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1 Hochschild cohomology and dominant dimension

%3, KED Hochschild cohomology 5 HH*(A) % #iHI7 5.
TN S ER HH(A) 1%, 4As & A A°-IIEE A7z Ext-fRETH -

HH*(A) = Eth?{@kAO (AAA, AAA) = Ethc (A,A)

ZIZITA I, ADKIERTH B, il D72D Ay, A° % A° L5303, Happel, J. Rickard {Z & » Hochschild
cohomology BRIFERALERTH S Z BRI OoNT W 5:

Theorem 1 (Happel, Rickard [Ric91])
=L LT D*(A-mod) = D*(B-mod) ® & EHAS S/E L LT HH*(A) 2 HH*(B) . £ <IZHLBH
Bes: Z(A) =2 Z(B). Y

DEIZ A D dominant dimension dom.dim(A) ZEFHT 5.

[ ADNEETRE L Af B A-JIRE A DIEFKF TRRDH P2 DO AWML 256D LT 5.
AT f 2 AITNETZREETTE WD Z2ITT 5. fAMAETUXEBEINIC FAS IFE S ARNMREE
ANGY
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Definition 2 (L - 32J1l)
/e A-INEE M @ dominant dimension ( XBLHIRIG ) dom.dim(M) &3, IRDMETEZ 6NS:

M @ minimal injective resolution 0 — M — I° — It — ... }

dom.di M) = teN
om.dim{4M) Sup{ ° | DREDS B 0, I FHIINTH 3, Le. add(DfA) IKBT 5.

AN U T H EBRICEZE S NS, FEiX, dom.dim(4A4) & dom.dim(A) ZHADREBIA%2L 725 2 :
dom.dim(A) = dom.dim(4A) = dom.dim(A4).

dominant dimension DM ERD R IE, ENMFEE DK - LoITE DL TAPKE.

LABE A, B 13MEEARH (quasihereditary) & 3% . [EREZREF L [Don9s] D appendix 2SI N7z L. MK
IREBRIRIREL DB, (BT )Schur REXTH 5. [loc. cit.] T DHEEEK & S P IE, Cline,Parshall,Scott
SHIZ & D EH SN L Lie 3O BGG B O R ARBHED B BRIRIERILE D homology {REIIZ H B\ &
PO I N, EETIE, 1 ODRSBRITBIT 2 B FHOARIKICRIIE® affine Lie 32D Kazhdan-Lusztig
B O, ZDR U Lie BITMBEL 723 SIZ K ER B O % rational Cherednik fAEDE O, cyclotomic Schur
B, quiver Schur A7 EANEFIZIZE I NT WS, TOBETIE, A, B OKIBIRTCIIERTH 5.

AL -REXBECHRE w: A - A%ZKFDET 5. £ A-JIEE M IR U T DM IZ@E LI 2505, B
RO L & LRI

(@ - f)(m) = f(w(a) -m) forae A, f e DM,m e M

IZ& D DM 3/ A-MBEE 725, wid, IRD 2 b &2 iil72 3 & & duality 20D (1) w? =122 (i) wid A
DRI EFETDRELEFEET 5.

Definition 3
A class AIZIET B LIE, IRD 35&M4%2 -3 E2 0D

(i) A%, ¥EEER.
(ii) A X duality Z+¢D.

(iii) A 1% gendo-symmetric, i.e. ® BXNF% IR C LOIIRE M FEEL A IZH DHERTER Ende (M) &
CEIRp AP

ZD & E domdim(A) >2 &> TWVW5.

T % A ® standard A-I#E & costandard A-fIEET filter TN D5 A-JIEET, 5D T OIEFREERE EFIF
FDIEED A DIEFRBLEER AL FTEEHDOEE L FE L 25 E D& T 5. Ringel IZ& W EHEEZRVT —
BIZEILT A Z e HoNTWTHE B tilting £ W5 HDIT7%2 5> TW5. [Don98] D tilting module Dl %
i)

W

Proposition 4 (Fang-Konig [FK11])
Ald class & \ZRTH2MREEL T 5. T 25Tz AT 55 N tilting A-IMEEL 35, ZDL &
dom.dimA = 2 - dom.dimT A LT 5.

DREET f & refine LZb DB H D, Af & AFHRITHKICI > TOWARWE EELITEVDH 5.



frRADREELL TS, Schur BAF M — fM = Homu(Af, M) ® Wiflilz 5 25 & (A, A)-FHIEE
MIZRUT fMf o8I ND BRBIBN ENE2ZEZ LI LNTE S:
& ={&1): HH"(A) — HH"(fAf).
& PRBIRIZ AR 22 DEH R 5:

K, = sup{s | f?, ;,...,{; B4

L.

Theorem 5
n>2%BREE U AL gendo-symmetric T dominant dimension 13473 < & n U EEd5. ZDL &,

Schur BAF
(f @ f)A°@ae—:  A®-mod — (fAf)* -mod

IXIRDFRELE 5 HE R 2 FET 5 ¢
¢ HH'(A) = HH'(fAf) for 0 <i<n—2

Ext%.(D(A), A) = HH (fAf) for 0 <i < 2n — 2

n—1

0 — HH"'(A) ff—> HH""'(fAf) — Hom e (A, Ext’ 1(fA, fA)) — HH"(A) i HH"(fAf)

I, kp>n—2.

ZNiE Grothendieck D AT VRSN Z(ES (H&) BHERGERIZ XL 5005, FEIEIXDIE D 2 S|
InzL.

Remark 6
Hochschild cohomology tZ dominant dimension S R\W728 230 SHE AW & B, Hochschild coho-

mology DHFZEH & MEBIZREANDICHDO ATREM: ® R 2 5.
Wiz key L2 5METH 5D, SFHPEVOTEHET 5. FHIZHRXDIES 2B I iz L.

Proposition 7

Al class o \Z@T AL T 5. D
Hom 4 (A, Ext’} 3 1(f4, fA)) # {0}
MR TS, 22T n = dom.dimA.

Theorem 8
Ald class o (2T 2529 5. ZOWF ky = dom.dimA — 2 or dom.dimA — 1 A EZT 5.

Theorem 5 & Proposition 7 % f#i-> T f} 120 <i<dom.dimA — 2 TIXFR, f?_l,E? [ZEH & 72 5 2
DTEBDNIHDS.



Corollary 9
A X class &/ \ZJ& 9 % dominant dimension 7°n DRI L T 5.

HH (fAf) = HH*(fAf)/N OBETRFRERITIZ, W0 25005 5030 L BRI n — 1 25
D, ZZTNIFHH (FAS) DREFTLLIRD ideal 2K T . rkp =n —2 ORI, BEFRFRERITOES
K n— 1 DERTGERT-0 TE RS,

HBHTRARG P22 H Y, TORDE AT ZAAS. HH(A) & HH*(FAS) &, IRBUNE WIZ
Do E THAALZZ 5 72 (Theorem 5). HH (A) IZABRIRICZ o 722 5 T DFIRITCDIRED 0 TIRWNE &
¥, REETYRHHE (FAS) ~NDBEIEN IZTA-TULES. w5 Z2id, HH (fAf) DEDXEDFHIRE
G EAEETE > TZAVnE ZA LD EWIREBERDELZL WS ZETHS.

Theorem 10
A,B % class & \ZJRT AR T 5. =MEL LT D*(A-mod) = D’(B-mod) 7 5 (¥, dom.dimA =
dom.dimB.

[ ACNBETZRESET, [ % BILNBET2REE LT3 2 ED=MABFAEZ, DY(fAf-mod) =
DP(f'Bf’-mod) \ZHIBR T % Z & »7RE T, Theorem 1 & AhE TIRO A A %15 5:

HH'(A) =~  HHY(B)
o g
HH'(fAf) = HH'(f'Bf’)
Proposition 4 & Y dom.dim(A), dom.dim(B) & H B TH 5 Z L IZiERE L, Theorem 8 IZ L DI Y
9 % dom.dim (ZHIRHH 2 DT, EOKADF A S dom.dim(A) = dom.dim(B) TH B Z &A1 5.

Remark 11

(£&®) T dominant dimension 13, ERAZEETIE L WA class A TIFERAZE L 0B L3 0h o
7-. %7z, Hochschild cohologoy ® Schur BT T D& % £\ 2 dominant dimension DRI NTWAH I L E
Doz

2 N

U,(gl,,) % parameter 7% ¢'/2 ® Lusztig @ divided power quantum general linear group & 3 5. Z4uiZ
Hopf REITH B Z EMHOSNT WS, MO 7ZORBUAIT, k=C &3 5. V & Uy(gl,) D vector(natural)
KHLELTH. S(n,r) 2 (ET)g-Schur & im(p) £ 35. ZIZTpld RELOEEHREHERT p -
Uy(gl,) = Endg, (VOT). FEiE, Schur-Weyl B D g FLDFEILL TW5S: A BUESE Hecke B2 H BSEFIEL T
S(n,r) 2 Endy(VO") £72>TW5. 3 S(n,r) &, ¥EEHNRETHL Z 2R SNTVWS.

en>rD&E, S(n,r)-mod = S(n,n)-mod.
e n<rD&E, S(n,r)-mod i S(r,r)-mod DpHHE.

INoDHEIZE DL DANLDHIn &85 r B> TWD S(r,r) ZHI%ELTWS.
AFGTH S(r,r) ZiFFEL, P block RELE S 2K, 5 r > 01T 5 S(r,r) OMAIELER ideal % &
k9 5.

3)[Don98] & BHADH: S A3 > D TH: .




Theorem 12 (Chuang-Rouquier[CRO08])
A, B % q-Schur fR¥(®D block R¥ &9 5. AL B OBEIIEEORMEEOERIEL VWETE. 2ok &, =
fAEE LT

D%(A-mod) = D®(B-mod).

Theorem 13
q TEREENNE e 2FD2 T 5. A % ¢-Schur fREXD block RETERHEMTHRVWE TS, ZDk &,
dom.dimA = 2(e — 1) 3L T 5.

Chuang-Rouquier DEHA 3 % D T Theorem 10 % i\ R [E X 12 — D D block A D dominant
dimension ZFHETNIX I N L1205, BEPRVDEEIHET 5 LIZL Y Theorem HE SN 5.
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