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Abstract

RIMS fHE 2D 2INE L i L kiR e 2 EICHOBRER T NES 7 7412810
% B HEE P RN e &, BRI EHERE B O B DREI & K IISAT S . KRR,
BYFMNES T 74 CHHRE R BBNFMEDD 272, M #ED—HMEDFEHTHW
B RE® — R R DIEA 2 B IZ U WK TR Y.

1 BEBHOI TR E—BMERT EE
1.1 EFMNETZ 71408 ERBTCRIZE

T, WELMEREIIOVWTHPTS., 22 TEXTCWS, BFNES S 74 TIE M
FEOERE n FMTOMOEL, ZNENIE, THDHIMHS HEREHE XL, .. XM v L
THHXND. BOERDZD, THTODOEEE L 57

X/n,
fo=| el (1)
XM /n
 RM [EHERZERE LCERD. ZIT, f, DRFHERH AT A=K § =
@L,...,0M)T € 0, 1M Iz k> THLBIIBEIND. 720, ML R Oiiaw Cld A TH
WS BRSO, [0,1]M 12l A & BHERERO AMEE T IIE L.

—Ji, BEGRIRME, 7 — N RIEET AWBN NS A - X OB HiH S ¢ RF X3
YRTNTHY, s & DOEETHIE Born DARDS 0 B -BIZEE S, 0(s) IXBELT
FIRHE, 7 — b s TRTA—RFRUT, 7'— MilEEETIUE, BRI s ORY
LT 2 TE, @EIIERAMA 2B 5. (B2 ERICR D
DT, AT 5. ) 72720, BLFOHERTIX 6(s) 12 S C RF LOEGEEKTHE Z L DA
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EARE LTz tED .
0(s) LBHENDE, f, U TFORTHIZNS.

—

Egy[fn] = 0(s0) (2)

ZIT, s HEMEHSDTEDL TS, EDT— R Y b EflIEET IO A
T2 RABFMAOHFECRILZLDOTH 5.

TITHETAEZ L, 0(s) BB UH TRV L THD. £ I T, [s0] := {s €
S: O(sg) =0(s)} LEFET DL, 251, EBRIZENT— 22 FIANTHEM 59 &
KAHBODRNNT A =2 OELEH ST, FAMEGRIERTE 5720, FEEIC -
TWa (F—YREFHE NS

XX WML L2 2 LTk M = 1 FEEOER Y LT

1+ S$152
2 )

S:=[-1,1] x [-1,1]

X ~ Bin <n,

R SND. ZOBE, f, = X/n, E[f,] = 0(s) = 5152 TH 5. 59 = (s0,1,80,2) B S
DHMDEENE, CARIIn ZHEPULTHNT A=K 51,5 F—EIZEZ SRV

IND, HOBARTNES S 71 0B RS—SRERL LIZNEBDTHDL. £
T, ZOLOBGEIT, AFD & 574 S EOFEREBIE d, BEHID /N T A — R K 514, ILHIE
KT A=K Ny (> 0) & FWT HIB

_a@yztﬁ—agﬁ+xwwﬁmg 3)

RBUMET B Z e T —IUREW AR ROV HEM (spe0 EHOSDHT) 2RKDD. ZZ
TIEART VIS, PRI URY Y ZITd(s, Siar) LAt U 7205, EBRIZIE s, s & 1
LIZHIRd 2175726 DM 60D ) VB Z 5.

T RDIERMIZIE -1 < s1852 < 1 TREBOMEH DS, s1s2 = 1 & (s1,82) = (1,1),(—1,-1),
s1s2 = —1 < (s1,82) = (—1,1),(1,—-1) TH 5.
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nB, BEMEI T, »IBEBER/NMET A L TRONIEREARNIAY NS R
HEE [3] & & Hlz i, BEBEBIZSA FAZNIZEBROR/NI Y NI A MEER
EERAHERTH Y, FAMLLZEEERLAKTH .

Eom/IMEIX, 77108 RE & n— 0o & UZERIZ

— —

H’éigl d(s, Star) subj. to 0(sp) = 6(s)

YD BOEALRE A RS T XTI T B s 1 [so] DR SRATE EVWDER, Tk
T—&, Star \OEVWHDEEAL EZ 5.

ARFETIE, BB (3) OALOE —~HI S > L - MOFBDEHAHEDT, HEED
B {5 st} DHR—EMEZ D L2 RT. &0 EMAKRIZIE

nh—>H;o d(Sn,est, [S0]) = 0, a.s.

TN

Remark 1 HIBE (3) DAL OHE —HIE—MIT

D& D 7LIRILF — BRI X DA BEBOVIDIRIZE TS L IZRLAWN. B U,
P BIGETIE MAEED ik (R — BRI DRI MEZ 5.

Remark 2 /N2 Y 7 A MEERDVR B2 B D200 o &1 NSRS
/9] EH ) THEASNTWA. #7201, 22 TRIBLEMEZD L SEELTE D, &
D, HGEER NG, BROGFES AEIZTH2MREL UTHMRKMAELEZ 50T
5. ARTIE, BEERETEY FROBTNES I 74—V REE RS DL VI HR
(FHLULE, HIZEI 2] 22RE L) OF, HRGREMEZHREL, E50WD 7 7 ADHE
KEHTHNITB BV RBEEI NS S5 T 5.

Remark 3 BEZEE 7YY NRAUNOYHZATOET NES 7 7 1 IZ#EHT 5 1T, #%
DONDPEFLLTFTDOEEDTHS.



(a) & (1) Tl& f, DBES OMEIEE [0,1] (HIRT 2 BEIX 2.
(b) fn CBTBE—AY NG, R (2) DESRETHS. (f, — 0(so), as. 21T
rTcEE L. )

AW TIE, BB OHFIUN DR 2 2 OMFEEIZHHAP T WL S I2h78 D 17H
ZHOTHAPIHEZZENTWS, 72, B QBRI & U T OEMMN 25 k%
TEIHFERTDIDEDIFAWV. KT, AMTRITEHDOATIR LR D E DD DIMIFTIED
MIZFED B Z P TES. BIZIFERIICLI—2 Y v FEBMOIE R EIEARETH 5 H5EE
FH DMK (IR IANIZ A2 5 Z & & Rk 72

1.2 BREHOEA

HIBEEL (3) DALDH —HE & O —~fRINBRIETEZ 570, AND & 5 4B# L 25
AT 5.

L: [0, 1M x [0,1]*M — [0, +oc],

(17, 0) — L(17,0)

WEEFRKIZZ Z TR L 2BREHRE X2 2127 5.
e E ELBEE LIZELT, Fl—HEEIFTHE 2605,

o~ e ~

Fn= 1727 SR (A5 bﬁﬁ%’éﬁé;&/\ﬁ NIZ f_‘;q, 6i:IE§j\?E an(n’g(so)) h> 6?%&6;}/1/5
LY 5. T8 MEREBAS MVOS] {f,} 2L IBILT, R e
LU EESD.

Ve > 0,

lim inf inf L _;“5 s > inf L(6(s , 4(s)) a.s.
n {s: d(s,[so])>e€ <f ( ))} T s d(s,[s0])>€ < ( 0) ( ))
b J

IR SE RN 2 IE (FAMLIEIR WV - 72 AN T) HAEBEIZ DOWT L(f,,0(s)) ®

— —

BMLTELNG s DHEERD, n — 0o T L(A(so), 0(s)) DEBAMEBEITIE SN TN A
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YWSZETHD. s OBEL(f,,0(s)) 75 L(0(s0), 0(s)) 12 —HEIR L TWHIEH% O
DDA S. EORETHEEMIZ L ARALB D TR FETH 5
MWD, LU, BEEERERES &5 RBA, FHl—BEE UKz LRy, 22
T, ARTH LD BEEDOHRE R L TSR RT. ES R L B 725
72 D FEB I 75 B

T oIz

—

i =6 < L(if,6) = 0 (4)
ZRET D (ZO&MEFFEDONDS. ) LHHMMESREEIATO XS IC5Z2 505, flnltE

SRR EEROMEE & U T DRIz ffibns.

EiAlLEES e
R L A N2 d & &, @R 272 20D, Ve > 0,

— —

inf L(6(sp),0(s)) >0
a s (6(s0),0(s))

ZOEMORERE T 5720121k 722 ZUE L(s,t) = g(s — t), g(z) = 2% % 2\
BB ORLBENEZZTHAD L VWA S, ¢t Z[EE UK, L(s —t) DYBR/IMI2 5 DI
s=t7ZM, s—t—>00TL(s—t) > 0&%>TLED.

CZETHE, Y b E—D kS RIENIR R XA TEEEL TWD DT, MRk
(L(77,0) = L(6,17)) ® =A% RERE L7\,

B & 50T, Pl kRS AR R NET B 2, ROB/NT Y b T A M

Do
It
A
&

Sest,n = argmin L (ﬁw _’(8)>
R EANLIE R(s)(>0), Ay > 0, (A, — 0) ZMZ THR/MES S

Sest,n, = argmin {L (ﬁ“ 5(5)) + )\nR(s)}



O —BMELPRE S, 0B, ~HRIZIE min BEAET DL IEES RV, BT MNEST T 7+
DOARTITH BRI s O TH 0 B < HipHH @, ARBAEETH 5720 min A°
GAET 5. (L IZ2 8% 24

ETE 2 72 3 S AR R BB L 12 D\ T X R T S AE LT
U, fr WD TH 2 & PHBRIORES FETHS. —HT, Bz~ zL 51z, &
FhET T 7 4 DERETITHRRBREZMENP NS DN A-TL B, £/, EBRITIX, BRIENT
A= ZIZ DWW T IHIEHIFI GO N OBo# 2k S 728, HHEBBCC ERLIEOMG & &
BWTH5.

I T, KEMETIE, EDED% 7 7 ADELBETHNIE, LI 7 il —kkSAM:
RIS 2 W72 T OIS T Uiz, TR SR A L & 1352 5 S
THD. BOTETHLERLZVWOT, ZZTRUTO DD X 1 TOHEEEKEZEITT
<.

(1) iR PREERI R & B 8%
(i) 7 v ABEE & fEaRk 7 v ZABIHE K

121 (i) EHARREELIC £ 2B%
(nm:~79yk/»AH§—ﬂ
»5.

WZREFEIND LI NOME 2572 9L EKT

(a) L(,7) = L(7,0) TH Y, ZARER%2W7=T (DF 0, M50 EKT O
(b) L(G,7) WEH OB ARBE L= L 212, © 5 A5O3z DWW T,

B, BTRD &S Tl e B DR A T, SEIOPMATIE IR ZRE 5.
ZD=D, KD & DR EEZREET, 2 ) EENICER -2 RE 5. AFTIE
KL-divergence ® & 512 (i) IZ& F N2 WHEEAT - Hit2HATE 2 BEEHRD Y 7 X %
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FANDDONTERTH 5.

1.22 (i) 7 A RBUEKR & HsR 7 O A BURR
(ii) IZHEREBDI D L NT A =X DM PEDOIZ ML 7221 TOHITH 5.

Definition 1 7AOXBOELEKZL N TEERT 5.
L(i7,0) = Zgj §(0), 77,0 € [0, 1M

ZZT g1, .. 90 \FFEEDERGREE, hy,. .., he FFEEDO TG (Isc) 25, F
72,0-00=0 &HIRT 5.

I EOBOEEL L (4) AR, ZITUFOLSIIULT (4) 2727 X5
IZIBIE U 7- BB % (S .

Definition 2 7 O XB QKB L iz U, M(7) = —L(77,7) & 7 OEfkiEH L §5.
ZDE ELLNTER S NDHEEBEA 2R O AR BEH & & 5.

L(7,0) = L(7,0) + M(7), 7,0 € [0,1]*M (5)

ARAIVESAE IR 7 n A8 U T (4) 2@ L TR Fl—kREM4E 7 a A8 H 28
RURTVWOT, RENIZZTa AR, ZDH Lk a AR CRT.

B B = (W, . W) ~ MN(n,q1,q0)
BLHERIT MEECEOHMATESZXDZLETEDH) RD X 512 KL-divergence
DER/IMLEEZEZ D ZENTED.



22T, g;(W/n) = Wi /n, hi(@) = log1/q; T H TNENIEE DGR & T ¥ i
B B S

LW /n, ) = Z (W /n)h; (@)

B ARG T B . £, M(W) = zt: VZJ log VZ BAS AR g, g BA
S 70 S BMEHEE &5 % B BT K2 LT e

M(W) = —L(W /n, W /n)
D% LTS, £, M AKRIEEHEBEEIC 2 > T W2 2 DEKT KL-divergence 1%
HEiR 2 1 R BRI (5) TH 5.
Bl2: BFNES T T 1 OFE (m BEDOEER) XI ~ Bin(n,0,); j=1,...,m

fo= (XY, X™)/n & UTHBEHEERIZRD &5 % KL-divergence O /MbIZ k5

T5.
oo LR . . 1
L(fn,0) =) filog fi+ ) filog
j=1 j=1 J
m m 1
_ fJ _ J _ J
+—2{:(1 fi)log(1—f1)+> (1= f) log - 7
7j=1 j=1
2m
= M(fa) + ) 9i(fa)h; ()
j=1
ZZT
N 1J7;7 J=4...,Mm,
gj(fn)_{l_ i j=ma+1 om,

> 0;, j=1,...,m,
hj():{J .

1-0;, j=m+1,...,2m,

*2 f(r,y) =zlogy 3 0< <1 2[EETZL0<y<1IZHELTlsc TH2A h(z) =zlogz iX [0, 1]
kBT H 5.



BEOM(fo) =" {filog fi+(1— fi)log(1— fi)} LBV #il1 L FABZHEIE
0 AR (5) O ICe>TW\W5.

EOBIR S & 512 L7, 0) 2B W THE—BIB 7 1 XRERZE, B BI800 12 ]
SRA—ZMBAD, FNETNHDHEE N TN D EAE O TR AL E % B g,

1.3 Ein/RRRER E R ORBBERIHBIMRGZH T I &

HIEiCEALZ DODX 1 TOEEERE HI12, B 58 &2 EHE L5128 518Uz
SWTlse THD. 2D 2L SOALNNT MEDSHBUVESRI IR IZTRES.
9, AR ERRMNEZE LD TEL LU TFTOLS TS, 22 TEHZ7nARIZF X

AR

ZODRA TOEKEHL D EO=ZDDFKMETHZLTWS. £F, €E0 o EOSRM
(i), (i) W72 T 2L PSP TH A 5. F7, &fF (i) 1ZEFD Lemma 5 b h 5.
(FERHIX B, )

Lemma 1 6§ : S — [0,1]*M »3idift, h: [0,1PM — R A lsc £ 3§ 5 &, ARBEK

—

h(0(s)) B lsc TH 5.

ST, A2 X X 2 LA DN B ITRES.

— —

Lemma 2 0(s) # S Lo ek, £7-, L(17,0) #Hiffi CER/ L7z (1) e iE



HEREEL, (i) LR v AL W N2 OEABEBEE L. ZOLE LED > 012D0T

— —

inf  L(0(s0),0(s)) > 0

s:d(s,[s0])>e

LiRs.

proof
9, inf OFEPIE S DEIESES S 3827 b, L(0(s0), 0(s)) & s DEEE LT lsc
ROT, BUMEERERT B 5 s, BMELE. I L(0(s0),0(s.)) =0 &3 L d(s,, [s0]) > 0

— —

YWD ETRT . LA 5T, L(@(so),0(s.)) > 0. Q.E.D.

Remark 4 L, §(s) 12T 254230 T, LOBIMERMEZOEDEEIZTS 2
LHTES. (EHH [3], &M [C2, p.171).

1.4 EinERERS R A—RRXEEmcT L
B & RET B A & D VA F OB TR

Pl Rt (S — 3 )

EREDOA VNI N ESE K CSIZDoW\WT

n seK

lim inf {Siélﬁ(L <ﬁ,§(s))} > inf L («‘7(30), H(s)) a.s.

ML (i) ORI DB A, f, — 0(so) as. L EARERNSWHS N TH B,
.

CHERT S &



ZZT, liminf &5 &, a, PPRT 5854, liminf(a, + b,) = lima, + liminf b, &5
5 Z e itiERTIR

i%fL (0(8 ), 0 > (

f

= hml

) 1m1nf{1%fL (ﬁzag(s))}
L(f

W (f i)

/—’;\ le

L85,

Remark 5 G2 BRI DELDOAZ IO P> T—HM 2RI DO THNIX, FHl—
Bl RS 9, B EREIEE V. DX, guls) = L(fmf)(s)) R, g(s) =
L (5(50),5(3)) Y B SHRERITED

90(5) = 9(s)| < L (s0). fu) . Vses
b, Thky
int (g, (5) = 9(5)| < L (0(s0). 1) —
25 {gn} @ g ~NOKIHDRE S, EOFHPSHS R LIS DIV MER
FETHD.

iz (i) O o AMBLEBEBMOBGETH L0, ZEH50EEAHTHY K DIk
MERARERNTH 5. KL-divergence b ELIAWIGEIZHEAT 5720, Hiz 23 TEOHLOD
EE AOECIEHT 5.

1.5 JORBBRIMRAAI—FEFGZHLIE

PARTIE, £9, e 28BLROEGHIC, Flll MRz 2R, Z0DK,
KL-divergence 72 £ % & LR 7 0 ARBRIZ DO WT, S22 8 2R 7.

BE L, HEORREFHL TAEBIZRONS.

3, 70 ZABBEREE L(7,0) TERELIK 0 12T PRI EED TS
TEIZERLT, BAMBOEEOL 2 5H~N5.
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¥ 72, KEICIEITTA O 0(s) BHIRHE T XA —2TH D (R (2) LWIIRE (ROKED
SRUEAD) % ARD

Fr — 0(s0) a.s.

EREL UCEHEZEDD. ULieh> T, BHIOMIMEZR S RETH O M #HEEREDO— M

IR DHERIZRD.

Lemma 3 fERZH5] {fi,} 53 60(sg) 12 as PURLTW3 &t k. 20 A RE LK

—

L(7,0) 123U s 2L EET 2 & & LR AL

lim L(f, 6(s)) = L(8(s0), 6(s)) (6)

ZIT, il 0o HEHTWVWS.

proof
SoREXD Lk
L(i7,0) =Y g;(Mh;(0), 7.0 € [0,1]*M
j=1
YT,

— —

(i) L(6(s0),0(s)) < oo DI
ZOBHE fr, = 0(s0) BET g;(77), 5 =1,...,a DML S (6) RIFHSHTH B,
(i) L(6(s0),0(s)) = oo DA

ZOWHE, AL DD jIZDNT

— —

95(8(s0)) >0, h;j(0(s)) = o0

1275 T W5, g; OIS S 0(so) DIETHEATH D, <2, HDES N HELE
LTn>N=gi(fn)>0. LEdoT, &EMOKAE,IS> n> N DL X

— = — —

L(fn,0(s)) = g5(fn)h;(0(s)) = oo

12



X Ol co 75T (6) ASRENB. Q.E.D.

Remark 6 M#EE TIIMBEOFERNTE R, s ZLREICEET S L X

—

timinf S g(X;,6(s)) > g(B1X],6(s)) (7)
j=1

EVWSIAERDARYED. 72720, HERBEZRFLIEIZ s (T TIBMLDAZFZZ L7290,
ED &S BFHETCHATHS.

DRPRZ DD EERERTH 5.

Theorem 1 FERZHF] {fi} 78 0(so) 12 as WHLTWB L ®E. DX E, 7oA
OEIEB L, BIOEEDOI LV NRT NSRS K 1T U, 8RS (BRWwAN—Y g
V) BT . Thbb,

. . . P - > S,
hmnlnf Slél}f{ L(fn,0(s)) > Lo a.s

— —

ZZT L() = infseK L(@(So), 0(8))

K (7) 1B DILEROM LS DD L(f,0(s)) DEDIEDY, & 5T infy
BLoTWAIZLIZHETS.

X T, Theorem 1 OFEHAD 72D\ D0 M 5. 7 Isc DM 2EE L ULTF
BITHB & G & R UMEAK D L. GEIIZE. )

Lemma 4 FE#EZEM (X,d) ET f(z) D lsc DL &, p>02TEIZL DL

lim inf ) =
/gm&&gj@) f(@)

ASERAL.

13



TIAERED p > 01220\ T
p(i.s.p) = f L(F 9(s"))

B AT 5. (lower envelope &L EH WS, )
D Lemma 4 2 W5 LA FREINS.

L(i7,0(s)) > (i, 5, p), (8)
hmw@&m%=ﬂiﬂ$% (9)
(17, 5, p) 2{:93 M .k hi hy(6(s)) (10)

B DA (10) F 270 ARBEEDOKE, g;(7) > 0 THDZ & & inf{a(s) + b(s)} >
infg a(s) +infs b(s) B2HHES.

¥ 72, Theorem 1 OFEHIZEWD T, HISMLEE %2 IR L THEL.

Lemma 5 Theorem 1 DA R T Ly = oo DA,

—

liminf inf L(f,,0(s)) = co a.s.

n seK
DIERAL.

proof
5 &0 L(0(s0),0(s)) =00, Vs € K THENH, &% s Z2izhmi s —o0 j H
BY & =g;(0(s0) >0BECh;(0(s) =00. TITJEZDED BRIBAFZORIKET

5. (JC{l,...,a} CTEREAIZHERTS. ) ZOLE,

> hj(0(s)) = o0, Vs € K

=
MWKALT 5.
—HTHa, REVWN ZEniE

n>N=gi(fn)>&/2, Vjel

14



MALT D, TDLE, fEED sIZDWT

f 67 >Zgg

zz%w%»

jGJ

51161?53 Z hj(

JjeJ

eELR

n>N:>51é1If<L(fn, )(s)) = oo

X EENRE N
Q.E.D.

PLEO¥EfE 2 F 2 T Theorem 1 ZFFAHT 5.

proof

Lo =00 D4 1E Lemma 5 TRUZDT, Ly < 0o DFEDAREIXI .

— — —

£, sup,ex L(0(s0),0(s)) < 00 & UTAMTB. supye e L(0(s0),0(s)) =

&, BRICHT 5.

ETC, s0,8 2lEET DL, ERED

— —

p>01Z22W\WT (8), (10) IZHEFELT
L(0(s0),0(s)) = £(0(s0). 5, p)

l
!

oo DiGE

282, (9) &0 p— 0 LT3 EBBEOEF L0(so),0(s))(< 0o) i= CAIEMEMT) Ik

5.

UFRTClde>02TRBICEETS. $52, KHsec KIZBWT, py > 0D FEL

d(s,s")<ps

Y 9r(0(s0)) inf  hi(6(s') = L(b(s0). 0(s)) —

15
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YTED . (py 1& L OFE B 0(s0) THKAELTH LW, )
IC, ZZTROLDLAWEV, 2L 5.

Vei={s € K: d(s,s') < ps}
T2, K OaAYNy MERSELABRED s1,...,5, IZ2WT

o
=1

DAL, 2T, V=V, & U7z E7z, pi=ps, EWEELT .
SC, 5 EEDsaLDL, BT, HIEFTjHHoTseVy, DED, d(s,s5) < pj
w7~ L TCWBDT,

L(fn,0(s)) > inf L(fn,0(s))

s'eV;
= 0(fn,55,0j) (12)

CITHREBEORITj=1,...,a DR/METI HIZ IR 6B Z6N5.

PAEDSAED s 1220 T

—

L(fn,0(s)) > min ¢(fn,s1,p00)

=1,...,«a

WIS 5. SOICAATInf 2L b

—

inf L(fi,0(s)) > min o(fo, 51, p1)

seK I=1,...,«a

IORERIITED n, f, THALTLOTFHEREL L5 2

lim inf 1éllf<L(ﬁl,5(s)) > liminf{ _min go(f:“sl,pl)}

=1,...

= min lim infgo(f:“ S1, P1)

I=1,....,.aa n
> min liminf f inf  hy(6(s'
=1, n k;z::lgk(f >d(8178')§p1 k( ( ))

Bk O AR%R T (10) 2 V72

*3 sup, e e L(0(50),0(s)) < 0o DIREEZ ZTHi>TW5.

16



—

ZTREDS gi(fn) = gr(0(s0)) as. 7h o

lim inf inf L(fn, ( ) > mm {ng 580 inf hk(g(sl))}

n  scK d(Slasl)SPl

PEXY e MERE o Td 5

. . . P ~ >
hmnlnf 81é1If< L(fn,0(s)) > Lo

MR E NI
B84 sup,c e L(0(s0),0(s)) = 0o DB EEZXD. Ly < oco &b, EOEE A > Lo
= FHWT
1y (0) = i (6) A A
LEHL,

—

LA7,0) =Y g;(hi (0)
j=1

LB R B RICAE RS Ise THY, AV MEAS BT g BERRZI L HDED
LA RERm O ARBRIZR ST WS, 1z,

L(77,0) > L*(7,6), Vi, ¥,
A Y _

;gg(( 0),0(s)) = Lo,

sup L*(6(s0), 0(s)) < 0o

seK

MO D. BLERHAWSE YL LA IZOWT EOFHEZH WA Z RN TET

—

> M
llnlnlnfsléllgL(fn, 0(s)) > llnlnlnfsléllf(L (fn,0(s))

> inf L(6(s0),0(s))

seK
> Lo

17



2185,
Q.E.D.

FOERNSEEBIZRDI ENNZ S,

Theorem 2 HERZEHH] {f,} 780(s0) 12 as WHLTWB L H L. ZDLE, 70K
DSBS L, fIE Y SMEDIERF A TRETH S, DF D

n seK seK n

lim { inf L(f:l,g(s))} = Lo = inf {limL(ﬁl, H(s))} a.s.
NSV

Proof {EEIZ s ZEET D& Z, inf DEFEDNS

—

L(fy,0(s)) > inf L(f,,60(s))

seK

&5, MU TEMREEZEZ 5 &, £i0E Lemma 3 0 SFRIRDMFES 5 DT

— — —

L(0(s0),0(s)) =1i7{nL(ﬁu (s)) = 1im§upsigf{L(ﬁL,5(8))

lim sup, liminf OAREX & Theorem 1 2 EHbE 5 L

— —

L(6(s0),6(s)) > limsup inf L(f,,,80(s))

n seK
> . . . P -
> hn}llnf 81é1}f{ L(fn,0(s))

> Ly

YL, BIZsIizoWTinf 25

— — —

Lo = inf L(6(s0),6(s)) 2 limsup inf L(fn,6(s))

—

> . . . rd
> hmnlnf Slél}f{ L(fn,0(s))

> Lo

4
an

IZ & DI ARTESHAL.

18



Q.E.D.

Remark 7 & ZCHWT WA D%, HERZES {f,} H30(s0) 1= as DT 2 05 E
YARKBI OB OHIROATSH D,

L5 (%, 0(s))

n . glAj;,U\s

DEIBHDOBIFINEL TWRWEDPEETHD. TD7d, —FEREOEANIIED Tz
RUTWBET M#EERED —BMEDIFIA & 1377 5.

Remark 8 £ (12) IZBWT p; 1 0(so) DETE >TWE 728

— — — — —

L(6(s0),0(5)) = ¢(6(s0), 55, p) = L(0(s0),0(s)) — ¢,
WAL % A3
L(fu: 0(5)) = @(far 850 p5) = L(fu, 0(5)) e,

VAR EE L TV,

1.6 #hikY A RBEKERDIGE

o1 ARG L i OGS M (7) 2N 7250 FEOFRENHILT S, *
I, PR 0 AR L %

~ — —

L(77,0) = L(17, ) + M (1) (13)
YBOWTHMFERES.

Collorary 1 HERZHG {f,} 3 0(so) 12 as WRLTWB eH &, Z0rE HEs D
ABUEREEL (13) 12 Ul —8kSet: (WA —Y 3 >) DRSS, T740bb,
liminf inf L(f,,0(s)) > Lo (14)

n seK

~ = —

ZZC Lo := infye i L(6(s0),0(s)).

19



proof
£7,
Lo = {inf L(0(s0),0(s))} + M (0(s0))
= Lo+ M(6(s0))

EMITBILITERETD. T, RIAREAFADELIZ

—

linilinf Siél}f{f/(ﬁ;, _’(s)) = lirrzinf {Sigff(L(ﬁ;, (s)) + M(ﬁ;)}

—

= limninf iél}f{L(ﬁL, 0(s)) + M(ligl ﬁ%) ()

—

— liminf inf L(f,,0(s)) + M((so))

n seK
72506, Theorem 1 &Y (14) BRI NS.
Q.E.D.

Remark 9 M(7) ZAD LV ZLEBMTH LI LIZHEETS. BULIEALDS g1 (7) =

—

M), hos1(0) =1 £ LT 2O ABIZE $N5.

Remark 10 — iz ~ 2> O EH % {a,},{b,} T liminf(a, + b,) > liminfa, +
Lminfb, TH D, SEEMMLT B L IZES W Uh L, B ARSI 084 13 %S
DAL 5. EOEF T « OEAT, M(7) OEHNED S M(f,) EIERAIZ 2> T\Wd
T-OFEFZTHATVWS.

BAR® Theorem 2 #FIH LU CTERZIZRE DD TIHITEKT 5.

Collorary 2 HERZEH {f,} 7 60(so) 12 as WHLTWB EHE L. 20L&, HiiEr D
Z R RS (13) 123 U, MR & S ME DB R HASTRECH 5. DE D

— ~ —

lim { inf E(ﬁ,@(s))} = Lo = inf {limL(ﬁ, (s))} a.s.

n seK seK n

BIZIE an = (1), by, = (~1)" L L LTAL.

20



2 —EMODEERA

Se DRI L(7,0) DSR2 0 AR OB AN Y b T A e RO — Bl % GE
5. Theorem 2D RETWDE Z & ¥ BRICEHT 2MANNERELRD D720, &I, BHE
DO M#EERED - BMEOFH L L L FAMKIZTE S, Z 2Tl Ferguson [1] THALTW3
FERH (Theorem17, p.114-115.) L FIBRIZRT .

Theorem 3 0(s) & 2287 MEA S 05 [0, 1M ~OHEHEBE L, HEREEG {f,}
P 0(s0) 12 as BRLTWB 2T 5. £72, L(7,0) % (4) %73 HEE 2 0 2R 0L
Bk, Z0LE, infues L(fn,0(s) 2B VT inf ZEKT D s D—D% 5,00 LHE<
Y LR ASRAL.

lim d(sp,est, [So]) =0 a.s.
DEV, BNV TAMEERDY] {5 a0} TR —FMEZ D D.

proof
ERED e> 020 DEET L. BT, MEREBIIOWHKIET N T almost sure TH 27,
JEMEIZ 72 5 DTENET 5.

£9, HRaR 7 v ABEIZFRBINES: (Lemma 2) 272905, 2D e T LT

— —

IS inf L(0(sg),0(s)) >0
nei= inf  L((s0).6()

D RVAC R
RIZ, Spest DREZEE Theorem 212K 0, lim, L(f:l,g(sn’est)) =0THh%. o7C, +
DPREVWN, 22D L

—

n> Ny =0<L(fn,0(sn.est)) < 17e/2 (15)
HIEK T

21



ST, K={seS8: d(s[so]) > e} B, KiZary "o  NESG S OIS EET
Mo, RFD IV NEATHS.

> T, Theorem 2 hME X,

—

. . . = >
hn%sz Slél}f{L(fn,e(s)) 2 Ne

DAL L TWD. £ 2T, @47 Ny 2 &l

—

nZA&?gﬁMﬁ,@D>mﬂ (16)

AL
22T N =max{Ny, No} & &g, (15), (16) 12k b

—

n>N = Sig}f{L(ﬁ;, (5)) > L(fn,0(sp.cst))

ZHiEn> N = d(spest;[S0]) <eZmLTWS. DD,

lim d(sp,est, [So]) =0

n— o0
PR E L7z
Q.E.D.

BB LIZ N, >0, N\, > 0&ULT s OH&GEB R(s)(>0) 2MA725E6%F 2T
AR —BERRES. £ T,

Snyreg = argrgin {L(ﬁ“ 5(8)) + AnR(s)}
sE

EBEL ELUFAEAL.

Theorem 4 0(s) 32527 MES S 925 [0, 1]M ~OfERHE L, BeRZEHS {f,}
M 0(s0) 1Z as BIRLTWB 2T 5. £72, L(7,0) % (4) %73 HEE 2 0 2R 0%
Hrak Zoks

lim d(Sp,regs [S0]) = 0 a.s.

MDD, D0, EAULEINT Y b I 2 NEER DI {5, 0.} EiRHHEE S5,

22



proof
EED e > 020V LDEETS.

%9, Theorem 3 LAL & 51z

= inf  L(0(sg),0(s)) >0
nei=inf - L((s0).6()

D RYACRES
JRIZ

—

Fu(s) = L(fn, 0(s)) + A R(s)

Snreg & Fp(s) DBUMEITGTH Y, R(sp) <o THDIZ &hH

eHL.
O S Fn(sn,reg) - L(.f;u _)(Sn,reg)) + )\nR(Sn,Teg)
< L(fn,0(s0)) + AaR(s0)
— 0, as n — oo

250 limy, Fy(Snpeg) =0 THB. f>T, THRENN, £E5E
n> N =0< Fy(Snreg) < 1Ne/2 (17)

NS RV
ST, K={seS8: d(s,[so]) > e} &L &, Theorem 3 LA U &S IZHY7%: Ny %

Ll
(18)

—

n=> Ny = iglf(L(ﬁm (s)) > 1¢e/2

DR AL.
ZZT N =max{N,No} & &niX, (17), (18) i2kH n>N T
. > . rd -~
Inf Fu(s) 2 inf L(fn,0(s))
> 1 /2
> Fn(sn,reg)

2185, Z4UEn > N = d(Sn,req, [S0]) <€ ZRLTWD. DX D,

nh—>nolo d(sn,regp [SO]) =0
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MRE NI
Q.E.D.

3 BHYIC

MLE % KL-divergence DEg/METH D |, HL5Ek 7 0 ABERBEBICET 2R/ Vv b5
AMEERIZHR o TWA, @EIE, MUz keEl T Miffegom—5Me UTIEN
$5. LL, Lo k512U T, MLE®EAML MLE O#ftE&OWE Btz 5T e s T
5.

AIEFEOFERZ FHVIE, EERTOBHKE R IZIG U THEIGIICHIE 2 Z 2 556 %,
KL-divergence Z HLiR U 72 & 5 72356 CH LR 7 v ARE L BIECC & i — B A3 R
57255, HRATRERMEERT — AN SBONDRT MV (HEREB)f, 125/,
frn = 0(sg) a.s. DATH 5.
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