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1 Introduction

BT NFTHELBRAMEENRBRIX, Heisenberg ¥ Schrodinger 12 & » THRE X 17z,
ZFNHIFIFEL A Y Schwarz’s inequality %fH 5 BfRTHEEOE D TH - 72, HoLflHd
DARREEMEFRLESE S HEINTETWS. ([1],[2,11] %), §FTRTV hpE—
ZDOWT OB REEEBEBEBONTVWAZDOAT, MiZiZE£d EE>TVnFEY
RIS D E DI o 7z,

Proposition 1.1 ¥#& A, B BMROARY MV fREH DL T 5.

A:Z)\Ndsiﬂd’i\, BZZMWJM%‘\-

j=1
AEORTIRE |p) TRHLT, RO22ODOWERNHEEHRT .

P:(p17p27"'7pn)7 Q:(QIaQQw-an)y

7=72 UL
pi= Ko@) P, g5 = [Wsle) .
TN 5D Shannon entropy % H(P),H(Q) &9 5.

H(P):—Zpilogpi, H(Q):‘Z%log%
i=1 i=1

ZDL EROMBIAHEEMBEBRARD LD,
H(P)+ H(Q) > —2logc,

f:fi b C = Mmaxj ; I<¢l|¢]>| VC% 5.
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Definition 1.1 ¢ € L*(R) ® Fourie &%

lw) = / B(t)e >ty

CRETS. 7 QR) RO S ICEET 5.

) = {rem; [~ elropas x}.

DY ERMEY LD,
Proposition 1.2 ¢ € L2(R), ||¢]2=1 T ¢,¢ € Q(R) A Y L2751
S() + S() > log 3

RO LD, 272U

() = — / T )P log () Pdt,  S@) = / O log [(0) Pt

Definition 1.2 M,(C) & n x n EETHEME. M, ,(C) Znxn TILI—MT
FleiR, M, (C) % nxn EEEMEBEEITIIREK, M, 1(C) & nxn HBETHIEK
9%, %7 M,(C) ED Hilbert-Schmidt inner product iFIRD X D IZEHZRIN 5.

(A, B)us = Tr(A*B) = Y Y @by,

i=1 j=1

72720 A = (ay5), B=(bij) £9%. Ae M,(C)IZX LT left multiplicative operator
& right multiplicative operator ZIRD K S IZEHT 5.

La(X)=AX, Ra(X)=XA, (X € M,(C)).

Definition 1.3 f: (0,+00) = R (ZIRDFRMZ T & &, FHAZRRTEE (oper-

ator monotone function) £\,
A,Be M, (C), 0<A<B=0< f(A) < f(B)
TERZEBHFBE [ X f(z) = of (7)) ZWT L ERJIW (symmetric), f(1) = 1

Z{729 & & normarized £\N5.  F 7z symmetric normarized operator monotone

Junction DEEZE F,, & 5.



159

Example 1.1
2z z+1
frip(z) = z 1 fstp(z) = 5
z—1 vz +1\°
fBKM(x) = logx’ fWY(ﬂC) = ( D) > )
(z —1)?

Jwyp(z) = a(l - a)( ae(0,1).

z® — 1)(zl-2 = 1)’
[ € Fop IZXHLTIE f(0) = lim, o f(z) B <. regular function £ non-regular
function IZFEFNZTIRD LS IZEHRINS.

Fop ={f € Fopl f(0) # 0}, Fg, = {f € Foplf(0) = 0}.
Definition 1.4 ([4],[7]) f € F,, iZHL T

f(x):%{(x+1)—(x—l)2%}, z > 0.
LEFRTD.
Example 1.2
_ ~ a l-a B
fwy(x) =V, fwyp(z)= E—i;—-—, fsLp(r) = x2+$1'

Proposition 1.3 ([4],[5]) f— f 11X Fi, & Fo OO 1M 145252 5.

Kubo-Ando ¥ ([10]) & , matrix mean m; & operator monotone function & X
OREBTHU2IToNS.
feFizxLT

my(A, B) = AV2f(A"2BAY2) A2,

772U A B € M, (C). £Z T monotone metrics ZIRD K S IZEHKRT DI LM T
3.

p=D A} (bi] € My 1 (C) IZH LT

i=1
(X.Y)y = Tr(X*my (L, R) Y], XY € My(©),
7272 L
my(Ly, Rp>_1 = me()‘iz AJ’)AL{@)(@lRWﬁ(%\
i,J

CRINDLILIZEET A,
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2 Generalized Quasi-metric adjusted skew infor-
mation

g,f € Fr IR LTIROEM (A) 252 5.

ZDrE

Al(z) = g(z) - k
EBL. THITRDEM (B) bEZ 5.
g(z) + Al(z) > £f(z) for some £ > 0.
Definition 2.1 X,Y € M,(C),A,B € M, ,(C) TR L TRXRZEHT 5.

IYE(XY) = k{(La— Rp)X,(La~ Rp)Y);
= k‘TT[X*(LA - RB)mf(LA, RB)_I(LA - RB)Y}
= TT’[X*TTLQ(LA,RB)Y] —T’I‘[X*TI’LAZ;(LA,RB)Y],

199 (X) =195 (X, X),
UED(X,Y) = Tr(X*my(La, Rp)Y] + Tr[X*m s (La, Bg)Y],

J”’”(X) =D (X, X),
\/[ gf Qf) X)

=72 L
A= Z/\W ¢z B = Z,u]i% %

Jj=1
IZX LT
#(La, Rp)~ me Xy 145) ™ Ligy (ou) Rl v

CRINBZLIZREET .
IRDFERBEBELNTNWS.

Theorem 2.1 ([20]) & (A) D FTIRD (1), (2) D 3LD.



(1) X,Y € M,(C),A, B € M, (C) 1Zx U TR OB AR REE M BIFRAEL b 3L D.

190 199y > r'ehxy)P
1
16

v

(ISP X +Y) = 18D (X —v))2

(2) X,Y € M,(C),A,B€e M, (C) iz UTH UEM (B) DE D ST TEROFERR
HEEVERIAR AR b 2.
(a) USD(X) ULP(Y) > ke Tr[X*|La — Rp|Y]P.

| Doy SO
() U o) v vy = DO red v e

Proof (1) # 1 OAREFERZ [19) TRLUTWETO, F2DREXOART.
I$P (X +Y)
= Tr((X* £Y")my(La, Rp)(X £Y)] = Tr[(X* £ Y*)mys(La, Rp)(X £Y)].
XoTka2HE5.

P X +Y) - 1§ (X -v)
= 2Tr[X*my(La, Rp)Y ]+ 2TrY*my(L 4, R)X]
—2T7[X*mps(La, Rp)Y] — 2T7[Y *mys(La, Rp) X]
= APHXY) + MV, X)
= 4Re{TPH(X,Y)}.
FRkIZL T
L X +Y) + 1§ (X =) = 20185 () + 18D (v)).
Lo TIk%ERF5.

% (X,Y)

I

Re{DPH (X, Y)} +ilm{TYL (X, Y)}
1

= JURDX+Y) — [P (X = Y)) +ilm{T TP (X, V),
U735 T
1
TREYIP = GUE (X +Y) = I (X = V)P + (Im{DE4 (X, ¥)})?

Y

1
I8 (X +Y) —IZP(X - V)P,
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(2) () I F[19] TRENTWVWBDT (b) DART. [3] ® Lemma 3.3 & Lemma 3.4

&
. SV (0 . :
my(, )"~ mag (,9)° 2 i~ 9)° 2 KO (my(,9) - gy (2, 0)
£oT ,
0)°¢
mafa, )+ mag(w9) > L L () g ()
L7z23oT

TEE) =3 {mg(his 13) +mag O, ) il Y5)

f((]l) ¢ Z{mg(/\i,uj) = g (N, 1) H@alY [5)]

- 0% ep )

Y

(1) D% 1 OFERE D

Foye A
XoT
1o sy = O e oy
FRRIZ LT
sep o0 159w = Lm0 ooy
L7zio THER 2/ 5. O

3 MEIAHEEMREMF

Theorem 3.1 XY € M,(C),A,Be M, ,(C) iU T, XM ILD.

(1) IS (X)) + I8 () = Smax{ I (X + V), 1¥5 (X =)}

D] —

(@) V19D (X) + 180 (V) > maxd /18D (X + ), 180 (X - V).



Proof (1) Hilbert-Schmidt norm || - || {Z5xF U TIRASER D 32 D.
1
IXIP+1YIP = SUX Y+ 11X =Y

1
> Smax{|[X + V|2 X - VP

197 (X, X) i% Hilbert-Schmidt norm ® 2 THZDT, | X|| = /15 (X). L
o T EORERITRATIITIERAB O NS,

(2) —MD IV ATHY LD ZARERE || X = /105 (X) 3 U TlA T i
L, 0

Theorem 3.2 {X;}V, {V;}}, € M,(C),A, B € M, (C) Iz U T X;|La—Rp|Y; =
5,C LAME (B) BT S NB L %, RASHD .

N
(1) (ZU%’( > (ZW D, )>Nk£|Tr[ 117

Jj=1

(2) (Z Ugd(x )(i,/yw >>N\/_|Tr[ 1l.

i=1 j=1

Proof (1) ™ 2.1(2)(a) £ 9

USP(X) - USP(Y;) = RTr(X} | La — Rp|Y;] (1)
L7z >T
N N
(Z Uﬁfo%Xi)) : (Z Uﬁf’?(@)
i=1 j=1
> > KTr[X]|La— Rp|Y;]]? ZMTTOUC Zkfm = NkO|Tr[C] .
1,7
2) (1) &Y
\/ w;g) ) > NVkETr[X?|La — Rp|Y;].
L7zh3o T (1) LA L CHRsEon 5. O

Theorem 3.3 {X;}¥, € M,(C), A, B € M, (C) {Zxf U TIAK D 3L D.
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(1)21@” >t 3 X X))

2
1 1
< S TIEP(X - X)) + e | VISP G+ X))
S w2 tas J)+N(N—1)2(i<j N

i<j

IO DARERZIAAT BIZIFRD Lemma 2 HWVWHIE X V.

Lemma 3.1 Hilbert-Schmidt norm || -|| % M,(C) £® norm &35 &, {A}N, C
M,(C) 12X U TR D L.

(1) HZAiHS ZHA +AJH<ZHA I
(2) 125 Al + (VN =2) 0 Al 2 g 14+ Al

s A+ Al - HZ 12 o= S A+ 4

i<j 1<j
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Zmax{ 52 l14 +AII~—EIIAH IIZAII}

1<j

(4) HZAH2 N =2) ZHA =" 1A+ A

i<j

N 2
(5) Z\}Ai]|2 < % (Z A — A2 + (—N—l_—12|\Ai+Aj||> )

i<j i<j

N 2 2
6) YAl = { (ﬁz |4 +Aj||> E (ﬁz;mi E Aju) }

Proof (1) —MiZ {z;}im1.. v CRIZXLT

chi = §(Z$i+zﬂﬁj) B WZZ(%‘L%)

i= lj 1
= {2le+z T + ;) } le Zx1+xj)+2(xi+xj)}
i#] 1<j i>]
= T+ Il_’_x
NZ ; g
£-oT
1 N

L7=2h3-T

N
Z%‘ = ﬁ Z(LEZ + ).
i=1

1<j

N
1
> A= N—_—IZ(HAM +[14;1) = ill-
i=1 1<j 1<j
T/ NVLAEMADENENRIKIZE B &
1
||ZA|‘ H—Z(AH-Aj)HS 1 2o 1A+ Al

i<j 1<j
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Zo2RXEEHLEDL (1) BfEoN5.
(2) Hlawka’s inequality JZ DSR2, ([12], [9])
N
D OIS Al g YA ||<Z||A BILEES

1<j

(4) [l +AI|2 (Ai+ AjlAi + A5) = || A" + <A|A> + (A;]A) + [ A* &9

N
D A+ 47 = NZ AP +2) (AdlA;) + N Y JlA2
1,J i=1 ij i=1

F7-

N
DA+ AP =) AP+ 2D A+ Al

i, i=1 1<j

tD22o0FAXLD

N N
Dol + AP = Z AP+ 1) Al

i<j i=1

(5) (4) LFARERSR LD

Dol - 47 = NZIIA IIQ—HZAH2

1<j

L7225 T

N
> lAd?
i=1

Il

(z = A 1304 ||2>

1<J

%(Xﬂm—&w+géj§mm+&0>.
XNAi&W (( Dzm&iAm>?th

i<j i<j

IN

Dol A7 > (ZHA + 4 Il)

1<j 1<J
L7zhoT

N

oAl

i=1
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= 5‘(7\,1_‘—15 {Z 1A: + A2 + D 1lAs - A]-||2}

1<j 1<J

%—{(ﬁ%—l;umm) . (ﬁ;j""‘i‘flj") }

Theorem 3.4 {X;}¥, € M,(C),A, B € M, ,(C) «Zxf UL TIRA R D 3L D.

<1>Z\/ 1§ (x _12 (X = X;)

1<j

1/2
\/]<g D)1 (x;)
\/I(gf [(gf) »):tRe{FEf,’B (Xan)}

(2)21(9“ ) "12\/Igf DS (X;)

1<j

Iﬁfg)(Xi + X;)
JIED 18D (x ,)iRe{pgﬁlf;(Xi,Xj)}

Proof (1) H E XY € M,(C) iz LT

TeD(X,Y) = (X,Y), /I (x) = x|

tELZEIZTE. ZDLE

=21 Re(X;, X;)

I TE N i X%

& Dunkl-Williams inequality
2|1 X + X

Xl + 1% <
77 £ =l
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&b

N
Sl -

1<j

IN

1
N1 U+ 1510

X + X5l

2
N—IZH

i<j

Xi
1X5 1

2l
1X;: + X,

i<j

R,C(XZ‘,X >
1+ X

X = X5 IXG X

V2
- N-1 ;
(2)
X, | X

[ + |2 =2 {1 +
12Xl 1%l

& Dunkl-Williams inequality @ 2 3 U 7z A% 5

4| X; £ X, 2
1X2 £ 157 < XXl

Xl == 1 X511

XORZERD.

N
>
i=1

et UK+ 1517)

i<j
1 e :}:Xj||2
= N—lZ{H_Xl_ _XJ_HQ
i< U £ =7
_ 1 Z 2|1 X + X5
T ON-1 Re(X; X;)
i< 1 E X

e+ |2

VIXIXG T £ Re(X5, X))

R,€<Xi,Xj> }
X111

— 2001

- QHXZ‘HHX]'H}

- QHXiHHXJ'H}

1% £ X5

2
= yoq 2 XXl {nxinnxjn T Re(X, X,) 1}'

i<j

O

Remark 3.1 Theorem 5.3 ® (3), 8 KT Theorem 3.4 ® (1), (2) \XFIBIRHEE M

BROWARER L EZDLENTE S,
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