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A HOMFLY-PT type invariant for integral homology 3-spheres

Shunsuke Tsuji
Research Institute for Mathematical Sciences, Kyoto University

In this paper, we will introduce how to construct some invariants for integral homology
3-spheres, using skein algebras.

1  Skein algebras

Let > be a compact connected oriented surface with nonempty boundary. We fix base
point sets J~, JT and J of 9% such that J~ N J¥ = ) and £/~ = #J*. We denote by
S(%,J) the Kauffman bracket skein module, which is the quotient of the set of the free
Q[[A + 1]]-module with basis the set of the tangles in ¥ x [ with basis J by the relation
shown in Fig. 2. Here, we denote by I the closed interval between 0 and 1. We denote by
A(X, J, J1) the HOMFLY-PT skein module which is the quotient of the set of the free
Q[p][[h]]-module with basis the set of the tangles in ¥ x I from J~ to J* by the relation
shown in Fig. 1. See, for example, [7] p.21 Definition 3.2 and [10] p.9 Definition 3.2.

We simply denote S(¥) = e S(2,0) and A(X) = ef- A(Z,0). Let e; and ey be embeddings

from ¥ x [ into ¥ x I defined by ey(z,t) = (z,5) and ey(2,t) = (2,%). For 2,2’ € g

and z € gy, 2/, vy and yx is defined by ej(x) U ea(2'), e1(x) U ea(y) and ey(y) U eax(x)
where (g, ga) = (S(Z) 82, 7)), (AX), A(X,J~,JT)). We defined a Lie bracket [z,a']
and a Lie action o(x)(z) satistying e[z, 2'] = za’ — 2’z and ¢;0(z)(2) = x2 — zz where
esy = —A+ A7t and eqn) = h. For details, see [7] p.23 Definition 3.8. and [10]
p.16 Definition 3.13. We can consider some skein algebras and there exists some Lie
homomorphisms around skein algebras.

K- X =n)
A = ewloh) Jf

(3 2smh ph \//
Fig. 1: A(®) Fig. 2: S(X)

We fix two base points *q, xo € 9. We simply denote A(X, 1, *9) e AS, {x1}, {*2})
and S(, *1, *9) - S(3, {*1,*2}).
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11 Yason tAE) = SQ(E))

Let 71(X) be the set of the conjugacy classes of 71 (X). The quotient map is denoted by || :
Qm(X) — Q1 (X2). Goldman defined the Lie bracket [, -] : Q71 (X)X Q71 (X) — Q71 (X) in
[1]. Kawazumi-Kuno defined the Lie action o : Q7y(X) X Qi (X, %1, %2) — Qmy (X, #1, *2)

in [3]. Let S(Q7m (%)) o DB, S (Q71(X)) be the symmetric tensor algebra of Q7 (%)
over Q. The Leibniz rule defines the Lie bracket [,-] : S(Qm (X)) x S(Qm (X)) —
S(Q71(X)). The Lie action a(-)(+) : S(Q71 (X)) x S(Q1 () RQ7 (X, *1, *9) — S(Q1 (X))@
Qm1 (X, *q, #2) is defined by o(vy - - - v;) (V1 %07) def- [vg v, Vi]ey+ V- (Z;,:l (IR

vjr11°0;®0(v})(7)). Let L be an oriented framed link in ¥x I having connected components

li,-++,lj. Then, we put Ya_qgs (L) ©y-- [l;] € S9(Q#1(X)). Let T be an oriented
framed tangle from #; to %, having closed components [y, /s, - - - ,l; and non-closed compo-
def.

nents 7. Then, we also put Y40z, (T) =[] -+ [l;] ® [r] € ST(Q71(2)) ® Qmy (X, 1, *2).
The maps 1 4-q#, induces the Q-linear maps

Yason + AX) = S(Qf(X))

VYasor A+, %2) = S(QT1(X)) @ Qi (X, %1, *2)

satisfying

[((I/)Aﬁ(@fn (x)v V)AHQﬁ'l)(xl)} = wA%Qﬁd ([I xl])v
(Va0 (7)) (Yasemn (¥) = Yasomn (0(2)(y))
for any x, 2’ € A(X) and y € A(X, %1, *2).

1.2 A(Z) = ®$€H1(272> AZ(E)

Let Ly, L_ and Lg be three framed links which are differ only in a closed ball as shown
in the first, second and third terms of the first equation. The homology classes of L,
L_ and L equal each other. Let I and I/ be two framed links which are differ only in
a closed ball as shown in the first and second terms of the second equation in Fig. 1.
Then, the homology classes of L equals the one of L’. Hence, there exists a direct sum
decomposition

AD) = P AX).

z€H(3,Z)

Then we have

Au(E) - Ay () € Auiy ()
(), 4, ()] € Auy (5)

for any x,y € H1(X,Z).

1.3 Pass - .A()(E) — S(E)

We put ¢/, ,s by the Q-module homomorphism from A(X,J~,J*) to S(X,J- U JT)
defined by T+ (=A)*DT, h +— —A% + A2 and exp(ph) = A*. Here w(T) o



0 0

Fig. 3: T Ty, |T|, 172

#{positive crossings of T'} —f{negative crossings of T} is the writhe number of T'. By [10]

Proposition 7.15, ¢/_,¢ is well-defined. We remark that ¢/, ,s is not a Lie algebra ho-
def

momorphism. The Q-module homomorphism ¢ 4_,s is defined by ¢4 s = ﬁ?/);\ -

Then, Y45 : Ag(X) = S(X) is a Lie algebra homomorphism.

2  Formulas for Dehn twists

We denote by (3, #1, *2) the set of the regular homotopy classes of free immersed paths
from #; to #5. We fix a simple path 7, € 7 (2, %1, %2). A composite - : 7 (X, %1, #3) X
T (5, %1, %2) — 7 (3, %1, %2) is defined by Fig. 3. We have r-r, =7, -7 =1 for any r €
77 (3, %1, *9). For an immersed path ¢ : [ — ¥, a framed oriented tangle ¢(s) is defined
by @(¢) : I x 1 — X x 1, (t,s) — (s(t),25) where ¢ > 0 is a number small enough.
This ¢ induces a Q[p][[h]]-module homomorphism ¢ : P(X, %1, *2) — A(3, *1,*2) where
P(5, %1, %) is the quotient of the free Q[p][[h]]-module with basis m; (3, *1, %) by the
relation which is the second equation of Fig. 1. A composit A(X, x1, %2) X A(X, %1, *2) —
A(Z, %1, %9) is defined by Fig. 3. Then, the Q[p][[h]]]-module homomorphism is a Q[p][[}]]-
algebra homomorphism. We define the closure A(X, *q, x0) — A(X) by Fig. 3.

2.1 Filtrations

In this subsection, we will introduce some filtrations of skein algebras and skein mod-
ules. An augmentation map aug : P (X, %, *2) — Q[p] is defined by aug(r) = 1 and
aug(h) = 0 for r € 7 (X, %1, %3). Let F"P(3,#;,%;) be a Q-linear subspace gener-
ated by >y, 5, I (keraug)’. For any n € Zso, the filtrations {I"A(X, %1, %2)},>0 and
{F™A(X)}n>0 are defined by

FrA(S x1,02) D 3" p(FUP(S, %1, 50)) [o(F2P(S, %1, 52)) -
i1+ig+->n

FrAER) S ST Jp(FIP(S, %1, %) |0 (F2P(S, %1, %2))| - -

i1be>n
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These filtrations { F"A(X, %1, *2) } >0 and { F"A(X)},,>0 induces the filtrations { FS(Q71 (X)) }nxo,

{m8(Q (X)) ®@Qm1(Z, #1, %) bozo, {F"Q71(E) bazo, {F"Qm1(E, %1, %2) bnso, {F7S(X) bnxo
and {F"S(3, #1, *2) }n>0 by

FUS(E) S phans(FMA(E)), FTS(EZ, 1, %2) S ass(FMA(D, #1, %)),
FrS(Q(£)) S vasen (FRA), FH(S@() © Qmi(E, #1,%2))) E dacson (FRA(S, %1, %),
F'Q# (2) S Qi () N S(Qi (%)),
FrQmy (S, %1, %2) 2 Qy (8, 1, %) N F(S(Q1(X)) © Qmy (L, 1, %2)).
These filtrations satisfy
[F'g, Fig] C F™7 g, 0(F'g)(F gn) C F™" %gy
for (g, gur) = (A(X), A(E, %1, %2)), (S(X), S(E, %1, %2)), (S(QA1(E)), S(QA1(E))@Qm1(E, *1, %2)),
(Qm1 (%), Qmy (X, #1,%2)). For g =P, A, S, Qty, Qmy, Their completion is denoted by
95,51, %0) iy oo8 (S, 51, %2) [ Fg (5, 51, %),
§(D) = limyoeg(3)/ Fig ().

2.2 A formula for Dehn twists on Q7 (X)

Kawazumi-Kuno and Massuyeau-Turaev give a formula for the action of Dehn twists on

@7?1(27 %1, %9). For a simple closed curve ¢, they put Loz, (¢) = W1 51 (log(rc))?| where 7, is
an element of m;(3) such that |r.] = c.

Theorem 2.1 ([2] [3][5]). For a Dehn twist t. along ¢, we obtain

1

) LQﬂ'l ( ) : (@;1(2, *1, *2) — (@7?1(27 *1, *2)‘

te(-) = exp(o (Lo, (¢) ; Z

i=0

~.

2.3 A formula for Dehn twists on A(Y)

We denote by ¢, the Q-module homomorphism from (’ﬁ(E *1, *2))®" to A\(E *1, *2) de-
fined by ¢n(r1 ® -+~ ®@71,) = |@(r1)] - - |o(r,)|. By induction, we define AP/(X,,--- | X,,)
by AM(X1) = 53 (log(X1))? and

)\["](Xl )(,)_/\[n]()(2 o X)
/\[n+1] X, .- Xn d;f ) sy An ) s An+ )
( 1, ) +1) Xl o Xn+1

For a simple closed curve c, let 7. be an element of 7 (X, *1, %9) such that |p(r.)] is an
element of A(X) represented by a knot presented by a diagram ¢. We put

def. hj2 Zx h"~" exp(nph) in] L2
= n n"'nn/\n ny " s inn)) T 5 h7),
LA(C) arcslnh(h/?)) ( n 12 ,(7"14’ Tn, (le ', )) 3p v )

n=1
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where 7, def. 7,20 D @exp(—ph)r.2r. "~ Here, for F(X1, Xa, -, Xp) = 3 iy ig i (X1—
DXy — D)2 (X, = 1) € Q[[X; —1,Xo — 1, ,X,, — 1] and xy,29,-- ,7, €
& + (ker aug)®", we define

Flay, g, x,) = Zail,ig,---,in(ﬂﬁl — I @y — )R (g — 2
Here 7€ is a unit of P(I, %1, %)™
Theorem 2.2 ([10] p.29 Theorem 5.2). The element La(c) is well-defined.
Theorem 2.3 ( [10] p.28 Theorem 5.1). For a Dehn twist t. along ¢, we obtain

1) = exp(o(La(@)() LY (o

i=0

\ —

) -’Z(Ev *1, *2) — A\(E, *1, *2).

~.

2.4 A formula for Dehn twists on S(X)

For a simple closed curve ¢, we denote by

def. —A+ A1

Lslo) ™ o SO = (A A log(—A).

1
(arccosh( 5

Here we also denote by ¢ an element of S(X) represented by a knot presented by a diagram
c.
Theorem 2.4 ( [7] p.26 Theorem 4.1). For a Dehn twist t. along ¢, we obtain

te(-) = exp(o(Ls ) 21‘ () 1 S(Z, 1, %2) = S(T, %1, %2).

i=0

~.

3 Embeddings of the Torelli group into (F°g(X,1),bch) for g =
Qﬁlasw/‘

We call the kernel of the action the mapping class group of ¥,; on the homology class
of ¥, the Torelli group. The Torelli group Z(X, ;) is generated by {.,{., " for a pair of
disjoint simple closed curves (c1, ¢o) bounding a surface, which is called by a bounding pair.
We can consider /°g(X,1) as the group where the composition is the Baker-Campbell-
Hausdorff series, which is simply denote by bch(-,-). We can consider F3g(%,;) as the
group whose composition is the Baker-Campbell-Hausdorff series, which is simply denote
by beh(-, ).

Theorem 3.1 (g = Q7y: [2] [3], g = S: [8] p.15 Theorem 3.13, p.16 Corollary 3.15, g = A:
(10] p.54 Theorem 7.13, Corollary 7.14. ). The group homomorphism (5 from Z(X,,) to
(F3g(3,1),bch) defined by ((tele, ) = Lg(c1) — Lg(ca) for any bounding pair ((’1,(’2)
well-defined and injective. Furthermore, for & € Z(341), we have &(-) = exp(o((4(£)))(+) -
9(3, %1, %9) — 8(X, #1, *2).
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Let {Z0(3,1)}u>1 be the lower central series, defined by Z(W(3, ;) - Z(X,,1) and

I (S,1) E [T(Se), IM(Sy1)]. Using the embedding ¢ = Z(Z,,) — F3g(Se1),
we can define a filtration {Mé")}nzl of Z(X41) by Mé")(Zg’l) def. G (I E(5,,)) for

g=0Qm,S, A We call {Mgﬁl}nzl the Johnson filtration. They satisfy

IM(8g1) € MY (241) € M (Z00) N M) (g1).

4  Invariants for integral homology 3-spheres

In this subsection, the symbol g is a symbol S or a symbol A. Using the embedding
G T — F3g(X,,1) we obtain an invariant for integral homology 3-spheres.

Theorem 4.1 ( g = S: [9] p.1 Theorem 1.1, g = A: [10] p.60 Theorem 9.1. ). Fiz a
Heegaard splitting of S® = H;r U, H, where H; and H; are handle bodies of genus g and
v is a diffeomorphism from OH to OH,. We consider ¥y, as the closure of OH [ except
for a closed disk. Let e : Sy1 — S® be a tubular neighborhood inducing e. : §(341) — Ry
where Rs & Q[[A+1]] and R4 def. Q[pl[[h]]. Then, the map Zy : T(X41) — Ry defined by
Z4(8) def. > ﬁe* ((¢;(&))) induces a map zy : H = {integral homology 3 spheres} —
e
Ry, H Uyeg Hy = Z(6).
We denote
2PR(M) =1+ 22(M)(g — 1) +25(M)(g — 1)* + - -
the invariant of an integral homology 3-sphere M defined by T. Ohtsuki [6]. We also
denote
SN(M) =1+ 2V (M)(g = 1) + 25 (M)(g = 1)* +---
using the sly-quantum group in [4].
The theorem will appear in our paper in preparation.
Theorem 4.2 ([11]). We obtain z*2(-) = 2s(-)jaizg = 2a(")
ZSIN(.) = Z.A()

Since e, (F*"~'g) C (ef), we have

1 1 and
|exp(ph)=q,h=—q2+q" 2

1 1.
|exp(ph)=gN/2,h=—q2 +q~ 2

zg(HS Ueg Hy) € 1+ (€])
for £ € Mffnil). Hence, if € € Mgn71)7 we have
2(HS Uiee Hy) €14 ((g — 1)").
Furthermore, if £ € Mf"fl), we have
PN(HF Uee Hy) €1+ ((g—1)")

for any .
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