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Abstract

In mechanics, a Dirac structure, which is the unified notion of symplectic and Poisson struc-
tures, has been widely used to formulate mechanical systems with nonholonomic constraints,
electric circuits as well as thermodynamic systems. In particular, the induced Dirac structure
on the cotangent bundle from a given constraint distribution plays an essential role in the
context of implicit Lagrangian and Hamiltonian systems. However, there has been almost no
research on the Dirac geometry associated to the tangent bundle T'Q), although it may be rele-
vant with regular Lagrangian systems. In this paper, we introduce an induced Dirac structure
on T'Q, called a Lagrangian Dirac structure. For the regular case, we finally show that one can
define a Lagrange-Dirac system on 7'Q.

1 Lagrangian systems

In this section, we shall make a short review on Lagrangian systems in the context of conventional
Hamilton’s principle as well as the induced symplectic structure called the Lagrangian two-form
(see Marsden and Ratiu [1999]).

1.1 Hamilton’s principle

Let us first recall Hamilton’s principle in mechanics. Consider a mechanical system with an n-
dimensional configuration manifold @@ and let L be a Lagrangian on the tangent bundle 7). Con-

sider the following action functional
2]
S@= [ Lla®.d(o),
ty

where ¢(t), t € [t1,t2] C R, denotes a curve joining ¢; = ¢(t1) and g2 = ¢(t2) on Q and where
q(t) = “q(t) denotes the time derivative of ¢(t). Hamilton’s variational principle states that the



motion ¢(t) of the mechanical system is given by a solution curve of the critical condition of the

action functional
d

3S(q) = e

/ " L), 4. (8))dt = 0, (1)

e=0J11

where ¢.(t) := q(¢, €) is an arbitrary variation of ¢(t) with fixed endpoints, go(t) = ¢(t) and qo(t1) =
q(t1), qo(t2) = q(t2), for all € € [—a, a]. The infinitesimal variations associated with the variations
qc(t) are given by

5q(t) = 2

= a Q6(t)'

e=0

It follows from equation (1) that the solution curve ¢(t) satisfies the Euler-Lagrange equations

d 0oL 0L
#oi g .

1.2 Lagrangian symplectic structures on tangent bundles

Legendre transform. Recall the Legendre transform associated to L is given by the fiber deriva-
tive FL : TQ — T*Q as

d
FL(v) - w = e

where v, w € T,Q and FL(v)-w indicates the derivative of L at v along the fiber T,Q in the direction
w. Notice that the map FL : TQ — T*Q is fiber-preserving over @) and it maps the fiber T;Q to
the fiber T;Q. Thus, the Legendre transform FL : TQ — T*() is locally represented by

oL
]FL((LD) = <Qa %) )

where p = aa—i € T;Q denotes the momentum variable in mechanics. When a given Lagrangian
L:TQ — R is hyperregular, the map FL : TQ — T*Q is to be a diffeomorphism.

L(v + ew),
e=0

Lagrangian forms on tangent bundles. Let L : TQ — R be a hyperregular Lagrangian. Let
g : T*Q — Q be the cotangent bundle projection. The cotangent bundle 7@ naturally has the

canonical one-form © defined by, for each oy € T7Q),
O(ag) - Wa, = (g, Ta, mq(Wa,))
where wq, € Ty, T*Q and the canonical symplectic structure is given by
Q=-do.

In local coordinates (q',...,¢") for ¢ € Q and (q¢',...,¢", p1, ..., pn) for (¢,p) € T*Q, one has © =
p; dg* and the canonical symplectic structure is represented by Q = dg* A dp;.



By using the Legendre transform FL : TQ — T*Q, we can define an induced one-form O, on
TQ, called the Lagrangian one-form, by

o, = (FL)*6,

and also define the induced symplectic structure 27, on T'Q, called the Lagrangian two-form, by

Qr = (FL)*Q.
Since 2 = —d© holds and the exterior derivative d commutes with the pull-back, it reads
Qp =-dOy.

Note that the Lagrangian one-form ©r, on T'Q) holds, for v, € T'Q,
Or(vg) - wy, = <]FL(Uq),TUqTQ(qu)>,
where w,, € T,/ TQ, and 7¢ : TQ — Q is the tangent bundle projection.

Local expressions. Using local coordinates (¢!, ..., ¢", v!,...,o") for (¢,v) € TQ, the coordinate

expression of @ may be represented by

oL
Or :%dq,

and hence 2, = —dO, may be locally denoted by

o’L |, - %L
= dd J
-dq* N\ dg? + o007

L Bvi0g dq' N dv?.

The induced bundle map QbL : TTQ — T*TQ associated with the Lagrangian two-form Qp is

represented by the skew-symmetric matrix as

0*L B O%L 3 O%L
Q) = ovJ 8q182L8vi8qj Ovtovi
v 0

In the above, since we assume that L is hyperregular, the Hessian is nonsingular, i.e.,

%L
det <W) 70

and therefore Q0 is nondegenerate.



Lagrangian systems. In this paragraph, we shall make a brief review on the Lagrangian system

in the context of the Lagrangian symplectic structure. Let us see how the intrinsic Euler-Lagrange

equations can be formulated in the context of the Lagrangian two-form on the tangent bundle.
Let us define an energy Ey, on T'Q by, for u = (¢q,v) € TQ,

Ep(u) := (FL(u),u) — L(u).
Let X1, be a vector field on T'Q) and if X, satisfies the condition
Qr(u)(Xp(u),w) =dEL(u) -w 3)

for all w € TQ and w € T, TQ, then Xy, is said to be a Lagrangian vector field or a Lagrangian
system for L (see also Abraham and Marsden [1978]).

From the condition (3), we get an intrinsic Euler-Lagrange equations for the Lagrangian
system:
ix, O = dEy. (4)
Since we assume that the Lagrangian L is hyperregular, the Lagrangian vector field X on T'Q is
uniquely determined by

Xp = (Q"L) "dEL. (5)

Energy conservation. Let u(t), t € [t1,t2] be the integral curve of the Lagrangian vector field

X1, on TQ. Then, the energy Ej, is conserved such that

B u()) = dEy (u(t)) - X1 (u(®))

dt
= Qp(u(t) (Xp(ut)), X(u(?)))
= 0,

where the skew-symmetric property of (11, is employed.

Local expressions of Euler-Lagrange equations on 7'Q). In finite dimensions, using local

coordinates (¢*,v?) for u = (q,v) € TQ, the local expression of the energy Ej, may be given by

i, 8Lz i,
EL(Qav)zaviU _L(Qav)

and the differential of ', may be given by

O0Er, OE,

dE; = = dgt = dvt
Y T F e
where
OB, _ 9L, oL 0B, _ DL
d¢t  9qiovi oqt’ vt Ovidvi



The Lagrangian vector field X may be locally denoted by
. 0
X =g - ) -
L=4 aq* v ovt

and hence
lXL QL

(L LN B ] PL N
T\ Ovidgt  Ovidg T Buigei 4 dvidvi 1 '

Then, it follows from equation (4) that one has

0*L 0%L . 0%L iy 0%L ;0L

— — | ¢ - ——— 0 = —— v — —,

ovidgt OO ovtovI dqtovI aq*
L . 0%L

j = n . j.
OviovI 7 OvtOvI v

Since the Lagrangian L is hyperregular, i.e., det [%} # 0, it immediately follows that one

gets the local expressions of the Euler-Lagrange equations on TQ) as

L &’ &L . OL

vigvi dt | oviag LT g

» (6)
dg’ _ i

ar U

which are lifted from the Euler-Lagrange equations on @ in (2). Then, the Lagrangian vector field
X1, is uniquely determined by the Lagrangian L as

i (L \'( &L , 0L

dt (amaw) <_3vj8qk +37j)’ )
d¢'

% =v.

Second-order vector field. Recall 7 : TQ — Q; (g,v) — ¢ is the tangent bundle projection
and let 7rg : TTQ — TQ; (¢,v,4,0) — (g,v) be also the canonical projection. Let us define a
submanifold of TT'Q by

TPQ = {w e TTQ | Trg(w) = 7rg(w)},

where T'rg : TTQ — TQ; (q,v,4¢,0) — (g, ¢) is the tangent map of 7. Hence, it follows that, for
an element
w = (q,v,4,0) € TTQ,

if it is an element of the submanifold T3 Q ¢ TTQ, then it satisfies the second-order condition

v = q.



So, we call T Q a second-order submanifold of TTQ.
If a vector field X on T'Q satisfies T'rg o X = id, then X is called the second-order vector field,
which is defined as X : TQ — T Q; (q,4) — (¢,¢,§). Hence, it is obvious that the Lagrangian

vector field X, in (7) is second-order because

s [ PL N\ &L s OL
=\ 904 g ! Tag )

Let (g(t), ¢(t)) be an integral curve of X and ¢(t) = ¢ o (¢(¢),¢(t)) is a base integral curve of
(q(t),4(t)). The integral curve of Xy, can be uniquely determined by the base integral curve ¢(t)

with a given initial condition in T'Q.

2 Dirac structures on tangent bundles

In this section, we shall introduce an induced Dirac structure on the tangent bundle from a given
distribution on @ and Lagrangian L. In particular, we shall assume that L is hyperregular. In this

case, we can develop the Lagrange-Dirac dynamical system on T'Q.

Dirac structures. Recall the definition of a Dirac structure, see Courant and Weinstein [1988].
Let V be a vector space, let (-,-) be the natural paring between V and its dual space V*, and

consider the symmetric paring on V @ V* defined by

<<(’U,Ot), (’(_},51)» = <av’(_}> + <5‘7’U>a

for (v,a), (0,&) € V& V*. A linear Dirac structure on V is a subspace D C V @& V* such that
D = D+, where the subspace D+ is orthogonal to D relative to the pairing (, )).

Let P be a smooth manifold and let TP &T™ P denote the Pontryagin bundle over P, defined as
the direct sum of the tangent and cotangent bundle of P. In this paper, we shall call a subbundle
D Cc TP&T*P a Dirac structure on P, if D(x) is a linear Dirac structure on the vector space T, P
at each point © € P.

In mechanics, the most important Dirac structure is an induced Dirac structure on the cotangent
bundle T*Q, which is defined by the canonical symplectic structure Q on 7*Q and a given constraint
distribution Ag on @ as in Yoshimura and Marsden [2006a]. Such an induced Dirac structure plays
an essential role in formulating the dynamics of nonholonomic mechanics, electric circuits, fluids
as well as nonequilibrium thermodynamic systems in the context of implicit Lagrangian systems,
which may allow the cases of degenerate Lagrangians as shown in Yoshimura and Marsden [2007,
2009]; Gay-Balmaz and Yoshimura [2015, 2018].

In this paper, we primarily focus on an induced Dirac structure on the tangent bundle T'Q) and its

associated Lagrange-Dirac dynamical system on T'Q), where the given Lagrangian is hyperregular.



Nonholonomic constraints. Now let us consider the case in which nonholonomic constraints

are given. Let Ag be a constraint distribution on @ given by

Ag(g) ={(g,v) €eTQ | (W (q),vy) =0, r=1,...,m <n},

where w"(q) = w!(¢)dg’ are given r-constraint one-forms on Q. If for any vector fields X,Y € X(Q)

with values in Ag, the condition
[(X(a),Y(q)] € Ag(q)

holds for each ¢ € @, then the constraint distribution Ag C T'Q) is integrable in the sense of
Frobenius and the given distribution is holonomic since there exists a submanifold N C @ such
that, for each ¢ € @,

T,N = Ag(g).

In this paper, we consider the general case in which the constraint distribution Ag is nonintegrable,

namely, nonholonomic.

Lagrangian Dirac structure on the tangent bundle. Let L be a regular Lagrangian on T'Q
and Oy = (FL)*© is the Lagrangian one-form, where © is the canonical symplectic structure on
T*Q as before. Recall that given a regular distribution Ag on @, the lifted distribution C on T'Q
is defined by

C=(T1q)""(Aq),

which is locally given by, for each (g,v) € TQ,

C(q,v) = {(q.v.6¢,0v) € T4, TQ | (¢,6q) € Ag(q)}.

Then, we can define an induced Dirac structure Dy, € TTQ®T*TQ on T'Q from the distribution
Ag and the Lagrangian L by, for each v = (¢,v) € TQ,

Dr(u) = {(w,0) € T,TQ x T;TQ | w € C(u),
and (o, du) = Qp (u)(w, 6u), for all du € C(u)}, (8)

where we recall QO = —d©p, is the Lagrangian two-form.

Note that this Dirac structure Dy, is dependent on the given Lagrangian L on TQ. In other
words, the Dirac structure Dy, is not naturally attributed with the tangent bundle, but is induced
from a given distribution Ag and a given Lagrangian L. In other words, the induced Dirac structure
Dy, on the tangent bundle T'Q) can be induced from the Dirac structure Dz« on the cotangent
bundle by the Legendre transform. In this sense, let us specifically call Dy, a Lagrangian Dirac

structure on TQ).



Lagrange-Dirac systems on the tangent bundle. Associated to the Lagrangian L on TQ,
we can define the energy Ep on T'Q by, for u € Q,

Er(u) == (FL(u),u) — L(u).

Given Ey, and Dy, a curve u(t) € TQ is a solution of the Lagrange-Dirac system if it satisfies
the condition
(a(t), dEL(u(t)) € Dr(u(t)). (9)
It follows from the condition (9) that we get the intrinsic Lagrange-d’Alembert equations
onTQ:
Lao (1)L (uo(t)) — dEL(uo(t)) € Cluo)®,
1'1,0(1‘,') c C(UO)
By computations using local coordinates (¢°,v?) for u € TQ, we can obtain the local expression of

the Lagrange-d’Alembert equations on TQ:

8?L  dvl 9%L .  OL -
—_— —_— q _ —_— = )\T-wi,
ovtovd dt  OvtoqI aqt
dqi i (10)
at
wf(g)¢" = 0.

Energy balance equation. Along a solution curve u(t) = (¢q(t),v(t)) € TQ of the Lagrange-

Dirac system on T'Q) in (9), the energy balance equation holds as:

S EL(a(t) o(9) = 0.

3 Examples

Lagrangian systems with nonholonomic constraints. We illustrate our theory with an ex-
ample of the mechanical system in which the Lagrangian L on T'Q) has the form of kinetic minus
potential energy as

L(gq,v) =T(q,v) — U(q),

where U(g) denotes the potential energy defined on an n-dimensional configuration manifold @
and T'(q,v) = %Mij (q)v'v? the kinetic energy with an n x n mass matrix M;; whose elements are
dependent on ¢ € Q. Further we assume that det M;;(¢) # 0 at each ¢. From the given Lagrangian

L(q,v), we have the energy as

1 .
Er(q,v) = §Mz‘j(Q)UZUJ +U(q)



Suppose that we have nonholonomic constraints Ag C T'Q given by

Ag(g) = {(g,v) € TQ | (W"(q),vq) =0, r=1,....,m < n},

where w”(q) = w!(q)dq® are given r-constraint one-forms on Q. Then, we can define the induced
Lagrangian Dirac structure Dy on T'Q as in (8).

By direct computations, it follows from the condition for a curve u(t) = (¢*(t),v*(t)) in TQ
(). AL (u(t))) € Dy (u(t))

that we can obtain the Euler-Lagrange equations on 7'Q) by using Lagrange multipliers A, as

d’Uj 8Mij ok 1(9Mjk Jok _ 8U
Jdt+8quq 28qivv_ oq*
dqi_z‘
a0

wi (¢)g = 0.

M; + Awi (9),

Planar linkage mechanisms. We show an example of holonomic mechanical systems, i.e., a
planar linkage mechanism as in Fig.1. The planar linkage is consisted of three rigid links with four
ideal pin joints, where we assume that there is no friction at the joints and also that there exists

the gravitational acceleration g along the negative direction of y-axis. The configuration manifold

Figure 1: Rigid planar linkage mechanism

of the planar linkage mechanism is denoted by Q@ = R? x S' x R? x S' x R? x S, whose local

coordinates are given by ¢ = (z1, y1, 61, T2, Y2, 02, T3, ys, 63) for each ¢ € Q. The linkage mechanism



has a set of holonomic constraints given by

—x1 + 11 cos by

—y1 + Iy sin 0

—xo + 21y cos 0y + Iy cos O3

—Y2 + 2l sin #y + I3 sin 92

—x3 + l3co803 +d

—y3 + l3sin O3

211 cos 01 + 215 cos By — 2l3 cosf3 — d
201 sin 01 + 2l sin O — 2[5 sin O3

In the above, ¢ = (¢', ..., ¢™)T, where each ¢(q)" is a function on Q. Define the Lagrangian on T'Q

by using v = (Vg , Uy s Vo; 5 Vi s Uy s Vos s Ugy s Uys» Vg ) € TyQ as

3 3
1 1
L(g,v) = Z Emi(vxiz +v,,2) + Z ilivgiz —Ul(g),

i=1 i=1

where m; and I; denote the mass and the moment of inertia of the i-the link respectively and where
3
Ulg) = >y migyi-
Then, the dynamics of the planar linkage mechanism may be represented by the Lagrangian
systems with holonomic constraints on T'Q) as
oau 0"

M 09 = —— + ——\,,
v aq* + aq*

q'=1
¢"(a) =0,

where the mass matrix is M = diag(m, mq, m1112/3,m2, m27m2122/3,m3, m37m3133/3).

4 Conclusions

In this paper, first we have reviewed conventional Hamilton’s principle in mechanics to formulate
the Euler-Lagrange equations. Then, we have seen the geometry of the tangent bundle T'Q, in
which the Lagrangian forms are induced on T'Q) from the canonical forms on the cotangent bundle
via the Legendre transform. In particular, for the case in which a given Lagrangian is regular, we
can develop the Lagrangian system on T'Q). Second, we have introduced an induced Dirac structure
Dy, on T'Q, which is called Lagrangian Dirac structure, from a given distribution Ag and a regular
Lagrangian L on T'QQ. We have shown that the solution curve of the Lagrange-Dirac system satisfies
the generalized Lagrange-d’Alembert equations. We have illustrated our theory with examples of a

nonholonomic mechanical system and a rigid planar linkage mechanism with holonomic constraints.
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