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1 EA

AREL T, NFONEIZEWT RIS NZERMED—DTH % Birkhoff EARMIZ
DNWTiERS, ZIZTARRSN D ERFERIE, Komuro-Saito-Tanaka [12] (ZBEIZ FEZRH A
THHD, FELUWVIEHHFIZ DO WTIESHE IZEH DR X 2 SRS i\,

T, BV MERIZE T 2@E DER M Z N F v BN & —fbd 2 LIRS
< HBHM. KX TEHH S 15 Birkhoff DF7EIK. T, HALEHEEXBERRE D AR 24k
R DD E AR,

F11. X 2NFuNEHEL, o,ye X &T5, DL E, oWy Birkhoff EXR $
LElE, TRTDAAT =AW UT ||z + \y|| > ||z|| BT D Z ?:75:.:.14\ rlgyT
zINd,

EBPRODLNE LI, v lpyld, 2 Z2#5 y AHANOERRE B L ORIOEREN,
KHWTRHIZRZ I 2BELTWS, £z, |z]|=1ThdHL &, 2 Llpy THBZ
Lo, BfR{rz+ Ny MEAA T — 1} DX OBLEK By DERTH L Z L LIFFAMETH 2,
T oI, N NZEHOBRABRO T (supporting hyperplane) & 737w /N B 22 ]
WD EEBEIEL (support functional) & 136G L TWA 25, Birkhoff IR MEIEX UIK U IXEE
MNEEZBEBLCHML 5N 5,

EH5 A, BV RERIZEWTIE, @HOELM & Birkhoff HA M & X FHE & 74
5, Flz. —fBONF NERNIZBEWTE, Birkhoff EARMEIX. IRDETRILAN)L b 22
B AEREEELLTWS

(i) TRTD 2 e X\{0}ITHUT, oLy M E%5 X OBKE M IBFET 5.
(i) 2 Lpy B olX, TRTDAANT—a,BITRHUT, ax LBy L7425,

—7J5C., Birkhoff ERM: X, BERMEL UTHROREWL D00ME 2 FKHE20, X
X, RO & S5 7% T, Birkhof ERMIZ L)L MEMIZH T A ELM R L 5,

(i) 2 Lpy TH>TH, y Lpzr TH D LIFRSRWN,
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(iv) 2 lpyBEV 2 LlpzTHoTH, v Llpy+2Thd LTRSS,

Birkhoff ERMEZ XU D & U=\ F v NZERIZ BT S ERMEDOFEMEEIZ DWW T, Alonso-
Martini-Wu [1] 233U\, £72, FHZ, (i) 1220V TIE NFyNER X IV T, dim X >
3Dz lpgyeylgrThdeE, XTIV NEMELREZEPHONTWS, D
0, lic‘:/uk?”/\f@/\ﬂ‘ //\ ZEENZ HE W T, Birkhoff EASMEIZ RIOIFME & R 72 720,
Z DD BHROFEIZL Y, EHEICED £ T, dim X =2 DEHE 2R T Birkhoff (65
%@ﬁ%%%ﬁ%?é;5@m%uﬁbmf:@#otob#b\m%ﬁnumm@Mw]
\Z & > T Birkhoff [E MDA #PEDIFSE & < OISR U 5 0 TR, Birkhoff H22
PEDOWFMEPNHOEHZHED, BAICHZEIND K512k o7,

B DIHFE TRHW S N T WA IROBERIE, Sain [13] KT Sain-Ghosh-Paul [14] IZH W T
BAINT,

£1.2. X 2NFuNnERlEL, e X &d5, TDL E, x ) Birkhoff ERMEIZEET
%Eﬁﬂ,ﬁfﬁ)éc‘ili\ yeXfJ")xJ_BytkbCiyJ_Bxkﬁégc‘:%m

EE 1.3 X Z2NFUNEHEL, xe X &5, TDE &, ¢ Birkhoff EARMIZEET
LEMMETHD L, ye XhDylgeholFr lgyeRdl a2,

INSDEFRIFZ—RLUES> TWAEDR, TNTNDOROERIZIE Bins, LB RO Z
EBRHIENTWD,

I 1.4 (Turnsek [15)). H ##FZ )V ~)L vER & U, B(H) % H EOA TSGR %
DERMPETERE TS, TD L&, A< B(H) % Birkhoff EaMEICBI T 2 ARFRSTH
52l ADVERMIFRARZRIZIREEMIEARZDAN I —HFTHD I L LIZAMT
H5,

EIE 1.5 (Turnsek [16]). H ZER L)L MEHE S5, £DE E, A € B(H) % Birkhoff
ERMIZETEENMRTHEILE, A=0LIXFEMETH S,

iz & Birkhoff IE2 M K OV DIRAEIZEE S 2 RIFTNFMEDIAFLIISE A 127N TE D,
Bl 21X, Arambasié-Raji¢ [2, 3, 4, 5], Chmielinski-Wéjcik [7], Ghosh-Sain-Paul [8] &A%
LNTWVD

$mifi B2 Turnsek OFEFRICEH L. KD —BOT7 4> - /AT VRIZBEWT
Birkhoff ERXMED RN FMEZFRL 5 Z & T, ENMREANMRENENOREZHED
ZrZxHNET S,

2 *F

K SCTHD T N F v nEiE, ITRTEENFYNE/TH S, X 2XNF v N7%E
e ULz &, XXX OB NF v NEljz2RS, B f e XF\ {0} 5 X DHfIER
By DHNEBTH D L1, D€ By ICHLTRef(z) = |f| 58205, F
oo TOEE. flEzIZBWT By KT 2205, B F 2 2 1B WT By 1273
& HEhrtker flRXaIlB T D By D DOBEYTIEZ S5 R 5, IROMERIE, Birkhoff
ERME & BENER S L % BEEAT T B,



fHRE 2.1 (James [9]). X 2N FunZEfje L, r,ye X & 95, TDLE, 2 1lpy TH
228l flx) =|z|| KO f(y) =0 %ii7-9 By DENBEBR f ¢ XEWFEHET LI L L
FFEETH 5,

Z OFERIZ, Birkhoff A NMED BN R E WX &2 5 2 57213 T2 <. Birkhoff [E &M
R B EMi R ERIC D LIRLIRISHEE NS,

KT BII 2 ELNRIEZ, 74y - VAT VEBREZORNNTHY, 74V - /4%
VIR IR CYERTH D, NFTONRADVPCIRTH D LT, NFynEBRELUTDHE
BIZMATHAE A AADBEBIN, TRTDAcAICKHUT ||A*A|| = ||A|]? 2= 9
ZeEZESS5, TIT, WELIE, TRTDABecAKVPITRTDa,be CIZHLT

(i) (aA+0bB)* =aA* +bB* ,
(il) (AB)* = B*A*,
(ifi) (A*)* = A

iz BB ERT., HPe V)V M EHTHD L E, BH)IXC RO EEZ 5, £
7z. Gelfand-Naimark-Segal RIUZ L D, TRTD C*BRIX. H5DIL~)L NZER[ H X
LT, B(HYOC*HBERTH D LTS,

H%Ze )RV MERET S, ZDE E, v,y e HIZWULT, B(H) FORBEBw, ,(A) =
(Az,y) BEE D, TNo DPEBA S {w,, : v,y € HHIZET 254 481%. B(H) L
DFEAFEAMAH (the weak-operator topology) & WEHEXND, HIZEHT 74> - /A<
VEREIE, B(H) D C*HRERTH > T, JEHRMHEICBEALTHTH2HDEE D, 74
Vo AR VEIR, BICHEFRZETI ZED

R&e74Y - JAXRVEET D, TDEE, X =R &7 X D% F v nZER X
ﬁ\%ﬁ%ﬁﬂ%%bf—%tmiéoZ@X%R@%ﬂﬂ@mﬂﬂbtﬁ@‘MT%
T, LD EEMIZIE, Ry IER EOERNBEKZO AL TIEI N, TIT, feRDIE
#l (normal) TH D &Ik, TNW Br L THFAZERTHDLI L% E D,

B(H) iz WTId, Birkhoff EAMEIFE 5 —DDHHLRHEN I 2 £,

& 2.2 (Bhatia-Semrl [6]). H Z V-~V hEME L, A Be B(H) 25, TD& X,
Alp BThdZ i, |Az,| — ||A| X (Az,, Bz,) — 0 Zifi7=3 H NOBLR 2 h
W (2,) PEET B2 L LIIAMBTH 5.

ZORERIK, EFHEOM R ZE L Tz FEEAZEOEHAIZRET 2BICHVW o
%, TZ T, A€ B(H)MIEM (positive) TH D EIE, TRTDzr € HIZHUT (Az,x) >0
DL TDHILEEN, A>0TRIND, THiE, ROFBEDODENENLFAMETH S,

(i) AIXETIHE (DD, A* = A) T, o(A) CR, 27T, 22T, o(A)IFADZ
R MVEFRT,

(i) H»BIEMFEZE BIZHN LT, A= BB,
(iii) &2 EfEFEHSZE HIZ/ LT, A= H?



D (i) &7z T IEMEERSE H 3 EEERAZ AL T-RIZES D, A2 L&

?I/LE)O

HZACBH)IZHLUT, |Al = (A A2 e@DOND, £z, V € B(H) 1 V*V HEXK
B CThd L&, HNFHEMIEHAZR (partial isometry) & IEEI, V*V Z#HHSR (initial
projection), VV* & Bif&4I5% (final projection) & ZNEIULER, B, F BELFNETH D,
HDHWAEEMEAZVIZH LT E =V VR F =VV* kb &, E& FILFAAE
ThdLEb, E~FTRIND, Ac B(H) DL E, IR L BN ENT
N A* O A DIEES R (range projection) T b & 5 il FHEMIEHZ V 2 HW T,
A=VI|Al £FITE, Thzk ADMSE (polar decomposition) EFER, R T+ > -/
AYVERTHD, AcRTHDBLE, V,|A|c RI¥Pbrd, TOM, /EHFERROEEH
HIZDWTIE, BlZ X, Kadison-Ringrose [10, 11] & S I 72\,

3 J#4Y - JARVRICBTSEAANIME

TIZTIE. 7Y - A< UEIZBEWT, Birkhoff [E &M IZ BT 2 X HE A & 45 WK A
ORI 2525, WTNDEGED, 1EHZOMOEEE L CHEROMEKILDTE 5,
FDEHIZ, WL DDA BT S,

WE3L RETAY - JAXVEREL, AERET D, AV eREAVWT A=V|A]
LRI N L E, (A Lp B ALl VB LIXEETH 5,

BRE$T2LE ROIARTOREABMTHL L IR RDITDEAKREZ, R Dl
(center) LWL, FFIZ, RV T4V - VA VIERT, BEXHE P e RVPROHLIET
% & &, PIEAuFE (central projection) & IHEN D, FFULFIZDOWT, IRDZ LA
ALY

WBE32RE2TAY - JAVEREL, ABERETS, PecRMWHLFETHL &
&, AP1lyzBY AP 1z BP LIiIFAfETH 5,

3.1 AXHE

TH v AR VERIZEIT 5 Birkhoff M D LEXNFRE 2SS 5 ET. Arambasié-
Raji¢ b] IZ X BMDFERDPRWHFER & 725, (FEITIE. K DJEW C* NIFFDOFRE TR
INTWD, )

%8 3.3 (Arambasi¢ and Raji¢ [5]). RE2 74> - /JAvVEEL, Ae RET D,
U A % Birkhoff ERMEIZEIT 2 MR TH 2 61E, DL &, A KU A 1F T
NH R DMNWNHEDAH T —ETHD, ZIT. E € RIVPRDMNFETH D LI,
ERE =CE %iiilz=d Z &\ ),

ZORRIZE D, ERNFRRIERICROCBEREERD I EBb A, I bt a%k
Preismn T Eid, I 15D SHEATHE, DED. |A| R |A*] BN D 2



A7 —ETH>TH, ADVENETH D LIRSV, IF TR, ZOM/NMEIZED K
D IS AT NIXERNFROFEN I PR ONLDh bR, ZOL &, ROFER
ANE =0 AN A e S

WE34. RETAY - A VEEL, A RIEBirkhoff EAZMEIZEE T 2 EWFRETH
535, BREYE FERDPEF =0, E+F=1%-L, BT ALAHT
hreE, FA=0F7IEFA=0DK LT %,

WA 35. RE7AY - /A vEE LU, Ac RIXBirkhoff ERMIZEET 2 ERFRRTH
2235, TOLE, ROTDER P,Q T, P+Q=1RKRORDOEMED— %3 %
DOFIET %,

(i) |A] = [A/PTH . #D. |A] & RPIZH\WT Birkhoff Btk 2 BT 2 LA T

Hd,

(i) |A*| = |[A*|Q TH D, D, |A*| & RQ 125\ T Birkhoff B MHEIZBI T 2 785 R i
Thb,

ZHZED, Tx v VA VEBREHOE ZAWTOME L 256, ERNFRRIEZE O

BEZD I LD —DIZDAEENDEZ hbhrd, —JT, ?Af®7t/ A~
u\¢®%%miofhﬂ\ﬂﬂﬁﬂmuﬁw7j/ JARVEBANENMRINEZ N
MohTwd, 22T, L, MeENSZEDIE, A7 x> - JAXVEREED LTS
nIREFTFHORIKIZEDERIND TV - 74X VBT, n MFEDEFHRTCH S, £
o, MBI TIBID 7+ - J A VERIZOWTIE, BUNIREZEERVWESITED SN
TWb, ftoT, ME 35 KD, 74> - 74X VERIZET 5 Birkhoff IEAMED 2 X R A
i, AR NAE L NI HOBRERITIIBEI RV WA 5, bl I, oy
ZHRDE I VA, ZIZOWTIHEE 1.5 (RHZ, 2IRIESITHD 572 4R35 My(C) D
) MARBWTH S, IROMEZHWT, 2IREFFHIOHEICRE L TRNIE XV,

WRE36. RELMIF> - V74T VEEL, Ec REMHBEY (Tibb, ERED
B 25ED) £ T5, ZOLE, AWCFAMEAELHEOERE (B,) BWEEL T
I~ By 2iii7=U, £/, EE,=E 75 b MH—DFET 5,

ZOMEEHWSZET, TRTOn > 21/ LT, ENBENL, BHOMKELZIZE
RN ON D, o T, EXNMRIXEEMNICT MOMKERIIET LI L1245
ﬁ\:m1ﬁ®%@¢m GEENDIDS, LR i¢mmmm% STHDHI b

o — AT, HUDITE N D M E T UL, BUNGFZIXE IR & 725 2 L DVRE
5#b\%%\ﬁ%%50

T 3T7T. RE2IAV - JAxVvEREL, AcRETD, TDE &, AN Birkhoff EARM:
CETAERMETHDZ e, AR OTLIBNTETHD Z L LIXFAETH 5,

3.2 BWEHR

TERFRRDMBME (& rfutE) 12 & DR Sz —T5, BXRFRRIESH 2 Bk T O
RMEZRD, FEB RVKILT %,



WE38 RETAYv - A vEE L, Ac RIiFBirkhoff B IZEET 2 A0 ETH
95, BREYECRPALABMTHNIX, |[EA| = || A| DL T %,

INEMHWD Z LT, EXNFROEGE L ERRIZ, Mo % i U 7w O (LA I Re i
AN

ME39. RE7xv - JAxvREL, Aec RIZBirkhoff ERMIZET 250 TH
2245, TDLE, ROVPLHE P.Q T, P+Q =1 KCROEMEDH 29 %
DPFET S,

(i) JA|P X RPIZH VT Birkhoff ERMEIZET 2 H5FATH 5,
(i) |A*Q & RQ IZH\WT Birkhoff ERMEIZET 5 G MR TH 5,

AZBAKC*BREL, AcABHTCHKETHDLTD, TOLE, AL TIZEDAERK
XNDADAHC* BT, ADARY MV EOEFHEEER C(o(A) L A—HI N3,
ZDZ o, EGEREBERIZHE W T Birkhoff ERXMEOARFRRAZHSMZT B Z & id, FE
AR 7 x v - J AR VERIZB I DAXNMROBESRGE%21G5 ETHEAEHATH 5,

EIE 3.10. K23 /X7 b ARV TZEEE U, feCK)IF]|fllo=1%Md L]
5, TO L E, RIFFAMETDH 5,

(i) f 1% Birkhoff st BIF B AR FRATH B,
(i) TRTDLe KILHLT, [f(1)] =1Th 53,

X ZNFuNZEHE U, v € By £ 35, TDE &, o WHALEK By D (extreme
point) TH D &L, y,z € Bx KUHZt € (0,1) I LT =ty+(1—1)z TH DR OIX,
r=y=:2:THbIr%EZ5, £z, BH) DTt AWEHMIEAZTHL LIX, A*A=1
EB e EEV, ADPRENMIEHZETHD LI, AA =12 %EED,

DEDEMFDOT, 7> - /A< VERDOEIT S Birkhoff BERMED AN FRRIZIRD X 5 12
Rl 6 s,

EE 311 RE7AY - /A VIEREL, AcRIF|A| =1%207-3L92, TDL X,
RIXEETH 5,

(i) Al Birkhoff EAMEIZBI S 2 AR TH %,
(i) A IZFHEEEH R & RFHEEHROEMTH 5,
(ii)) AIXR DBRAKDUEGKTH 5,

Tx v AR VEOBABRO S, HDIEFPRIFRICED U TR AR ER ) 5 BREE/E 3%
THDIEBHENT WS, TOEKRIZEWT, 74V /A< VEBIZBIT 5 Birkhoff &
RMED IR TRt & ARFR AL, MBIE & B & D SR 72 MBI & D R I s s
ZEDRENT, TN, FH 14 K15 TERLBZATWZEWDEATH D,
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