) ~ <Z (2_”j||fHLP<B<o,2J')>)q> ,
j=1

where the symbol g ~ h means that C~'h < g < Ch for some constant C > 0.
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3 Maximal functions

For a locally integrable function f on R™, the maximal function of f is defined by

1
Mf(x) = sup s /B LWl

r>0

where |B(z,7)| denotes the Lebesgue measure of the open ball B(x,r) centered at z € R™
of radius r. It is well known that the maximal operator M : f — M f is weakly bounded
in L'(R™), that is,

[z e R Mfw) > <O [ 11wl

for all A > 0 and f € L}Y(RM).

DEFINITION 3.1 (Weak central Morrey type spaces). For 1 < p < oc, 0 < g < oo
and —oo < v < oo, we denote by WMP*¥(R™) the family of all functions f € LY (R™)
such that

00 dT‘ 1/q
| fllwarpaw(mny = sup (/ (T*V)\|{:r € B(0,r) : |f(x)] > )\}|1/p>q _) <
A>0 1 r
when ¢ < co and

| fllwarrcev@mny = sup 7 "A{xz € B(0,r) : |f(z)] > /\}|1/p < 00
A>0,r>1

when q¢ = oo.

In view of A. Almcida and D. Drihem [2], we know that the maximal operator M is
bounded in MP%¥(R™), when 1 < p < 0o. The case p =1 is treated in the following.

THEOREM 3.2. Let 0 <v <nand0 < g < oo, orletv =mn and g = oo. Then the mazimal
operator M is bounded from MY9*(R™) to WMY9¥(R™), that is, there exists a constant
C > 0 such that

M fllwarrar ey < Cllfllarasmn)
for f € MYY(R™).
Proof. We show only the case when 1 < ¢ < oo, because the remaining case is casily
obtained.

Let f be a measurable function on R™ such that Mmuavrn) < 1. For r > 1, we write
(R™)

[ = Ixsoz2n + fXrr\BO2r) = f1 + [2,

where xg denotes the characteristic function of a measurable set E € R™. Note here that

; /
sup |f(y)|dy
e>r |B(0,8)] J 0.2\ B(0,2r)

c / F@)lly " dy
R™\B(0,2r)

M fa()

IN

IN
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for z € B(0, R). Let A > 0. Since

{z € B(0,r): Mf(z) > A}
C{z e B(0,r): Mfi(z) > A2} U{z € B(0,r): Mfo(x) > \/2},

we have
{z € B(O,r) : Mf(z) > A}
< |{z € B(0 7”) Mfl( ) > A2} + |z € B(0,7) : Mfa(z) > A/2}|
<or / o f @y BN / F(@)llyl ™y,
so that

r " A{z € B(0,7) : M f(z) > A}

<cr [ gy + o [ )y dy.
B(0,2r) R™\B(0,2r)

Now it suffices to treat the Hardy type integral in the following:

> -v -n fdr
/ ( / @)yl dy) e
1 R\ B(0,2r) r

In fact, for v < € < n, we note by Hoélder’s inequality and Fubini’s theorem

OQ n—v -n qdr
/ ( I @)l dy) dr
1 R™\ B(0,2r) r

q
<C§ 21y 2-“/ f(y)|dy
( k>j 02’=+1)\B(0,2k)| ( )‘

/

q/q q
<Y ilnvia 9 k(n-e)d (2"“5 / |f (y)ldy>
zj: ( <k22] g B(0,2k+1)\ B(0,2F)
q
<Y i (2-“ / lf(y)ldy>
; Z B(0,2k+1)\ B(0,2k)

k>j

(
<Cz<<2 ’Cf/ W”)\B(W |dy> 22 itv=e) )

<0y (2 / If(y)idy>q

B(0,2k+1)\ B(0,2k)
o0 q dT
< C/ <7‘_”/ f(y)ldy> —
1 B(0,r) r
<C,
which proves the result. O

Meskhi [17] obtained the boundedness of the maximal operator in grand Morrey spaces.
Here we define grand central Morrey spaces in L*(R") in the following.
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DEFINITION 3.3 (Grand Lebesgue condition). For 1 < p < oo, 0 < ¢ < oo and
—00 < v < o0, we denote by MP'%¥(R™) the family of all measurable functions f on R™

such that
00 da 1/q
ey = s, ([ (7 [ fPa) L)<
0<e<1 1 B(0,r) T

when g < 0o and

1/ llagproewmny = sup ’"—VE/ If ()P~ dy < o0
O<e<l, r>1 B(0,r)

when ¢ = 0o.

It will be expected that the maximal operator M is bounded from M14*(R™) to
MY:%¥(R™), but the only following weaker result can be proved.

THEOREM 3.4. Let v > 0 and 0 < g < co. Then there exist constants A > 0 and C > 0

such that
00 7 dr 1/q
sup (/ (T‘”s/ {Mf(x)}l‘fdx> —) <C
0<e<1 \J1 {z€B(0,r): M f(z)>2A} r

fOT' CL” f U)Zth l'f”]\{l.q,u(Rn) S 1.

4 Generalized Riesz potentials

For 0 < a < n and a positive integer k, we define the generalized Riesz potential I, i f of
order « of a locally integrable function f on R™ by

Lapf(z) = /B o @)

I)‘
*/MBM Lz=y)= Y 550M)(-y) ¢ f)dy,

{AIAI<k-1}

where I, (z) = |z|*™™ (cf. [14, 15]); recall that I, of = I,f. Here, I, f is the Riesz potential
of order a of a locally integrable function f on R™ defined by

Lfe) = [ Tl - )W)y

LEMMA 4.1 (cf. [18,19]). (1) If2|z| < |y|, then

A
e =v) = 3 F(DL)(-y)| < Clabal*
(MA<E—1}
(2) If |z1/2 < ly| < 2lz], then

A

z -n

L(@—y)= Y 35(DMa)(=y)| < Clz —y*™
{XAI<k-1} 7



(3) If 1< |y| < |z|/2, then

£E - a—n—(k—
Iz =)= D7 5(DMa)(=w)| < Claf Myl 0.
{xA<k=13 7

Note that I, f is finite a.e. on R™ if

| as ey < o
R'ﬂ
Let p* denote the Sobolev exponent of p, i.c.,

1/p*=1/p—a/n.
THEOREM 4.2. Let v > 0, 0 < ¢ < oo and k be a positive integer such that k — 1 <
a—(n—v) < k. Then the generalized Riesz potential operator Iny : f — Loy f is bounded
from MY%Y(R™) to W MY-9¥(R™), that is, there exists a constant C > 0 such that
ok fllwnrraw@ny < ClS arrav@mn
for f € Mbav(R™).

Proof. We treat the casc 1 < g < oo only.
Let f be a nonnegative measurable function on R™ such that || f||p1ev@ms) < 1. For
r > 1, we write

f = fxBozn + fxrm\Bo2) = fi + fo
If z € B(0,r), then we have by Lemma 4.1

lahil@)] < Clal* [ 912 () dy
R™\ B(0,27)
<ot Ry = A
R™\B(0,2r)
On the other hand, for z € B(0,r),

Lifi(@) < Claf*! / o BTy / L i

IN

Crkil/ lyl* " *V f(y)dy + C |z —y|*" f(y)dy
B(0r) B(0,2r)
A2 +C-[af1(x)7

If

so that
Lok f(x)] < (A1 + A2) + CLafi(2).
Now, we set E = {z € B(0,r) : [Iorf(x)| > A}. If A > 2(A; + Ay), then
Bl < o€ B:CLfi@) > \2)]

< —I/E[afl(z)dx
<o [ ( / fa<x-y>da:) fi(y)dy
<

CATH B/ N fi(y)dy,

93
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so that
)\|F]1/1 <C’/ y)dy,

B(0,2r)
which gives
20 i 1/1* da
(r Az € BO,7) : Lapf (2)] > A7) —

o[ ol on) e

On the other hand, if A < 2(A; + A,), then
T M{z € B(0,7) : |Toxf(z)] > MY < r7V2(A; + Ay)|B(0, 7)YV,

Hence, we treat
o0 . 7d
L = / (T‘”*"“ rk / iyt"_”"“f(y)dy> <
1 R™\ B(0,2r) r

> - (k-1 ?dr
I = / (r‘"+"/1 r ‘1/ Jylo )f(y)dy> —
1 B(0,r) r

For I, we have

and

q
L < C 2i-vin=ath)y “gilamn- ’“/ fy)dy
Z < ; B(0,27F1)\B(0,29)
a/d'
< oy (Zm>
j=i
. q
(X (2o | i)
§>i B(0,29+1)\ B(0,27)
<

q
C 21(—U+n—a+k—5)q (2j(a—-n-—k+s) / f(y)dy)
zi: ; B(0,20+1)\B(0,29)

q
< C (2] a—n— k+E)/ f(y)dy) 21’(—u+n—a+k—s)q
Z ( B(0,21+1)\B(0,27) Z

1<j
q
< 0y (2*7'" / f(y)dy> <C
j B(0,29+1)\ B(0,27)

when 0 < € < —v +n — a + k. Similarly, for I, we have

I, < CZ <2*]‘”/ f(y)dy)q <C

B(0,27+1)\B(0,27)

when0<e<v-—-n+a—k+1. Thus

707 € B0 s @] > )

which completes the proof.

¢
"
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REMARK 4.3. Supposc p>land 1/p—a/n>0and k—1<a—(n—v)/p<k. In view
of [22, Theorem 4.5], one can find a constant C' > 0 such that

[k f | 1z 00w mry < Cll | arp.00w (m)

for all f € MP>>¥(R"). The casc 0 < ¢ < co can be treated in a way similar to the above
proof.

REMARK 4.4. Let v > 0 and 0 < ¢ < oo. Suppose @ — (n — v) is a nonnegative integer
k — 1. Then there exists a constant C' > 0 such that

A>0,7>1

o0 1 wqdr Ya
sup (/1 (r™"(log(1 + 7)) "A{z € B(0,1) : |[Lopf(2)| > A} ) T) <C

for all f with || f||ar1aw@mn) < 1.
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