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(A RILDDH BHEK)

Noriaki Kamiya (#2#E83)
Department of Mathematics, University of Aizu, Japan (&HKY)

Abstract This note is to give exmaples of quandles (or rack) in knot theory from
quadratic algebras, and to deal with related topics associated with the quandles.

§ Introduction ((Z LU &IZ)

FEREOINRBRZ T L TV BEEDN LS A7z quandle DFEFZEZ B Z L, ZD
INBDHEHMTY . REDHIZE L L7Z5 ZDOHHED knot theory 1IZHEWTIE, oz
HENDHNEEAD, EHABEEZLEET 2 HME &0, RECROILED S H L idea
ELTilRRIETCWEEZEET.

FEFEGIIRBCRIZ DWW TIE [K-O] DSCHRA 2 IRIEL, Gz LT, 216 D—ffk
IZOWTHERTHY, Z,[\/q], Z,[\/q,/r] FOHRR <, > Ud ||z |, /Vb) 2EX
5 ETRIZL OB HNERA, U LUER, ZNO0OFBREMES DITTERVWTT. FF
IZ quandle DA ZWZFET 5 OIZHlLkdH 5 A4 121%, FEA¥standard 226 D TIERWD T,
4% 5t (—MRIZ involution % H D) THZ 5 Z O/NRVPMRITIL DA HEMEDH 5 & b
F9. FEERELSOHEEED, ZZITBERIETVWAEEZEET.

§1. Preliminary (g €&

£EM & Z ZTOD bijective 5 Fiko WEZoNZL E (DFED Ryy=yox LiESL
IR, R, »'bijective) , IRDSFM:1) & 2) %723 (M,0) % quandle & S\ £ 7.
1) zox==x
2) (xoy)oz=(roz)o(yoz)forany x,y,z € M.

2) DM rack DEMFETY. T 613 knot theory DFHEET Y.

ZZTaxxy=yoxz & new product ZEHT D &,
3) xxx=u
0) wxlyxa)=(eey)s(ex)
CEESETIENTEET. ZLTSy=oxy &RT L.

® S;r==x

© S8, = Ss,,5: (S: PEH CRRGH %R TREHKRA)
&7, (M,S,) 1 s-mainifold & HBEL £9. 2D {S,} % smap, M & s-set ZITR
Z2izLET (bbb, 1 generalized symmetric space DRENIRE S & £ — ke U
£9). Zim, M &S, DEHIAEE U TORMFEFEZNITMATOFERTT D, I TG
UWEEGRICITEAZEAD, RPN RHEME BEHT LI L ITHREL T ZI .
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— 7 homogeneous presystem n(z,y,2) ORERT n(z,z,y) = S,y = vxy £ 35L&,

n(a,b,n(z,y,2)) = n(na,b,z),n(a,b,y),n(a,b,z)) »EAFAHEHEDOBZE LD, homo-
geneous presystem & S, OMFREDVEMRLUET. INSHITDODVWTHFH L IFBRIADSE X
ik [K-S.1], [K-S.2] 23 L TFI\W.

ZO/NGETIE1) £ 2)1F3) & 4) LAMETT DT, 3) &4) %2l Tk 25 OREER
THEELEY. DY, FEZEOHIEEDOHT, AxA=XDA /@235 LT
. UL EDHNS3) L 4) 2T S, & smap, M & sset LIERZ LIZLTVWET (4
DREEIIINEL FHA. BIEOAMUEL-REREEZEZET) .

§2. Results (FEFE)

l<qg<r<pp%&EH, qr ZERE, ¢ =1(modp) D q &r DVTNEFEHEK
ThWed5., Hlaip=5¢=2r=3,p=7q¢=3, r=5p=11,¢q=7,r =8
HEON (p, g, r) ®EAS. TLUTC, ARIKZ, =Z7Z/(p) LD Z,[\/q,r] ZEHETS (LA
TIORMTEZET) . Biday = (m+ny/q+1/r)(m +n' g+ 1), L&
T=m—n/q—l\/rift =m+n/q+1yr T (Z DM % standard product £IFRZ &
IZLUEY).

CZTHM (VL) ZIROBRIZERL Y.

1
|z ||=V<z,2>, and <zx,y>= §(xy+yf).

MimARIAZ, ETO2RMRETY. DF D Lo, 2> BWIIREBTHY, 2FD 20— (z+
Tr+Tr =020 FET. XEBRREOME | zy =z |||y BKRIEZLET. LrLZ
ITC|z|P=<z,2>=12T€Z, TY. DED <zy,ay >=<z,2 >< y,y > <,y >=<

y,x > T9.
INSDHEDL LT, MIFOHERDEIT
m ng + 1
My(p,q,r) = { T ) monlez,)

n+Ir m
GL(My(p,q,7)) :={A € My(p,q,r)|det A # 0},
SL(My(p,q,r)) :={A € My(p,q,r)|det A =1},
N(p,q,r) = {r € Z,[\/g, /7] || = [|= 1}
mAHFEFEEAL, HWbAZ &IZLET.

TE1 (AR 7V LADERKR) LEoHEDOL LT
¢ : Zy|\/q, /7] = Ms(p,q,7) (as algebra, ¢ is a homomorphism)
Z,1/3, V7] * 2 GL(Ma(p, 7)) (as group)
N(p.q.7) = SL(Ma(p,q,r)) (as group)
NI RVACH

m  nqg+1
n+Ir m

SRR x:m+n\/§+l\/1_”2:A:< )ﬁi‘ZpJ:i%El’_fE, ZzLT

| 2 ||>P=< 2,2 >=m?® — n’q — ’r — 2nl = det A



DD IEDDT, || z]|=1 &det A=1 DFEMEAMEIRELT. Tiw< z,x>> 0 DAIT,
M p TF Z, well-defined I¥MKEL £7. O

Remark. 3(n,l) € Z, X Z,,s.t. ng+1=0 (mod p) and n+Ir =0 (mod p) »* Ker ¢
DRRZEEHRLET (n=0D& ). ng+1 & (ng+Dr £ dim Ker ¢ = 1.

Remark. SL(M;(p,q,7)) <GL(My(p,q,r)). (IEMERDEE)
Q(N(p,q,r)) :={\ € N(p,q,7)|]AX = X, \ is invertible},
£ Q(N(p,q,r) ZEHLET (weak quandle DFAITT).
rxy =Ty
IZ& > Tnew product 2B AT, ZOM* TM=XIFAx A=)\ EEEXT.

Remark (V< X\ A>)2=| A=A\ &2DT

Q(N(p,q,r 7)) 3 A Binvertible jpp <=> || A [|# 0.

’Dik)/\db—lif <)\ A >#0 &0 X idinvertible TT. BHIZAZ =X &0 || 22 =] ||

MO A I# 0 &SI HwH4WHWQHWV$Q€ZNFVTTW049@T

A=A A 225 H AMP=l A€ Zy [ M IFODEE, [[A=1. Zh5&D, AN

invertible, 22N =X D& E, JIVAIDILT, Q(IN(p.q.r)) 2EZDH I LHRARETY.
T, ADR0OTRLATH [ AN||[=0&28B7IVAL0DITNBPFETLHI L “’J%DTT

?5\1\ (N <, >DPIER(MLEIFEY £EA) . BATEFEELEEA (Ixz=7). D

D, MOEGWERTRETT.

Q(Z,\/3, /1) == {\ € Z,[\/G,V/T]|]A % A = A. X : invertible}.

I Q LWL T weak quandle ¥ITR., —fRIZZNIE « DRIETHU TV EEA.
IZQx:={NEQILAN} £ Q) 2EETS. 12ZLQy DNIXIDEETS. LED
HEDE ET, IRODEN D LD,

EE 2. (HY RO Q) dquandle TH Y, Q = UyaaQx
(DFD Ax X =X 2T NICEIDERIND Q) EORES) BKDZD. i,
MA@y = {1} GEEEGIZ 1 DOATT).

(BEBA) Q.3 "ML T
AA=A A5 A=A 1x1=1 Ax(Ax)) = (A*xA)* (Ax ),
and
Ak (AN = (A A)x (AxA), Tx (A A) = (TxA)*(1xN)

INSDEBRED LANDENTND, Y RLVOMESI) £ 4) 2328 %25R
BIFEVDTYE. ZLTQ IEAx A=A ADELD, TR N i standard Tl
M=X2%0, [ A=1Z2HVTA =1 A=2) 25\ =1TF. ZDOXNIFQ,
DILTY. O



Remark. (Z,[\/q,/r],*) DIEEDIC x 1%
rxr—(r+T)xx+x*xT=0

Zii7- U %79 (para quadnratic algebra £ FFUYE9) . 1% 2 =7 (para unit).

ZHUFBALTT & B 770\ 2 IR R 598 U 7R (Z,[\/q, /7], %) THREIZ
(Q(N(p,q,7)),*) DI+ IFFEREAM (nonassociative) TT. DXV (zxy)xz # wx(yx*2)
&£720, standard product DELEHTRT &, (Ty)z # 2(yz) Z2EKT 5D T, EFHEE
x ZREOREBRTT (22T I3HETT. UL Lax(y*az) = (z*y)sx =<z, >y
ZHi7- U E9) . quasi symmetric composition algebra DE AT,

PLE& D Z OB REGERD weak I RVORNZ 22 eEZ2ET. { /L1 hDohE
7 (idenpotent) ' weak quandle (W) AV RILZEHRLEFT }. 1x1=1TIH
1A=\ TY. Q(Z,[q, V7)) ® Yo,y THLT—MIZ 2 xy € Q(Z,[\/q, V7)) LIEIRD
FtA. ULnUZ[/g PO EEQ=0Q, TT.

§3.Examples (EfIZDWT)

Z,\/q, /1) ITBWT, FHIFHRB p A/NE WD weak quandle DFIlZLATIZFHIZEL 7

- Zs[V2,V3]); Ax A=)\ DO (T £0).
(m,n, 1) : X=m+n/q+1y/r 5.

(1,0,0)  (2,0,1), (2,0,4).
(2,1,2), (2,1,4), (2.2,0),
(2.2,2)  (2,3,0), (2,3.,3)
(2,4,1)  (2,4,3)

INSEFIBEFEELET. A =2+V3 251X =2+4/3 TY.
- standard product (ZEWVWTIE AN = X &7z U ET. #5T Zs[vV2,V3] LBV TIE,
weak quandle Q % BARMIZRD SN ET.

A=2+/3DL & Qx = {1\ A}
p=2+2/20¢ % Q.= {1,p,71}
v=2+V2+2/30rE Q,={l,u,7}
K=24+V24+4/308 % Q. ={l,kF}
£=2+3V2+3V/30L & Q={1¢£¢).

INSD 5D Qr,Qu Qu, Q, Qe BENEFN quandle TH Y, weak quandle Q &
Q=Q\UQ,UQ,UQR.UQ: (QIE1ADERDES), LT Mm@y = {1} (Gt
BEAZXLIOA) T, 2+V3)*2+2v2) =14+vV2+2V/3¢ Q. Q FHUTVWEHEA.

I AN ||l=1 OLDMEBUL30MH. k5=1 & p° =1 DILDEN N DILTT.

'le[ﬁ,\/g]é Ax A=\ DL.



(m,n,l) :

(1,0,0), (5,0,5), (5,0,6) (5,1,9),
(5,1,10) (5,2,2), (5,2,3), (5,3,6),
(5,3,7), (5,4,0), (5,4,10), (5,5,3),
(5,5,4), (5,6,7), (5,6,8), (5,7,0)
(5,7,1), (5.84), (585), (5,9,8)
(5,9,9), (5,10,1), (5,10,2)

INSIEBMEBEELET. Q R 11EOHY FLDOHESTT. Q OIOfEEIZ 23 A
TY.
I A ||=1 OTOMEBUL 1321, 2 =1 & 't =1 OTLOEMN N DILTT.

Z[ VBT Ax A=A DL

(m,n,1)):
(1,0,0),  (803),  (8,0,14),
(8,19,  (8,1,15), (8.2.4),
(8,2,10),  (8,3,5),  (8,3,16),
(8.4,0),  (84,11), (8,5,6),
(8512), (861),  (86.7),
(8,7.2),  (8,7.13), (8,8,38),
(8.8,14),  (893),  (89,9),
(8,104), (8,10,15), (8,11,10),
(8,11,16), (8,12,5),  (8,12,11),
(8,13,0), (8,13,6), (8,14,1),
(8,14,12), (8,15,7), (8,15,13),
(8,16,2),  (8,16,8)

INSEBMAELELEYT. Q Z1ITHOAY FILQ, DRESTT. Q DITOMEBIL 35
filT9d.
| A ||=1 OTOMEBIE 306 H. £ =1& u" —1 DTDOMEAN DILTY.

Remark Zo[v7,V11], ZBWVTIE, 2x 19+ 1{HD A« X\ =\ BB THAEFEEL X T
ZUT| A |=1 OIOMEBA 18 x 19 TT. Zip[v3,V13] DEZE A\ =\ 25T
FEA=1D 1. | A]=1 DL 19 x 20 fATY.

Remark Z;[V3,V5] ICBEWTI | A ||l=1 DTIE 56 HTTH, Ax A=\ Ok 11d
TY. p,q,r DI L >TZ[/q, /] 1%, weak 71> FIVOMEEHRRZD £,

Remark [FECDOHIET, 2p+ 1 HDTE LD weak 7Y RILDFERTE 5 & BWE T,

Remark Z,[\/q,\/r] D p,q,r DEVHIZED, A« A= DniF 1 HOEELHEEL
$F. LU A =1 0%, plp+1) Xdplp— 1) OBTT ($4) .

Remark Z3[Vv2], Zs[V2]| FIZBI 2 Z,[\/q] 0<q<pPMEDLE, AxA=)\73
TIEELTH3METYT. Q=Q\={1,A\ A} TY. o THIE L TIZEKARTEEA.
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LU LZEITERE T &, 2R Z,[/q](p #2) I22WTIE

(a) Zy[\/q) MK 5 <= VL1 OTLOEEH p+ 1 1

(b)  Z,[\/q] PMETZN 4y <= VL1 DTTORED p — 1 1

a) DEE, p+1 B3DFHEHIRSIE, M=)\ DL\ £ 1 BHEHET 5.

b) D& &, p—1 A3 DFEHRSIE, A =X DIEN £ 1 DEET S, £ LU TAut, Z,[,/q] =
Sy(if INA LA A= \). TRBUMNEZy TF. 727U aosy =77 OFEOH L TTT.

PAED Z,[,/q) DfEHRIE unpublished paper (in preprint [2017]) TY A, L £ L%
(Tsukuba Univ. ® A.Masuoka [k & DILFEAFZE) . T ZITFEDO /IR L THE XY

Remark  Z,[,/q,/7](¢gr = 1(mod p)) IZHF 2 A« X=X OmOMEZ | A ||=17%
BIOMBIZONTH, FHDPARRTT. Z,[\/q & Z,[Vr] DG L BRTHRNZ &,
pp— 1) HTHBBEFDIFEMETY (FEATY).

§4. Generalizations (—f&{tIZDWT)

HIEE £ TIZ Z,[\/q, V7] 1281 % weak quandle D& BN K U7A, £ TODidea I3,
IRDOBRIZ—METEDLEHFRXET.

A % associative, commutative involutive (Zy =7 T) algebra £ 95, ZZTr*xy=71y
Tnew product ZEF#T 2. A IZRT MVERE UTXFALTED, REFEEHRL D
vy L xxy ODEPFELET.

Q(A) = {x € Az xz =z, x is invertible}, Q(A) = {\ € QAN = puxr, "u,x e Q(A)}

CEBTDHE, Axp)x(Nxk) =Ax(uxk), pxr € Q(A) DKV ZODT, Q(A) I3 weak
quandle DG ZFFH £F. 72720, vxy IFFEMEANRITEE « 2R ORECR, £ U THEE
DB T EREZRN, DD 1xa=TTY. ZORRQ(A) & Q(A) 2iF%5ET 5D, ¥
RADFETY (MFETOMEZTAND) . FHIRBCR (vxy)xx = ox (y*xx) =<z, >y
%% Z % (quasi symmetric composition alg. DHFFE) .

§5. Conclusions and References (# &A% & & 3Zi#k)

ZDNRTIEFHAEZ IZLACRKELEFADT, SFWIZZ BT EEA. 2
TR Tz Z,\/q, /1] FD 2 IRAEKIE, symmetric composition algebra O variation (&
LEO—f) TY. A<, > BIHEBIETHRVWBETEATVWET.

symmetric composition algebra OME, DF 0 | ay ||=| z ||| v || &2 EFRERZH T
RER L, HORBBEOHLED =X HIE (triality of groups and algebras) {Z2W T, X
DR VI VASR Y SARY-3c

[K-OJ; N.Kamiya and S.Okubo, Algebras and groups satisfying triality relations, Mono-
graph (Book), Aizu Univ., (2015).

X, RO XHRH quandles DAL LTY VT - N7 ZAX—FRBREA L DEET, %I
DERVETOTCHEITTHEET.

[K-S.1]; N.Kamiya and Y.Shibukawa, Dynamical Yang-Baxter maps associated with
homogeneous presystems, J.Gen. Lie theory, (2011) Art ID,G110116.
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[K-S.2]; N.Kamiya and Y.Shibukawa, Dynamical Yang-Baxter maps and weak Hopf
algebras with quandles, Proc.the Meeting for Study of Number Theory, Hopf Algebras
and related topics, to appear, (Yokohama Publisher) kG .

B2 [K-S2Q AV Rve v v - N7 221N, LU THy 7TREDBERT S Z
E RS 25T

A Z DRI Z & % Z 72D DD motivation DELH % fEIZ AR £ T,

BRERE(C ), (x*xy =7y) KBWVWTHERD. DXV new product x xy ZEHKT D
—14—v§¢-—1-v§¢1}

2 ) 2 )
LEL L, ZNid quandle DFITH Y, %L T weak quandle DHITHH D £7.

—fRIZA BT ER OO LHIRBRLLT

Q(C,x) ={AAx A=)} ={

Q(A) = {)\ € A]Ax A=\, \is invertible}

LELE, ZOQ IF— T THUTWERA. LML QuA) = {ueQ1,uT}, 7=
EUnidp DT ELE, 20Q, 37 Y RILOFITT. Q(A) = UpaaaQy  (FIEE
) DD ILEL, ZTUT Mm@y = {1} GLEEEIE {1} OA) TT. ThoDHAH
RIFE L 2D —fAbD ZXHEZ AT L 720D TS (triality relations DFZETT) . Z, LD
4708, 8TCBUZ O WTIRFERDPHK O OH D £ 9D T, HOKRTRR TN B WET.

MROIRUIZIRDEDEH D XIH, ZO/NGRD Z[\/q],Z,[\/q,/r] & —BILL7zHD%H
KD e, L0 2RETIIBRWD, ZOZEETH S para unit (1xz =7) KD quasi
symmetric composition algebra & FERREHEEAEATE £9. 21X para quadratic
algebra 5. I ROMERETS. HHFIAKTI D, (WF) BEEREEZOEKHITTY.
P2 51T 5 Gell-Mann @D pseudo octonion algebra DR p X 2559 5 Z & A3 H
BTy, REZLYHETZOME U ZMESELZEEATVET.

FERE A IAEL |+ | FHERERLY | = | i B~ DG

MR LT, ZORRAF—L 22BN SRR IETWZEE E L GHEERE
D) . B8/ LT

BOERRLE |4 | RBY | = | BT

RBARDOIMEFME HIEEL TV T,
BARIZ, YRHEBINE (MR RPHEZABERRI AR KRR AE (2018 424 1F) ) 123 FH
B2z kD, recheck 2 UTTHW I LI OEEZR LW BVWET.
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iB5C by N.Kamiya (|| A |=1 in Z,[,/q, /r])

p=54qg=2,r=3 DL E,

(m,n,l) =
(1,0,0), (L,13), (1.21), (1,34), (1,42), (2,0,1), (2.04), (212),
(2,14), (2,2,0), (222), (23.0), (233), (241), (243), (30,1,
(3.04), (3.1,2), (3.14), (3.20), (322), (330) (333), (34,1,
(3.43)  (4,00), (413, (421), (434), (4,4.2)

2ET 30 1.

p=T7,q=3,r=5D&ZE,

(m,n,l) =
0,02), (0,05), (0,12), (0,1,6), (023), (026), (0,3,0), (0.3,3),
(0,4,0), (0,4,4), (0,5,1), (0,5,4), (0,6,1), (0,6,5), (1,0,0), (1,1,4),
(1,2,1), (1.35), (142), (156), (163), (2,03), (2.04), (21,0,
(2,1,1), (2,24), (2,2,5), (2,3,1), (2,3,2), (2,4,5), (2,4,6), (2,5,2),
(2,53), (2,6,0), (2.66), (5.0.3), (504), (5,10), (5,1,1), (5:24),
(5,2,5), (5,3,1), (532), (54,5), (54.6), (552), (553), (56,0),
(5,6,6), (6,0,0), (6,1,4), (621), (635), (642), (656), (66,3)

T 56 .

p=1l,g=7r=8 D& &,

(m,n,l) =

0,02), (0,09), (0,1,2), (0,1,6), (02,6), (0.2,10), (0,3.3), (0,3,10),

043), (047, (050), (057, (0,60), (0,64), (0,7.4), (0,7.8),

0,8,1), (088), (09,1), (095), (0,105), (0,10,9), (1,0,0) (1,1,4)

(1.2:8), (1,3.1), (145), (159), (162), (L76), (1810), (1,9.3),

(1,10,7), (3,0,1),  (3,0,10), (3,1,3), (3,15), (327), (329), (3.3,0),

(332), (344),  (346), (358), (3510, (361), (363), (3.7.5),

3,77, (380),  (389), (392, (394), (3,10,6), (3,10,8), (50,5),

(5,0,6), (5,1,9), (5,1,10), (522), (52.3), (53.6), (537), (54,0),

(54,10), (5.5.3), (5.54), (56,7), (568), (570), (7.1, (584),

(5.85), (5,98), (59,9), (510,1), (5,10,2), (6,05), (6,0,6), (6,1,9)

(6,1,10), (6,2,2),  (62.3), (636), (637), (640), (64,10), (6,53),

6,54), (66,7, (668), (6,70), (671, (684), (685), (698),

(6,99, (610,1), (6102), (8,0,1), (8,010), (813), (815, (8.2.7),

(8,2,9), (8,3,0),  (832), (844), (846), (858), (8510), (86,1),

(863), (875), (87.7), (880), (889), (89.2), (894), (810,6),

(8,10,8), (10,0,0), (10,1,4), (10,2,8), (10,3,1), (10,4,5), (10,59), (10,6,2),

(10,7,6), (10,8,10), (10,9,3), (10,10,7)
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