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Riemann ¥ — X BT H K PO ZBHEDEDL O RH L Z L BHoNTE D, BEmiz b1
HEBERMFBENRTH 5. FE e DAY L Euler, Riemann 72 E@@ﬁ@iﬁ(’?%f:% C:
FORRINEZEDTHD. LY EMAKRMZERT S L, F4lE Riemann DIHRARIZ
Riemann ¥ — X B D5 04 t%?ﬁ/\?ﬁﬁ‘ﬁ)@ﬁ‘@ﬁg{? M2+ D Z & DIHIEIZ 7b7fP
Z D72, Riemann FA*° Lindelof PR EDRZIZHITHENTWEL Pl ZHED L bf:
@725 2 & UTZHER S TEBAIITONTWADTH S, 72, Riemann FARIE
B oA & BRI & DEEFRD A TIE 7 < Riemann ¥ — X B D T (14 E % R 5 B
WHEELRFHTH L. LEFRIZH 4 D Riemann ¥ — X2 AR SL HILITWANWA L H
LZDGEN, TORBDIFE A LIIEREBENTH 5. FHZ, Hadamard DERFEFRILS £
T ERGECTEY T 5 Riemann ¥ — X B2/ 720 DEFEELEE L 5. L TZ
DARNIFAIRBEM A FRPMBTRRT DD TH D, EREBOEHIL I NS OFRIZ
AREMNZZHINEZ DT THS. ZOHE L THRBIEETHA SHE U TLAFDOEMDA]
LNTWV5S,

EH# (Backlund in 1918-1919 [1]). FR DL N (0, T, h) 1% Riemann ¥ — X B DIE
HIERE S p=B+iy TR>0, T< A< TH+hZ2AZTEDOOMBMELELUTELETD. Z
D& &, Lindelof PREBEKDIDZ & FREDEDE 1T/ LT,

N(o,T,1) = o(logT) (T'— +00)
Wo>L+eTROIDILBBEFNEETHD.
Z Z T Lindelof $E & 1%, FREDIEDE e IZH L T
log [¢(1/2 +it)| < elogt

Dt > To(e) ITHUTHDIEDE WD FRTHD. D Lindelof FARIZHIF:Z: Riemann
Y- XEHBOEHBE L TOXEEHETHIFHATHS. —F/ 7T, LiD Backlund DEHIC
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X0, ZTNREELSSAOMBEL UTHERIEESHMALILNTEEDITTHS. ZDLD
I — X BB OB E UTOHRS #W 2 #5720 12 Riemann P74 & OEPAE
PHZBE L > T 2D TH 5.

Z DF# R TIE Riemann ¥ — X B DI S EE NI DO WTEEDHEZARSE Z L 2 H
By UCigamd 5. £9, HLY7Z Riemann ¥ — X B DR FEWNIZOWTORER L LT

Re(log ¢(1/2 +it)) = log |((1/2 4 it)| < Clogt,
Im(log ¢(1/2 +it)) =: |7S(t)| < C'logt

PHIoNTWS. 72720, LEED C IS 2 EDMNERTHS. FiEDOARAEFERNIZONT
I% Euler-Maclaurin DFIAR P SEHIZEPN DS T HHMARERTH L. BEHIZDOWT
134 D EHETH D H < I Riemann D FPHED —DTCEH > 72 AEATHD. ZLTDOBIZ
Hadamard 734 TIZHH DD DWW T W5 Hadamard DERFER R 2 HWTEIHL7Z£ D
Ths. FiIEDARERITDOWVWTIEERIZ Lindelof PR D D €8 C %/J\éf KHETS L
WO DIFEERARTHD. ZOMERIFREIZ—DDHERND - 72 , 74— X
H%E & D Bourgan 2%

log [¢(1/2 +it)| < (13/84 + ) log

EWVWIAREXZIAL TWD [3]. 7z, Riemann ¥ — X BEHONEDOEHTERZI NS
S IZDPVWTHERDIEHR A DOERER > TWDE I P SEERAFNRTH L. H
Bz, FEDBEEDARERNEBEERNIIHED B - 72, FEBIZ Trudgian 12 £ D,
|S(t)] < (0.112 +¢)logt
PRINTNS [18].
— 73T, Lindelof F4813 Riemann ¥ — X BB ONBOLEHIZET L FHATH L2, TD

FRTCRIBEBDOBHTH D S(t) OFHMiZH < WET D Z LA TE 5. ERRIZ Cramér 12
L DIRDFERDFEHT N TN D

¥ (Cramér in 1918 [7]). Lindelof PHZKET 2. ZDL &,
1S(t)] < elogt
Mt > Ti(e) THYILD.

ZDO&51Z, Lindelof FPRZINE TSI L TELWKREERBDL Z LN TED0ITEN, &
DERMKGE & 72 5 Riemann PAZIKET 5 Z & TE SIZHEVIER 2B BN TEL. E
BXIZ Littlewood DR DAERZHT NS,

EH (Littlewood in 1924 [12]). Riemann PRZM/RET S, ZD L, t > 51T LT

. Clogt
1 1/2+14t)] <
oglC(1/2+ )| < 7B

Clogt
loglogt

1S(t)] <
A BVASS



Z DFEFRIXEFAAR_ED Riemann ¥ — XD A — X —FHili 2 B e LTHEST L0 D
EZLUWVHRTHD. SOIEEZBVTH INSORERICHEBRT DH5ITEAILITDN
TV, HIZIX EFEORERICEHND EM CIZHT 2HEILEEFE R IITbNTWS. Z
11X Goldston & Gonek DHF5E [10] A3 ¥k & 72 D Z D4, Carneiro, Chandee, Milinovich,
Soudararajan [4], [5], [6], [17] 52 & D UGEE, TERSNT WD, X 5122105 OREBUI K
WQEHIHELNT WS, ZHIZEE L Tld Bondarenko, Seip, Montgomery, Soundararajan,
Tsang [2], [13], [16], [19] 7% E DI EBRENFER 2K L TWS. K2, Bondarenko, Seip [2]
DFRIZEED DT —XIZET2 =207 VA 7 2N —THEIZHIKFENEDTH 5.
FEBRIZ, Montgomery, Selberg 23 EIZFA L TW7z log|C(1/2 + 4t)|, S(t) (12X 5 IEMEZR
F— X —FHlIZ BT 2 PAELTRICEET 2D THH L. JFED I NS OREMOEE)IC
DWTDIEMERFRULLAT O F 48T Farmer, Gonek, Hughes (2 X D 2007 £ 122 X 7=,

F#8 (Farmer, Gonek, and Hughes in 2007 [9]).

ma log 6(1/2-+8) = (5 +o(1) ) /(g 0B Tog 7).

lim sup 5() = ! .
t—+oo +/(logt)(loglogt) w2
WoT, ZOFMEEF L LT, &4 X Littlewood DM (1) ZBEA — X —D L X)L
THETLHIILZHELLZVWOTHS. LU, TNIFHREL WREETH L. FEERIC
Littlewood A3 (1) %73 U 72D & 1924 45T 100 4E1F ERTDFEZHY, 15 D 5T 2 BEECA —
RA—THETLLVIZ L TETVARL. TZTEEIZTOWEDOTHIY 2T
RLRDOMEEEH A 7=

378 1. Riemann ¥ — X B OFE) & 5 S0 OBRZ & 0 IRERBEAR TR TR S 5
ZEIFTE DD,

Bk U 72 & 5 12 Backlund, Cramér, Littlewood 5 DAfZEIZ & D, Riemannz £ — X BA%K
DEFBEFERMMEDERE UZEARMEIIEM DI THS. LrL, BEEIEFTINSE
BRER) 78 B0 B DI SE & BkeD T 5 Fh T “BEARIE & BHREIC 975 2 & T Lindelsf F48%
Riemann FA8% X D REMNIZ TE#ER] E UTHEI 2 e TE S, T2 NEHEIZL RV
JRRETIE Riemann PR Y DM 2 REMNZMHE S Z I TERWVW EWHEEER->TW»
7. 2O X5 N SEE T EEHOMEEZE R -DITTHS.

ST, ZOMEZ EREICERT 272D TOEREZEAT 5.

% 1 (Short Interval Zero Density Condition). BAEX [(t), v(t) % 1EAHVA 2% 5 FE78 A B,
B ®(t), U(t) % IEH/AFRBEFIEMBER L 5. £72, 2Ry LOHIKMETH. ZD
LEDFROYE YEEDT € [ITHLT

N(o,T,1(T)) < I(T)o(T)(log T)®(T)"/* (2)

Mo > 5+ ﬁ TH DL D % “the Short Interval Zero Density Condition of length
[, volume v, density ®, and domain ¥ on I” LR, F7-fHEDZH I DERZIKEL
T “SIZDC-(I, v, ®, W) on I’ & HITR. X 52, FED 70 [ = Rog DEAIE “SIZDC-

(1,v,0,0) LIEX.



IC, ZORHBRIZH LTV 2P DEEEZRRS. £3, TOEHZEALLZERIT
“Lindelof 4% Riemann FADIREZ L O REMIZHES 72" WS Z v H D, FARWK
WZINSZDODFE —RILLTWEEDTHS. TDD, TINS5 I DFWFHETH D
FEREESRR TSRO N R TIERL, ZOEBRPSIFRHTERVEDTH S.
F, ZOEZETRHATEIMFEOMSIITOWTOREFIEEZMENT S, 5, const £ EL
AT R E MR L T 5.

%9, ZDEFHIF unenditional G E % “EED WXL T, SIZDC-(1, const, 1, ¥) A3
DD UTRTZENTES. 72720, LIXEEWIZMEZ 1 &3 5 EEE %2 Zkd
5. ZHIFEHMITEED o > 1/2128 LT,

N(o,T,1) < logT

DE D SED WD HHMRAER 2 ZE SR Z7ZTDHEDTH S.

RIZZ DEFHET Riemann PHEVPKREFETELZ L 25T S, I BEMiaHSMHmz &
LU T SIZDC-(1,0,®, V) MEE D domain ¥ TH D 322 Z & 5 Riemann FAAD TRk & 70 5.
772U, 0 XMEEMIZ 0 2 EICR e 2 Bk 5. 20 SIZDC O EiRIFFEH L 1/2
& 1 OO FHRIEIELNERN DAL B DR FISEN D s OEE 0 &\ D TR DIFTEN
I& Riemann PHEDFERZDEDTH 5.

I HIZZDERET Lindelof P2 RHETE L Z L 25HT 5. Z1id Backlund O EHE
EHESMAZ LI L THEETE S, FEUC Lindelof FAUL, FEDOEF B U iz LT
v(t) = o(1) &2 B BEMFELEL, SIZDC-(1,v, const, ¥) AEK D 32D &\ D ik & BEH A5
Th5.

FROEIICZDEHRIFIEKL v, @, VENT A=K LT DI L THRENRDIRITOH
WERBHTDLI LN TEDLLEDTHS.

2 RBEDERH

ZOHTIREEDOEREZMEIZT IOV OLDEREITI. T, s ITERK%
FU, A Fs=0+it To,t 1 ZFEHETS. £7/2, 2,a FEDH T2 >3, 0<a<1&l,
0, = (logz) ', sy =0, +it &35, 72720, 0y = %4—@—1—51 ThHs. £LTA(n) % von
Mangoldt B & U, A,(n)

A(n) if n<u,
2
A.(n) = A(n)M if o<n<a?
log
0 otherwise
L35 IHIT,
4 + 30-3)
— ; i~) = — | <min{ =
Briy| C(B+iy)=0,]t =] <minq o, Toar ([ (3)




95,

oa=max {3 ||[t—~| <1, or f+iye A}, (4)

L = min 5 max B+ivye A p, (5)

log x

1 if a<os—1/2,

ra) a<oa=lf )
0 if CL>O‘A—1/2,

" a [(ca—a—1/2)log ®(t/2)] 22 (k+1)/ log ®(t/2)
Falm,t) = (@(t/m) DY (@(t/m) @
Gol(x,t) :==7(a)(I(t/2) + 05)v(t/2)(log z)(log t), (8)
Yo(o,2,t) := (9)

1/2—aFa(xa t)+
log

A(n
5 el

n<x?

x1/2+a—a
lOngf ( +10gt> +Ga($,t) X {Zlf
ﬂ D(t/2) "% logx x ¢ P(t)2)/20te
i logx (1+ log ®(t/2) ) <(I>(t/2)> + log ®(t/2) }7

E.(x,t) = +logt + G(z,t) x (10)

Az(n)
>
n<x?

X (x‘“Fa(x,t) +B(t/2)" <1 + bgl‘;%@(m)—éw)) .

3 WBR

ROEHPTEEHTH 5.

EHE 1. SIZDC-(l,v,®, V) on [t — Lt + L] #ET 5. 7272L, LIX (5) TERINDIE
DEBTHD. £72, Ft > 14 % ((s) DERDOBHLIF—HLBVWEDE LUTHD, z
%3 <o < min{e?? 2} DHPIZET 2EEME T D, 51T, 6, = (loga) ™' LEE,
S: =0, 41t To,=1425, THDLDETSH. ZDLE 0,<0<2,ITHLT

log¢(s) = log

[s—p| <0z

S—p A, (n) )
Op +i(t —7) ‘ " Z n®logn + 0¥ (0,2.1)),

2<n<g?



MDD, £z, % <o<o, IZEALT

5—=p Sz = P
1 = 1 + log | ————— 11
e pgég@(% &”_p‘ hgigmog‘%‘%“t_'” )
Ay(n)
6, Es. (z,1)),
_:g;n“%n+o( o))

NS A BVASS

ZOEMIZ—REMREMTHDN, NITA=K [ v, &, U725 log((s) DEHNIZ L
DIEEHET 5% Selberg D HEZHWTERMIZHELZHDTHD, WS ODPDEE
RIGAZEATVWDEHTEH S, FERUZ, Biib U 7z Cramér, Littlewood DAEHR L Z DRE
HpSHBRGEHBEDATRHEL Z LN TES. & 512 Selberg DA [14]  Z DEH A &
BRFHTES ZEAARETHS. — T TEEDORMKHEIX Littlewood DFHli DR T
DY, ENOFHPVZRATLILDPELERIOMEOEKTHS. £ LT, EHITE
DFHP Y D—D& U T Littlewood DFHH DK E T % Riemann T Z L D 55\ FERED
WEILEEMADZ LI ZOEMEAVD Z L TR LZ. TNHAUTORTHS. AT
DFREx = (log )™ ¥ 2 Z £ T LD S BHIHZRES.

%R 2. ERITNS RIEDBeg ZMB. Z LT, SIZDC-(j5 355, const, (log )™, &g log log t) %
WET S, 2D &,

L. 5+it—p logt
l%<<§+n): 2 l%-k+28 it — O%(blot
|%+z’t—p|§ 2 2 eo loglogt P glog

loglog t

AN RVASTE ST

log

I Clogt logt
5t )| < 1) Lo 70—
C<2+Z>‘_loglogt’ S<><<°loglogt

DD ILD. 72720, Cldeg DAIIKET E2HD2EMTH 5.

Z DRIZ XY Littlewood Dl DK€ IZ Riemann FAEIE & DR\MRE DI B E TR\ T
EDROMNDETHAD. EFIZIDRDSIZDC D EEIZ LD REZ DD P T L ELHEE
B CEEBELUTCALLUTOEDIZRS: EREDEE I N/ZIEDE o 12X LT, 3

1
N - loo 1 -1 1 1—eo(0—1/2) 12
(02t o7 ) < oglog 1 log) (12)
Mo>le L THDEO. ORI X 5N E AL X5 LT

PRNZIED 20 BE S5 LWKETH D, Riemann FAR L LHEE U CIEE ITHREWRE L 7> T
W5,

Z DI TIIFHOT A T4 T2 U ITIRRE Z L1123 5. SHE S - iR TR
AT Selberg D Riemann FA T, & U unconditional 7255 D f1:H [14], [15] THW SR
TEEHAWTESNDIBDTHD. Selberg DTFIEDOWARMN T 157« 7% [FEEHA
Z % Dirichlet ZIHRICEEZHRZ D] LWHHERPLPLEDTHS. UL, TDOHIEDA
TR 2D LS BFERE2BLZLIETERY. T ZTHAIE Selberg D TikH 5 TIXELY
BRIV WER 2L 2 M —EOXMNOERZBIIHHELTENS DFHE % EHIZE
BEDeWS Zeafrolc. TOMDFELWEEHIZ [11] 22U TIHE 72\,
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4 SEBDOEE

SR DAFSE TIE Riemann %2 Z DK XBF COFESOMBEBOMNEIZEZEESHZTH
Littlewood DFHMIFED Z W TEA IR LI DE R 5.

—HTIZIZTHEONEZNEVEROEDNE I DIFEEbr>TW0REW. 554, Z
Z T8 5 N7z Littlewood D FEMi D FERHD 72 DRFE (12) IFEEARERR D L 5 2
LHRATZLDOTHY, BRI DBREEZWET LT A T4 T 2EHIF->Twiaw. 22
T—2DWRED S & UTIFRED length | ZE R LEBICE THHD S Z L IXTE W
D, WIS RIED D 5. BURE S N TV BIKETD length [ 1% (loglogt) ™! &\ 5 5272 D /)
SR E RS> TED, THiE—H, MWMRETH 5. FEBIZ, FHIL T ORIE%Z Yoonbok
KIZHEfEINTWS, LU, EENZ DR\ length | 2 EBATWS Z 2 IZIFWL DA
HAH D ZNEHUWHETHEEEZD. TNERRLZDIZEEDINETDNL
ONDRAE ZZIEHRT S, T, EENZOMEDZDDLBEDEFHED T THRMIZ
Littlewood DAl 2 155 7= DIZ B BEIRKEIZIR TH - 7=.

1 C
N (0’, t, 1) < (log log t)_l(log t)l—E()(U—l/Z)7 o>

— : 13
- 2+1og10gt (13)

ZZT (loglogt)™t L\ ) “HARTRWHDOWE N, —HTEEDOEEL UL TIDR
R (loglogt) ™! I Littlewood D FHli 2 /R 72 DITIFIND RS 2 e TERVWETH D
LHF ATz ZOHEI Littlewood @D S(t) IZR U TOFMIER 5D LD TH S, Hx ik
Riemann-von Mangoldt D AXH 5 S(t) <« 1;;% EWVISFHIIIZ & D R (loglogt)™ @
WX OBEESDOA 2 MR T 2220 TES. T LT, SHOHED—DOHZD
St) DFMTH 2 Z &h o, THHE < OFERAMICN LU CHFORXMF TOER
A DIREMBEARTRIZIRD ] EWH I EEDOFTHZDITITHS. LrL, (RE
(13) DX FTIFAB L IE—RERDOMIEN (loglogt) ! WHIIZEHNS Z D 6XIE D REH
RThHY, TEODBERTHWREZRETE VY] LWHMEIE->7-DOTHS. ZL
THEEDNELRLIWREBYTHLUEOMWSRAORE (12) L5 b3 THSE. LT, 2D
length [ DV /51 Littlewod DFHli 255720 DREL L TIZHRREDOEDTH b LEH
EEZ 5.

ZZTETT, EE&L length [IZDOWTE K U7, 72, volume v IXEREER L U TE
ATWBEDTINIESIZDCOEENSIIREDHDTHS. — /3T, £DMD density P,
domain U OEVHIFHRETH 50, L WHMBEIFEEOFTERmITHTOWARWY. L
U, ZOREZFRT D720DT AT 14 TIEWLK D0H 5. TD—D% BT DiESEHK
2D K D7z, £, Backlund OREHUZ & D, log [¢(1/2 + it)| D _EH S DFF & W
%22 T, Hx FBESAEBN OB SO HIINT HHEREEL LN TES. FITHX
DHETH % Littlewood DFHili log |¢(1/2 +it)| < L &\ D Z & TH 2 1L BRI AL
WOE RO ZFHIICE 5. £ LT, ZDFHMiA S density @ & domain ¥ DRE & LT
SERBAITIRONETHAD.




5 EE
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HIMARERIGEIZZ DG EMED THRSBLHL LIF 7.
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