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SelmEEEZE I B T B A REHOH T, —BAX TR OEHZLOE, ©
5 5 A, Banach Offi/NEEE (the Banach contraction principle) T®H %.

EH 1 ([1, 4]). Let (X, d) be a complete metric space and let T be a contraction
on X, that is, there exists r € [0,1) satisfying

(1) d(Tz, Ty) < rd(z,y)

for all x,y € X. Then the following holds:
(A) T has a unique fixed point z and {T"z} converges to z for all z € X.

FZE K OHLEREEDFEHINTETWS. ROEHIZZED 1D TH 5.

EE 2 ([5, 8, 12]). Let (X, d) be a complete metric space and let T' be a CJM

contraction on X, that is, the following hold:

(i) For any € > 0, there exists 0 > 0 such that d(z,y) < € + 0 implies
d(Tx,Ty) <e.
(ii) o # y implies d(Tx,Ty) < d(z,y).
Then (A) holds.
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2. INFEH

¥ 9", Edelstein O RESEH 2B L7zv. ZOEHEIE compact FEAEZE M
BT SAFREITH D, EFDORMFIFEE 1 & 0 iBRWD, BARDZM:733E
29972, EEL 1 L EH 3 IFMNL R BRI TH . [10, 14] FHLBHDOZ L.

EH 3 (Edelstein [6]). Let (X,d) be a compact metric space and let T be a

mapping on X. Assume
(2) v#y = dTz,Ty) <d(z,y)
for any x,y € X. Then (A) holds.
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e [Bro 68] T is said to be a Browder contraction [3] if there exists a
function ¢ from [0, 00) into itself satisfying the following:
(a) ¢ is nondecreasing and right continuous.
(b) (t) <t for any t € (0,00).
(¢) d(Tz,Ty) < pod(z,y) for all z,y € X.
e [BW 69] T is said to be a Boyd-Wong contraction [2] if there exists a
function ¢ from [0, 00) into itself satisfying the following:
(a) @ is upper semicontinuous from the right.
(b) ¢(t) <t for any t € (0,00).
(¢) d(Tz,Ty) < pod(z,y) for all z,y € X.
e [MK 69] T is said to be a Meir-Keeler contraction [13] if for any € > 0,
there exists § > 0 such that d(z,y) < € + 0 implies d(Tx,Ty) < .
e [Mat 75] T is said to be a Matkowski contraction [11] if there exists a
function ¢ from [0, 00) into itself satisfying the following:
(a) ¢ is nondecreasing.
(b) lim, ¢™(t) = 0 for any ¢ € (0, 00).
(¢) d(Tz,Ty) < pod(z,y) for all z,y € X.



e [CIM 80, EH 2] T is said to be a CJM contraction [5, 8, 12] if the
following hold:
(a) For any € > 0, there exists d > 0 such that d(z,y) < ¢ + J implies
d(Tx,Ty) < e.
(b) = # y implies d(Tz, Ty) < d(z,y).
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1 6 (Example 8 in [15]). Let E be the Banach space consisting of all bounded

functions z from N into R with supremum norm, that is, we can write

E= {x = Zx(n) en |z == ilég lz(n)| < oo},

neN



where {e,} is the canonical basis and ) represents ‘formal sum’. Put al™ =

21=m/" for m,n € N. Define a closed subset X of E by
X ={a"™e, :m,neN}u{0}
and a mapping 7" on X by
T(a™e,) =a™ Ve, and T(0)=0.

Then (2) and (A) hold. However, T is not a CJM contraction. Moreover T is
not a CJM contraction for any ¢ € N.

EH 7 (Corollary 7 in [15]). Let (X,d) be a complete metric space and let T'
be a mapping on X satisfying (2). Then (A) and the following are equivalent:

(B) For any € X and ¢ > 0, there exists § > 0 such that d(T"z,T7z) <
e + ¢ implies d(T"'z, T x) < e for all 4, j € NU {0}.
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EE7 (B) = (A) DEERA. Fix r € X and define a sequence {z,}2, in X
by x, = T"x for n € NU {0}. We first show that {x,} converges to a fixed
point of T', dividing the following three cases:

e There exists v € N satisfying z,,1 = x,.

e 1,1 # x, for all n € N and there exist u,v € N such that p+2 <wv

and z, = z,.

® I, Xy, are all different.
In the first case, x, is a fixed point of T'. Since x, = 41 = x40 = - -+ holds,
{z,} converges to z,. In the second case, from (2), we have that {d(z,,x,11)}

is strictly decreasing. So, since x,11 = z,4; holds, we have
d(@y, i) = d(@y, Tyg1) < < d(Tp, Tpgr)-

This is a contradiction. Thus, the second case cannot be possible. In the

third case, as above, we have that {d(x,,z,41)} is strictly decreasing. So



{d(, Tns1)} converges to some £; > 0. Arguing by contradiction, we assume
g1 > 0. From (B), there exists §; > 0 such that

o d(x;,xj) < ey + 6 implies d(zi41,241) < €1.

From the definition of e;, we can choose v € N satisfying d(z,, x,11) < &1+ 1.

Then we have
d(zyt2,Tyis) < d(Tyir1, Tyia) < €1,

which implies a contradiction. Therefore we obtain €1 = 0. So we obtain
lim, d(z,, z,41) = 0. Fix g5 > 0. Then from (B), there exists d, > 0 such that

o d(x;,xj) < g3+ 09 implies d(zi41,241) < 2.

Since lim,, d(z,, x,+1) = 0 holds, we can choose A € N satisfying
d(zg, we11) < 02
for any ¢ € N with £ > \. Fix £ € N with ¢ > \. We will show

(4) d($£+1, $z+j> < &9

for j € N by induction. It is obvious that (4) holds when j = 1. We assume
that (4) holds for some j € N. Then we have

d(wg, woyj) < d(@e, oy1) + d(Tpr1, Tepj) < 02 + &2

and hence d(zy11,r+j+1) < €2 holds. So, by induction, (4) holds for every
7 € N. Thus, we obtain

sup d(zp, ) < es.
m>n>\

Since e, > 0 is arbitrary, we obtain

lim sup d(z,, z,) =0,
n—oo m>n

which implies that {z,} is Cauchy. Since X is complete, {z,} converges to
some point z € X. From (2), we have

lim d(Tz,2,41) < lim d(z,z,) =0.
n—oo

n—oo

So {x,} also converges to Tz. Hence Tz = z holds, thus, z is a fixed point
of T. We have shown that {x,} converges to a fixed point in all cases. The

uniqueness of the fixed point is followed by (2). O



4. MEE5

(X,d) 2Pz U, T % X LOBHET . [0,00)2 OHSES Q %

LR TEDS:

() Q = {(d(z,y),d(Tz,Ty)) : z,y € X}.

Hegediis & Szildgyi 1F5R3C [7] I2HWT, Q 2EAL, M/NRMEIZET 26w
ZiToTW5.
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BUTHIENTES.

Iho 2B & LT, fa [16]) T, Mi/NRfE0FR LDk — %2 X -7z

EZ 8 (Definitioin 3 in [16]). Let @ be a subset of [0, 00)?2.
(1) @ is said to satisfy Condition C(0,0,0) if the following hold:
(1-i)) w <t for any (t,u) € @ with u > 0.
(1-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in @ satisfying
T <t,, T <u, and lim, t, = lim, u, = 7.
(2) @ is said to satisfy Condition C(0,0,1) if the following hold:
(2-1)) @ satisfies Condition C(0,0,0).
(2-ii) There does not exist 7 > 0 and a sequence {(t,, u,) } in @ satisfying
T <ty u, =7 and lim, t, = .
(3) @ is said to satisfy Condition C(0,0,2) if the following hold:
(3-1) @ satisfies Condition C(0,0,0).
(3-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in @ satisfying
T <ty u, <7 and lim,t, = lim, u, = 7.
(4) Q is said to satisfy Condition C(0,1,0) if the following hold:
(4-1) @ satisfies Condition C(0,0,0).
(4-ii) There does not exist 7 > 0 and a sequence { (¢, u,)} in @ satisfying
t, =7, u, <7 and lim, u, = 7.
(5) @ is said to satisfy Condition C(1,0,0) if the following hold:
(5-1) @ satisfies Condition C(0,0,0).
(5-ii) There does not exist 7 > 0 and a sequence {(t,, u,)} in @ satisfying
t, <7, u, <7 and lim,t, = lim, u, = 7.
(6) Let (p,q,7) € {0,1}*> x {0,1,2}. Then Q is said to satisfy Condition
C(p, q,r) if @ satisfies Conditions C(p,0,0), C(0,¢,0) and C(0,0,7).



8 9 ([16]). Let (X,d) be a metric space and let T be a mapping on X.
Define a subset @ of [0,00)? by (5). Then the following hold:

(i) T is a CJM contraction iff @) satisfies Condition C(0,0,0).

(ii) T is a Meir-Keeler contraction iff @ satisfies Condition C(0,0, 1).
(iii) 7" is a Boyd-Wong contraction iff @) satisfies Condition C(0,1,2).
(iv) T is a Matkowski contraction iff @) satisfies Condition C(1,1,0).
(v) T is a Browder contraction iff @) satisfies Condition C(1,1,2).

EFST,Q ZAWVT, C(2,2,7) WO D 12 HDHI/NGME2EAN L. %
LT, @9 IZBWVWT, ZD D 5D 5 (HDRMANE 2 #iCTalid U 72N &
FETHBHZ L ZRLUT.

ZDZ eIz &y, MGy BRN (3) ZPLTF O & S5 IC8fEZ HWTH
SHETIENTES. BEPKRE VR, FMEPEL 20T, MsgBE/RIE—H
MESRIZ 72 D

c(1,1,2) — C(0,1,2) — C(0,0,1) — C(0,0,0)
N\ e
C(1,1,0)
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