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1 Introduction

Let (N, || -||~) be a normed linear space over R or C. A mapping 7" on (NN, || - [|n) is an
isometry if
1T(f) =Tlv=1f—gllx  (Vfg€N).
Here, we don’t assume linearity of T'. Let ID be the open unit disc and T the unit circle
in C. We denote by H(ID) the complex linear space of all analytic functions on . Let
H? be the Hardy space defined by
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Complex linear isometries on the Hardy spaces were characterized in 1960’s.
Theorem (deLeeuw, Rudin and Wermer [1]). 1. Let T' be a surjective, complez linear

isometry on (H®,|| - ||oc). Then there exist a constant « € T = {z € C: |z| = 1}
and a conformal map ¢: D — D such that

T(f)(z) = af(o(z))  (Vf e H® zeD)

2. Let T be a surjective, complex linear isometry on (H',|| - ||1). Then there exist a
constant o € T and a conformal map ¢: D — D such that

T(f)(z) = ad'(2)f(4(z))  (Vfe€ H',z€D)
In 1959, Nagasawa [8] gave the characterization of surjective complex linear isometry

on uniform algebras. The characterization of isometries on H*> by deLeeuw, Rudin and

Wermer is a special case of the result by Nagasawa.
Forelli [3] investigated complex linear, not necessarily surjective, isometries on H?. Here,

I will introduce the result of surjective case.



Theorem (Forelli, [3]). Let p be a real number with 1 < p < oo and p # 2, and let T be
a surjective complex linear isometry on (H?, || - ||,). There exist a constant o € T and a
conformal map ¢: D — I such that

T(f)(z) = a(d' ()" f(¢(2))  (Vf € H?,2€D).
Novinger and Oberlin [9] considered Banach spaces of analytic functions
S'={feHdD): fe "} (1<p<c)
with the following norms:

1AWl = LFO+ 1 Mer Wl = 1 lloo + 115 (f € S7).

Here, it should be mentioned that || f||« is well-defined; in fact, if a function f € H(D)
satisfies f’ € HP for some p, 1 < pthen f is extended to a continuous function on the closed
unit ball D (see, for example [2, Theorem 3.11]). Novinger and Oberlin [9] characterized
complex linear isometries on SP without assuming surjectivity. For the sake of simplicity,
I will show you a surjective case of their results.

Theorem (Novinger and Oberlin [9]). Let p be a real number with 1 < p < oo and p # 2.

1. If T is a surjective complex linear isometry on (S?, |-||,), then there exist a constant
c € T and a conformal map ¢: D — D such that

T(f)(z) = cf(0) + /[ @OIF Q) (¥ e zeD)

2. If T is a surjective complex linear isometry on (SP, ||-||s), then there exist a constant
c € T and a conformal map ¢: D — D such that

T(f)(z) =cf(¢(z)  (Vf €SP zeD)

Novinger and Oberlin excluded the case when p = oo in the above result. But S is
well-defined, and I believe the characterization of isometries on §* is important to the
theory of analytic functions. The purpose of this note is to give an answer to the above
problem.

2 Main results

We define S = {f € H(D) : f' € H>*}. As is mentioned above, if f € §, then it can
be extended to a continuous function on . Thus, || f/||e is well-defined. We consider the

following two norms on §*:
1fllo = SOOI+ 1 Noes flls = 1 lloe + 1/ e (f €8%).
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We see that (S, -||,) and (S*,|-||s;) are both Banach spaces. Noviger and Oberlin
characterized complex linear isometries on SP (1 < p < co) without assuming surjectivity.
Here we investigate surjective, not necessarily linear, isometries on S*°. The main results
of this note is as follows.

Theorem 1. A map T is a surjective isometry on (S, ||-|s;) if and only if there exist
constants ¢, A € T such that

T(f)(z) =T(0)(2) + cf(Az) (VfeSP zeD) or
T(f)(z) = T(0)(2) + cf(A2) (Vf €S” zeD).

Outline of proof. By the Mazur-Ulam theorem [5], the map Ty = T'—T'(0), which sends
feS8®toT(f)—1T(0),is real linear. In addition, we see that T is a surjective isometry.
Let ]?' be the Gelfand transform of f* € H* and let dg~ be the Shilov boundary for
H*>. Then sup.cp | f'(¢)| = sup,cs, |]?’(C)| for f € 8. We denote by f the unique
continuous extension of f € §* to D. By the maximal modulus principle, sup,p | f(2)] =
sup,cr | f(2)| for f € 8. Therefore

||f||z:sgg|f<z>|+3gg|f'<c>|=s3Tp|f<z>|+sup F(Ol= sup ) +wf(Q).

(€D (z,w,¢)ET2 X P00

We now define a map U: 8§ — C(T? x dg) by
U(f)(zw, ) = f(z) +wf(Q)  (Vf €8 (2w, () € T X dywo).

Set B = U(S8>), and then U is a surjective complex linear isometry from (S, ||-||y;) onto

(B, |+ [loo)-
Soo To s Soo

a |v
B —— B
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We set V = UTyU~'. Then V is a surjective real linear isometry on (B, || - ||«)-

By a modified arguments of [10, Proof of Lemma 3.1], we can prove that
Vi{Xo, : AN ET, 2 € T? X Oypoo }) = {A0p : A € T, 0 € T? X Oy~ },
where V,: B* — B* is a map defined by
Vi(n)(a) = Ren(V(a)) — iRen(V (ia)) (Vn € B*,a € B),

and 0,: B — C is a point evaluation functional with d,(a) = a(x) for a € B. Using
the form of V', we can describe T with extra variables, say w € T and ( € dy~. By
straightforward, but complicated arguments, we obtain the desired form of 7. The reader
may refer to [7] for the detail. O



Theorem 2. Let T be a surjective isometry on (S, |-||,). Then there exist constants
co,c1, A €T and a € D such that

Z—a

TE =TOE +af)+ [ af (Wok)d (#eszeD) or

zZ—a

1—ac

T(f)(z):T(O)(z)nLcom—ir/[o }clf’ <)\ ) d¢ (VfeSt zeD) or

z —

a
1—ac

T(F)(2) = T(0)(2) + cof (0) + /[ ]clff(x )dc (Vfes,zeD) or

T =10 +ed0+ [ oy (3 Jac (vreszeD)

Conversely, if T is one of the above four, then it is a surjective isometry on (S, |-||,)-

Outline of proof. The idea of this proof is quite similar to that of Theorem 1. We

need the characterization of surjective, real linear isometries on uniform algebras (see

[4, 6]). O
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