On the complexes from posets of p-subgroups
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ZD ) — bTIE, SORHERIZET 5 AR E b Y —BREIZ B9 B BIAE £ TOMSERNZ N
T 5. FTD%IZ, Quillen FABRIZENTTOA Y O FNRTATT 2dRD.

1 BEROEFEADRAFERER
G & HIREE, p & G DRBO 1 DOREKET 5. TOLE, KOHAEERS.

S,(G) = {G DI B p T )
A (G) = (G DI AIERT — <)L p B4 EE )

TN ILEROAEEHRIC XD, EIERFES (poset) 12525 1+ 1 HORIEF R % r-
B 1K (r-simplex) &3 2 BKKEARESE A D . ZDBIKE ZNENAS, (), AA(G))
Ll Thbb,

A(S,(G))={(Ho < Hy <---< H,)|H; € S,(G), re NU{0}}
AA,(G))={(Hy<H <---<H,)|H; € A(G), re NU{0}}

A(S,(@)), A(A,(G)) ZENZ N plZ BT 5 Brown 1, Quillen EHEE V5.

1 DD poset P BHNIE, FOEMLZE U THEEKNERA(P)PELRTES. Zhie PP
5 E X B IEF#EE (order complex) &\ 5. ZDZ &IX%&H S &, Brown K & I poset
S,(G) 5 E F DIEFERD Z & THS. Quillen HIRIZDWTH HEE

A(S,(@)), A(AL(G)) DEMZIEBLZ ZNEFN|AS(G))], |AA(G))] &2 <. B
MEROEHZHMEIZL X 5. A(S,(GQ) DIEHAEAR S,(G) DILOEE n LT 5L, nik
7t Buclid 22/ R" 2% 2, H; € S,(G) Z R D gie; = (0,-++,0,1,0,---,0) LH—HT 5.
21U, e X i BHOEDD 1 THORDIN 0L WIHELRT. 0= (Hy < Hy < - <
H,) € A(S,(GNIZXRULT, otk hiEsnd, R* DS % o] L EL. Thbb,

o] = {toHo+---+trHr|ti Z 0, Zt,:l} CR"
1=0

DL E,
AS@)=|J ol

E€A(Sp(G))



LBE||AS(G)] 1 R DA MDA & ATz H DB A(S,(G)) DRI FIIFEE T
H5. |AAG) DV TERRICERT .

1&”1. G = Cg DE %, SQ(CQ) = AQ(CQ) = {Cg} — A(SQ(CQ)) = A(AQ(CQ)) = {(Cg)} —
|A(S2(C2))| = [A(A2(C))| = {1 &}

Bl 2. G = Cp2 @2_’_%, Sp(0p2) = {Cp, Cp2}, Ap(0p2) = {Cp} - A(Sp(sz)) =
{(Cp)a (Cp < sz)}, A(Ap(0p2 )= {(Op)} = |A(Sp(0p2))| = BALX, |A(Ap(0p2)) =
{1 =}

Bl3. G =CyxCoDEE, Sy(CyxCy) = Ay(Cy x Cy) = {C}, C2, C3, Cy x Cy} =
A(S:(Ca)) = A(A2(Ca)) = {(C3), (CF), (C3), (C3 < Cyx (), (CF < Cpx Ca), (CF <
CyxCy)} 22T, C) (j=1, 2, 3) XA 2DKERTH 5.

= |A(S2(Cy))| = |A(A2(Cy))| = FTHID & 5 7 tree

1§|J4 G = D120)Z %9 SZ(DIQ) = AQ(DIQ) = {CQIa 022> Cga Céa 025> CS, 027> ‘/41a ‘/;12> ‘/43}>
Sg(Dlg) - A3(D12) - {03}, Z :T, Cg (] = 1, 2, oty 7) ci'fﬁﬁQ @Mlﬁlﬁ, ‘/4k (k =
1,2, 3) ko4 VBT 5. Ny LRI TO®Y

Vi Vi Vi

C} c: C3 Cy C3 cs$ Cy
BI5. G =Ay (=4 IREAHE) DEDRED N Y ZHIILANT D@D TH 5.
2Ly

< Ne- Mo Bie!



BlcHbniED, HIREE G OLED/NZWVE DI & FIZHIT 20, 25 TRITN
1, ETHURROWHATIZAZR. FZTHRE ME—E&% AWT, Brown /4% Quillen
BARZR RS T 72\ 2O AHEDOIIEE S D381 702 L T W25 XX, Daniel Quillen
WZEBMDEDTH 5:

Homotopy Properties of the Poset of Nontrivial p-Subgroups of a Group, Advances in
mathematics 28, 101-128(1978)

D Quillen DFXL, £72% < DI DOHEFIZET LML TS, Ky b & ZDIHPEEK, X
SIZFDHRMAPLEBRZF U S THAR L TWS 720, H1FEEITIZRILPEC R TV, L
DT, 2D/ — FTIEBMATEDEWEEFHT 272017, BMEETICEREIZEA L TW5.
DE D, By M S, (Q), BIKIEA(S,(G)), FDEMFHERIL |A(S,(G) LD &>
2. ZOFSURBEL DM Y | B ORISR, FHT |A(S,(G)] R |A(A4,(G))|
FE ME—MEZFANESTWS. FERIE TERAHEE G D3FEEIHZ p- ERE O HZ S
DO DMBEFDRME, |AAQ))| WHHEIZARD I ETHD] THY, Atz AL 7%
—RDEREDIGE R, A—T > - 7T LA LTERRLTWS. DX 0, HHE “ Quillen
Conjecture” & JIXNTWBEDIZIRTH 5:

LR DA G X, |A(A(G)| RTMETH 57 51, G IEFEEIA p EHBARE LD
SOOI, TAbE A RMEOHIHIIERITRT I N TE S,

RE ME—FEMEZHED “ & 0B DR VREY 2 RHT 7 Z 2 13BO THRTH
5. BlZIE, 2D 12L& LT Bouc 81Kk A(B,(G)) 5. £DEHRIT

By(G) ={P € 5p(G) | Op(Na(P)) = P}

Z 2T, Oy(Ng(P)) & P DIEKLEE Ng(P) DR KIER p MAa# %2 EEKT 5. EFAn
5ZDREY M Sylow p S HEHMEZEL I EDELSDLRS. LD |A(B(G))| &
IA(A(G)] EFREME—[EMHE, L7225 T, |A(S,(G)| LB ZEDTHDB. —f&IZ, B,(G) A
—ZIL DD /N Z WP 5, Boue A% X —77w MZ L T Quillen Conjecture (27 X v &
LED LT HDIEMODTHARRILTHS.

iz, mEFRR I NBERH LRy bE2MAL LS.

N(G) = {U € S(G) | U 1 G DIEEIEAA X p 4R},
L,(G) = {U € Np(G) | U > O,(Z(Ng(U)))}
Y B E RO SO

£ ([3], 2016, Iiyori and Sawabe)
WA L [AB,(G)| — [AL,(G) BHRE FE—RMTHZ. LihisT,

[A(SHG)] = [A(A(G))] = [A(By(G))] = |A(L,(G))]-



2 McCord DEHE

—77, Stong 1% 1960~70 fERUIZ 1T THEIRAMAHZEMG] |, FiIZZDFE MY —Higz Al
D L7z B OO BRI & 13T SRRV E S I b A3, FITR VIR
H5. Stong DFERZIBRD &

TEBR Ty 221 S, (G) DA THEZ 72 % 7= D3 51X, G 3 3EEH 7 p- IERTER 2 A 2
L2 THD]

statement 2* 5 U T, Stong 1% Quillen Conjecture 25 < B L TW2Z & AR THIN 5.
ARy AR T, ZfIZ 1N LIS T 2006, S,(G) IFART, EfTHD Z &I
HELTEL. Tk, AT, %0 S,(G) & |AA(G)| DF vy FIHAARDON? 2 AU fl
EBxH 27D McCord TH 5. T, McCord DAERZ R K 5.

McCord D EHE
IR T, 721 X & ZhISIES 5 3280 NS |AX)] K55 HE b E—[fff (= &8
DHE FE—BERFER) THo T, ux : |AX)| = X 25HE FE—HEGH L L TIRD
G SN
A 2 Ay
ux I
X % Y
WEIES 5. 22T, fIRART, 20 X, Y FOEGE, A LA |AX)], |AY))
BOHEGEBRTH 5.

FORARED Tf25FE PE—HABHTHD] T TA(f)] DFE M E—HEEH
Thd] ZLEFAETHL. FHZ X = A4,(G),Y = S,(G), f=1(=EBEEH) LB L E,
DHHRE PE—AMEGHRTHD Z LB bn5. BHIZ|AQL)]: |AA(G))] — |A(S,(G))] X
TE N —[AEELTHS. Stong, McCord DA RAAZERIGRD LG 5 75 &, Quillen
X (KAD) EZTZ2HTWAEZZEIZR27255. KA»S TAX)| A _J%fﬁ’CZ?)é L,
X %Y homotopically trivial Tdé 5 Z & I&[FAfE] ( “ homotopically trivial 7 & 1Z4 T DIRIT
DFRE b E—RED trivial LEFRT D) 7225, #5/5, Quillen Conjecture 1%

)|

MG R Ty #1AK S, (G) »¥ homotopically trivial 72 5 (X, S,(G) IEFHETH 5 |

EEVWHAZZZENTES. T4bb5, 5,(G) CR1IREFFE P —FERSIX, KE
E—RfEIZ725 L ERLTWS. 55 A, TARI LIZERMHEZER TS —BITIZ®D
MR\ TREME—FME] & [958 PE—FfE] OF vy TZ2EIZL TSI
T, hAOY—MIZIZFEFICHEEZ ZZ o NLMETH 5.

PLED &5 Befrms oz ik £ 2 T, O &I D Quillen Conjecture ~ND A 1) ¥
-7 7a—Fik TERMHEZEMGRZEHAL, S,(G) KD HEH 2 LTV TVEDITHLD #
AT, ZOBIENOT RV 792 £EDOTHo7z. EZAW, B,(G) % A(G) IZELD #1272
LI AT, EDENDREMDFEHMEP & —BFRMPEFTE R\, 272U, G BPRRREE,



BIZIERFBEOBEITIE B,(G) H3 1 £ (= Sylow p-IBAH) ICEE 2D T, HiZ |A(B,(G))]
T, TR B AB)(G)) BRI 22 Z Db 1 5.

3 Quillen Conjecture ~D7 7 O—F

BIEETY®S. 0,(G) =195, ZOLEHERT, Z2M S,(G) IEAHETZRW. S,(G) =0
THDE0IE AS,(G)=0Lm>TUEW, |AS,(Q)| BAFETH DI LIZKTS. L
2o T, S(G)#DTHD. PeS,(G)2L->T,

(1) |A(SH(G)<p)| DFHHD & &, (ii) |A(S,(G)<p)| DIFEATHHD & =

THEMIT S, (1) DEE, p WO P ABHAT — U7 5 IE, [A(S,(G)<p)| HIETHII
HRoTULEIDT, PeS,(G)\A(G) TH5H. 2T,

Lkas, @) (P) = A(Sp(G)<p) * A(S,(G)>p)

EFEET D, ZIZT, Lkag,c)(P) FAS(G) D PIZBEITD) v I7EIKTHD. 5
IA(S,(G)p)| DAFIREIZ 25,

| Lkas,@n(P)] = {1 R}« [A(S(G)sp)] ~ {1 K}

U7zd3o T, |Lkags,@)(P)| BTHTH S, £oT, [AS(G)] =~ |A(S(G)\{P}] ~
IA(S,(G)\{P})]. BB Ty 2/ & LT S, (G) & S,(G)\{P}IZFHRE N —FETH 05,
X(Sp(G)) = X(Sp(G)\{P}) TH S, FHiEx(5,(G)) = x(|A(S,(G))]) = X (|A(S,(G)\{PH]) =
(S, (G\{P}) =1Ths. 22T, \(X)RXDAA T —ETH5.
_75’
Sp(G) = (S,(G)\{P}) | {P} (disjoint union)

RS,
X(5p(G@))) = x(Sp(G)\{P}) + x({P})
ZD%ERED, x{P})=0&%5. ZRRIFHETH5.
(il) D& &, pBORE P AFEEART — V72 518, |A(S,(G)ep)| HAATHEIZ > TLE S
DT, PeA(G)THhb. 22T, (1) LFHKIZ

| Lkas, @) (P)] = [A(Sy(G)<p)| * |A(Sp(G)>p)

EERLELD. 5P c A G) DS, S,(G)ap = Ap(G)cp THS. ULTzhIoT, |A(A,(G)<p)]
DI L 2D, £T A(G)ep £V T B ZDEEX, PITIEAE p? ML EDTEA DA
CEBLLIDRIFELETD. TN (Z(P)=WU(P) <P &Y, 0(P)e A(G)cp THS. Z
I |A(AYG)<p)| PHHEIZIRD Z L2 ERTHDTFETHS. AG)p =0 TH 5.
A(S,(G)sp) =0 2 51F, S,(G) = {P} 72> TULEW, S,(Q) EAHEIC 2> TFETH
5. FEER,

{P}U — {P}) (disjoint union)



THoT, < P, > PREEEDD |AS,(G))] RTHE, S, P LIEFR%ERED U b7
V. ko T, S,(G) = {P} ThB. MUTF, S,(G)ap £D LT 5.

Claim |A(S,(G)sp)| FHHETH 5.
Proof |A(S,(G)sp)| =~ |A(Na(P)sp)| &0, AT |A(Ng(P)sp)| WAl#ETH D Z & Z2RT.
S,(G)sp23QZELD. TDELE P < No(P)<Ng(P)Thb. Ng(P) < QIZIEET D &,

P < No(P) = Op(Ng(P)) < Op(Ne(P)).

2T, |A(Ng(P)sp)| = {1 5}

IA(S,(G)sp)| BTHEIC 20UE (1) &2 < FRABHRVERTES. 5, |AS,(G)sp)| 8
G Y

| Lkas, @) (P)] = |A(Sp(G)<p)| # [A(Sp(G)sp)| ~ |A(S(G)<p)| + {1 R}

L7245 C, [Lkags, @) (P)| ETTHECH 2. (1) DE#RIC L 0 x({P}) =0 55, Zhid
FIETHS.
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