Properties of Various Surfaces by Contact with a Standard
Cuspidal Edge
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Recently, there are many studies about singularities by using height functions and distance squared
functions. Height function investigates approximation with the plane, and distance squared function
do with the sphere. In this paper, like previous two methods, we study classification of critical point
of function which investigates approximation with standard cuspidal edge.
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W Acs T, hEOME LR S oI MOEAN LR & OBflE 5 2 & I FEELF
BED12THd. AHAFHEUT IEmIBu & M REEI 02 20 ohs. HIAE,
B BBULEE & OBl AN S, £ (R%0) > (R0) 2 EAIIIAZEE 32 &, BEBEBH XxoR
ThzoN5.

H:R>XR® S R (u,v,x) = (f(u,v),x).
IIT, ()RR DI—2Vy FAMTHS. ZOHZHVDL, KA ILD.

o« H 0D 2 DE—ABEOK, xI13y &ETT, DO K>0 (HBHM).
o HMEH 1 O —ABBOKE, xidv & 7T, 2K <0 O,
o HWMBE UM 22L&, xidv & 7T, D K=0 (B¥s0).

O, KX fOAYAMETHY, vid f ORMERNZ MV THE. HDOERLY, [PV
TxHy EEITORE, HIFEIZ0 L5,

FkRIZ LT, PR REAEIIERE Ozl o CTWa. 202 DO, N EHPERICE N
PEREET LI LIZLY, EAIHE f ORCAZEEZEL Z A TES.
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KA 2R OIS LT, Sy h=—DEPH AT, MOREREDBEITONDE. Zs DR
PALREEZMFT S5 TH [m B Tl =B AV TWS ([2,3,4,5,6]). o
AR L OB ER 5L H DD, TNHIFTRTRERZRZHRVED L DIEMEFHRT
W5 ([7]). EEDMBR Y, Kz foim 2 R a2 oM a2t e A f7bh
TV, ZZTARTIEFAKRDOZEZDD &, FMRAZFFOEENZTME OENZNS Z EI12&o
T, ®AY b=—DRPOHATUEFND.

2 iy
21 BEHORES

f:(R%0) - (R0) % 2 ZHEEEF L 95, BBEF f L g: (RL0) > (RO) HR-AETH 5 &1,
W FRMHEEE ¢ 0 (R%0) = (R2L0) BFELT fop=g DRV DL ER WD, FHH f D
MThDeE, ZORELSOMEE2 R-FAMO T THFLZV. LALADS, 2 Z2HBEHOBEEEER
EEIFERICEET I EBHONTWS, ZIT, I TIREMETIEN SRR EDAMMIHIREL T
FEADIEIZT S, RRANVHEMTH D L1, BIBEF f OlE U BFAEL T U HERD R-[FHHH
LDPEERVWEEE N,

FIIHEMEEENO—ETH S, 21 Arnol’'d IZ &k - TH 2 507z ([1]).
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Frz, BMTIEARVRRSEZRO 2EEIZITTEL.
Def 1. F: (R%0) — (R,0) % 2 ZHBBEL T5. Z DR,

b ]3f(0) N 143 ¢ R-FMETHMMTlIaWE %, F %Jlo-ﬁ%tﬂ?&i.
¢ 3f0)=0DEE, F%Xo-JiLILR,

22 HEDOHER

Mp WthEoREATH 5 1, HiE f: (R50) —» (R3,0) DWMOOBEEA 1 ATFIZHRBET
Hb. £, 2 O00FHKIE f,g 1 (R%0) - (R,0) 2 A-FETH 5 1%, ¢ : (R%0) = (R?0),
¥ (R3,0) = (R3,0): 0 FMHEGZELFMELT, Yyofodp l=gBNKHVILDIELTHD. ZD A-

FfED S & THA R ORRAZZIT 5.

o KA Y F=—DH f(u,v) = (u,uv,v?) & A-FEDE D
o« HATA f(u,v) = (u,v*v3) & A-FEDH D
o« DR f(u,v) = (u,4v + 2uv,3v* + wv?) & A-FEDE D

2 KA Y b= — DI AT L/FEDRE

R, fresta(u,v) = (u,v2v3) % Z 2 CIIEEA A UL IERZ 21235, (X2 fik)
Frz, SV b=—OREHATAOHRIFRD XS 1EL Z A TE 5. ([10, 14])
JFERE (u,v) & 3RGTTHEREGHR T BWFEHEL T,
fORRAY h=—DRTHD L &,

n

n
To f(u,v) = (u,uv + % Hvk,z Z #u vj) + O(u,v)"*!

k=2 i+j=k
7272 U agy # 0.
FRHATATHD L E,
Tof(u,V):(u,@u2+@u3+lv2 @u2+@ 3 @ 2 @ 3

> 3 ) 6u+2uv+6v)+H(u,v)

(
(
A

H(u,v) = (0, uthy (), u* ho(u) + u?vZ ha(u) + uv> ha(u) + v4h5(u,v))
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THY, hy,ho hz, hy, hs 1 XESDRBERTH B, £72, boz #0 5D by > 0.
F7z, v v h=—D%®D focal conic IZ

{(v,2)| = 22 = 2a11yz + (azoam — a};)y* — apxy = 0}

TRIND.

3 &R

ARETIEAFAY b=—DRENATIIZIOWTHEZD. f2HA4Yy b=—DHFHLEIAATLEL
T5. 2SR S? = {x e R¥||x| = 1} 2T, A={(ab)e S?xS?|(a,b) =0} £BL. T
DIf, B F %

F:R*xA—>R 3)
(I/t, v, Y, Z) = <f(1/£, V)’ Z>2 - <f(1/£, V)’ Y>3

LEDHD. ZORNTIE, y=(0,1,0),z=(0,0,1) THY, fHPEEAZTIAOLEF PHEIZ0 &R
5. Thhbb, FIIMGEDZATULPSENS O VWHNTWE»E2EXKLTWS. ZOF 23HET5Z
CIZED, KAy F=—DHEXH AT IUOELEN X T 0L OFEMICETIMEZFHARL Z N TE
5. ARRTIE, TOF Z2HVTHEONZRA Y b=—D&E WA TAORLOEERE, FEER
CrRELHTWVWS.

ADEHRLY, 3DDNRXFTA—X—a,B,y ZHVT y, 2z IFRD IS IZRKTZ A TE 5.

y = (—cos Bsiny,cos a cosy + sin @ sin B siny, sin @ cosy — cos @ sin B siny) @)

z = (—sin B, —sin @ cos 3, cos a cos 3)

I AT 0% FRATRC AN T2 D, [MEsAICHNS T 5. NN, a Bu—ILfl, gH3—
A, y Ry FAIHY TS, (K3 2H)

Roll; a

3 a,B,y ORI

AEDOEBZMNT F 25tH T 5 &, ROTHEIFSND.



2 fANATH, BULLEHEAY h=—DRTHD L&,

esinf #0725IF j2F0) ~g u>. X512,

% cosasinBcosy +sinasiny #0751 jOF0) ~g u? £ v°

% cosasinfBcosy +sinasiny =072 53 jOF(0) ~g u?

esinf=07%51F j2F0)~g 0. 51T,
* sinasiny #0751 j4F(0) ~g u® £v*
% sina =02Dsiny #0725 j4*F0) ~g u’
% siny =051 j2F(0) ~g 0

L0 EWVIREE TR EROTEHEIBFONS.
EIE 3. sinf=siny =0, $72bb jPF0)~g 0 LIRET 5.

o fINHATUD L ¥,
¥ a=B=y=0,3%4bbEy=(0,1,0),z=(0,0,1),byg =075 j*F0)=0
* X 5T, ayy =bzg=b1p =0,by3 = % f£6l£j6F(O) =0.

o fINEHEAY F=—DRDL E,
* ay=0HL<IE (a1 - cota/)2 = arpag R 5 X j4F(0) ~R +ut
% (a; —cota)? > axap 7% 51E j*F(0) ~g +u*v?

% (a1 —cota)? < axap 7% 51E jAF(0) ~g =(u® + 2u®v? +v*)

fZIERIMEE UTHRBOFEERNESNDS. 22T, 1y b=—DEDFADAPZFTT.
(I ATBTHIFIFABRIIRES)

Proof. j?F(0) =sin’ Bu?> THZH 5, sinf DIEIZ & > THRE S OFENZELT 5.

esinB#0=(1).
e sinfB=0=(2).
(1) BUsinf£0%251, FIZA-RRETHE. ROBEEMREEZ 5.
i=(f,z), v=v

ZnkE, HbHgMBHFELT,
u=g(@v), v=v

YEIFL. TBE, F=i*—(f(g@@v),v),y) THEH»5, apai,a BMFIEL T,
(f(g(@7),7,y) = ao(?) + a1(V)a + ax(, 7)it* (5)

REOID. £oT, by BWFEIELT F = ii*(1 = bi(@1,9)) — ao(¥) + 3ag(¥) a1 (V)i L EESHZ TE 3.
T HITIRDFEREE AT &,
=yl —-bi(@vi v=7

by DPMFAEL T F = it? — ap(¥)® + 3ap(¥)?a1(M)iby(4,v) £ TES. & >T, FEE kK BMEIELT,

ap(v) = agkv* + -+ (agx #0)
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ThHZE, FlT Ay R STHDE. £72, 5) &b,
<f(g(0’ ‘7)’ ‘7)’ y> = Cl()(\_/)

DO D. —FH, BEB (fuv),z) = 0%2F25L, ullX3®MHE (f,2), = (f,2)ail, +
(f,z);V, =sinB 0. THE0 o, BEBEMLD h(v) BFIEL T

(f(h(v),v),z) =0 (6)
BRSO, EHED, d=(f(g@i),v),z) THDHMS, i=0DHEEEERDLE
(f(g(0,%),v),z) =0 (7

BEOND. koT, (6) & (1) AHETHZ2I2kD, g0.9) = (%) BH25. T ap) A
y-HEAND z8 TO f QYD ODESIBEEII R > TVWE I &2 RL TS,

Rz, k=2 DRl cosasinBcosy +sinasiny #0 72 51X As-F RS TH 5.

2) HLsing =00, jFFO0) =sin’yu® THs. £oT,

e siny # 0 = (3).
* siny =0 = (4).

3) ZorE, j*F(0) =sin’ yu® + 1sinfaal, THBN5,
e siny # 0 = Eg-FFH 5.
e siny=0= Jio-Tr B R
@) jPF0)=02sing=siny =0k bbhd. (F4bb XgHFRMK). X>T, F D 4jet x4
IRD AT,
1
j4F(0) = 1 sin® aa§0u4 + (sin2 aajdyo — Sin @ cos a'ago)u3v
1
+ {(sineay; — cosa)® + 3 sin? aasoag, yu?v?
1
+ (sin® @ay1agy — sin @ cos aag, uv’ + 7 sin’ aa§2v4 ()

RING., ZORELEORESEIL o,a0,a11 and ap 2 & STHRES., TOFHEIX [12] 123D <.
axy =0 OWE, IXOMEEZEHA#2 5 L,

a
i = (a1 —cota)u, v=_(aj; —cota)u+ %v

JAF(0) = £ £ TES. FRIZLT, (a1 —cota)® = axpap PFH
= —Wlaxlu £yl]apz|v), V= (\/ ap|v)
\/_ V2
NS BB X o T jAF0) = +i* 12T N TES.
WRIZ (a1) — cota)? # anag PHEER 3. k2= @izl yasey 12 | OIE

aznan2

N Vk? +k
=g =S



KBRS 5 & jAF(0) = 2P kB
Wiz k2 < 1 DX

- k. |
u=i— vov= %
V1 — k2 V1 — k2
IZ& o T jAF(0) = i* + 209 + 7 £ TE 5.
m]
ZDI, FORRLGOBEIEK4DEIITRD.
Ay Aj Az Ay As As
D, Dv\\
Eg A\Ees Jio
Xo

B4 HAy h=—ORORELRE

focal conic 2VWHIFRDIF, g1,82 (g1 < g2) % focal conic DHHAFRDMEE & B<. [4] D@ 3.4 &
D, g1 = ajp] —\Jaxap k &> = a1 tazoap Thd. F7-, —cota |FEHEH 2 70O MR E - mH %
yZ-FHIZHE L2 L TOEMDIEETH S, T ZITRUAZEH LD, focal conic IZ2WTDRDME
LN b.

Corollary 4. o j*F(0) 2% +u* & R-FfED & &, focal conic (LB MhfR. X 51z,
* ay = 072 5 IXHIFR.
% ay) 20, $72bbB (ay —cota)? = argam 72 5 IEMHIERT, —cota = g1 or g» DK D T D.
o If j*F(0) 2% +u*v? & R-FfED & &, focal conic \IFEM MR, X 512,
* axag < 0725 IXHEM.
* ayag > 0725 IETWEIFR T, —cota < g or g» < —cota B D D,
o jAF(0) % £(u* + 2u®v? +vY) & R-FAMED & &, focal conic \IMHART, g1 < —cota < go H*
D /RVASN
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