it ANEF D weight
-The weight of lexicographic products-

MIRNIREE - T2 SFEH s
RODREF: - BTEES OK 53 ™
“Yasushi Hirata, Kanagawa University

“*Nobuyuki Kemoto, Oita University

1 &

Faber [2] {2 W T, EFAAHZEE O &E ANEF O — T REIREM T o hTn b,
F7-, AXCRHEXNERE 2«0, @ O Tychonoff & 2@ & H ¥ b —VHEL C IFHWZ
FMTHEIENPRENT VWD, LizA->T, HEAEFRRE 29 3FE TAETHLIZ 2N
bird, RIFEHRIZRE S,

e Tychonoff & 2«1 @ weight I X; TH 5,
e Tychonoff & 2«1 ¥ Tychonoff & 2«11 (Z[EMHTH 5,

FH 1.1. B FRI NS,

(1) FHENEFH 291 O weight 12 8 TH S,

(2) WEREFH 290 & HEREFH 2917 O weight 38T 5,

B, [8] I2BWT, —MRIEFAAHER OFEAEFEFAERES N, ZOBE T, —
FEIE R AAEZE M O E RERF D weight DFHHE A% 52, EOPHEZERT D,

£, BANZBERIZOWTRAZZW, EBEIHRPAMH O AR 28R Jech [4], Kunen
[11] % Engelking [1] iZf¢\, E&ine A BERAMEZED ZFC-E£46 2Bk 5,



IEFRESE (X, <x) E {(+,2)x : 2 € X} U{(z,—)x : x € X} ##¥HHLLr T2
HARRIER LA L XN B0 N 25D, 22T (v,=)x = {z € X 1z <x z},
(r,y)x ={zeX:x<xz<xy}, (nywx={zeX:z<x2<xyt HFThHd, =D
DAL (X, <x,\) (FNEFAAHZER TN, B2 X LESZEBHD, I<ALNTVWS
207, FH R PEHEL Q FIEFMHEZERTH 5,

—J, Z20M (X, <x,T) 1FIRD = DDZM % A7 TH, —MIEFAAZER & X,
FRRIZHIZ X 2ELSZ DD D,

o (X,<x) BIEFELATH S,
o 71X X LD T-fifilT, MEAH 5% B HER O,

ZORE, MM T IXERRIERAME N K05V (A C 1) 2 2AEHEIZDOD D, Sorgenfrey
line S * Michael line M (& —#&JIE R AL AHZE [ T d 5 A3, NE e AL FH 2 [ T 70 o #7241
ThdIePMonTnwd, —RIEFAMEZEERIZDOWTIE [12] 25FI12T D & L\,

w FBR/NORRIEF %2, w FER/NOIHEFMBEIEFHEZRTZIZL, HFHE EX
EZDBEEDIEFIZ X DIERFMMEZEMEEZZDZLIZT5, F/2, ~RIZFV vy XF
a,B,7,0-- ZWSRWIRDIEFHZRT I LIZT 5, cfa XIEFRE o O cofinality %
U, cfa=a OFf, a IZFERIEFRHEEEND, HIIEFPE 6 OEE (=0+1) L7425
IEFE o & BiEREE SV, BFIEFS o OEFZ a—1 KT, 0 THEWIEPH
THRVIEFRH ZBRIEFH L TR, | X| 3RS X OREEZERL, |o =a A TE
R o 13 IEN S, FRIEFRHRIZERITH S, w X w FEBTHE Z L2 HHA
LT, TNTN R, Ny ERTZedHHD, N, T o BHOMEEKEEXRT, v 2K
THHE 28 T r OREELL2RDOEEE2KRT,

Ha <y THUT, HEMAHZER X, 520072 s, TOR X =[], Xo T8
EANER LITENDIEF <x ZIROLDICEHETS: 2,2/ € X 1T U,z <x 2’ %

Hda<yPFHELT, zla=2"[ah»D z(a) <x, 2'(a) PELTEIL LTS,

elZU,x 28 (x(B): B<y) &AL,z a=(z(8): f<a) £T 5,
X =(X,<x,7) &z —RIEFAMHZERE U, X 2 ARBIEFMHEE 5,

Xti={reX:(+,z]x €7\ A}

X ={reX:|z,—>)x €T\ A}

e, HENIZTRDBZDN5,



o X WIEFPAMERTHD I DBET DRI XTUX =0 2822 THD,

%z,
X* =X x{-1}JUuX x{0juX™ x {1}

EBEWVWT, X* CHEAER <x. 2 ANT X* 2EFMHEMEEZ S, 272U, X~
DOFFBAERF L 1F X x {-1,0,1} LOHEANEFD X* ~NOHIRIEFTHD, EHAA
—1<0<1Ths, TOERHKCBNT, o= (2,0) £EX, X & X x {0} LFEA—HT
b, WoT, X*=X"x{-1}JUXUXT x {1} &Fx5, Filit X C X* TH5D., X
FHHO N TH B,

o X NIEFAMHZEM S X* =X THD,
o JEF <x« X EHF <x DILERT, MiAEZEM (X, ) IXBERZNEFAFEZER X* O
Byt h b,

ZOMD X* OWEIZDOWTIE [13] 22T 5 L kW,

DlEoMazRMAL T, ~MIEFAHEEREZEOHEIETFEIEERTES ([8). &
a <y ERUT, ~MRIBFMHZEE X, 525607k e %, X =], X, REHERER
NAHZER 2 72 225, X =[], Xo (T OHIRIER & BAERMMEZMGT ST X
- MER A e s, 2D X & —MIERAAHZER X, FOREREREE WD,
ZNH S, B [[aen Xo EEIBAREI 2<7 & 2 < |Xo| (0 <) BIKET 5.
FNE e LA 22 [T D Tychonoff B FEHAEFFIZDWTIEX (3,6, 7,9, 10] 25F 1
L&KW,

2 HENIEFE D weight

2, Theorem 4.3.1] TIXMEfpALAH 222 O FEE XNEF RO S — W EVELIRD & 5 I12R
fFFsohTng,

E# 2.1. [2, Theorem 4.3.1] X = [[,_, Xo SN ALAHZE W] O & & ANE 7 BT
| X| >Ny &T2H, X BE_ARTHEZ L OBEFFEMIIIRDVBEILTE I TH S,

(1) v < w,

(2) L y=w BH6IE, TRTD a <y IZ20T |X,| <Ny,

B) Bl y<w AnlX, Xy BEBE_HEDRLD, IRTD a<y—1IZ20WT X, &
m‘%o



COEMZURRT S0, W ODDELENSIHd D, X 2 itHERE 5,
w(X) :=min{|B|: B ¥ X O }
d(X):=min{|D|: D ¥ X THE }

LB, w(X) IF X @ weight EIFEN, d(X) & X O density &IFEN5, —BKIES
P22 D weight & density DEERIFIROFHED LS ic5 2615, 2IT

Ni={zeX:a2<ylk (v,y)=0 2Hh7=T ye X WEHLETD }
THo,
i 2.2, X = MIEFAHERE 5L
w(X) = max{d(X), | Ny/|, | X[, | X[}
DERALS B,

Z ORI EIE R AATZE B O BRI (weight) (XE A HEE (FBHAHES, N, X, X~
FE)poarbbu—LTELILERLTWVWDS, HEAETPFCHEZBEEZKD OIFE L
WA, ZOMEERRHT S Z L TIRO —DDOREND IS

WE 2.3. X = Xo x X; R-D0 IEFRHZEROHEREFRT [X| > Ry &A%
U, k I3ERFEH T2, 2O w(X) <k THdIrl, |Xo| <k P2 wlX;) <k T
HBHZLIFFETH B,

Wl 2.4. 7 ZBERIEFEE T2, X =[], Xo & MIER A2 E O & & ANERF
BT |X| >Ry 2A72L, v BEREKE T2, 20K w(X) <k THdIre, y<k
PO % B<y VT |[[hep Xal <k THEILRAMTH 2.

EDTOOHED S, RO EEHEPBOND, GEPIZ DOWTIX, BiEF DG D3
2.3 2o, BIRIEFEOLAEME 24 hoffond L BT LW,

EIE 2.5, X =[]
T2y,

— R GO R O REE RIEF AT [X] > Ry AT

a<’y

w(x) = 43P Hags Xal :6< 7} v VR E 5
| max{| [Taey 1 Xalyw(Xy—1)} v AR

N AIRVASR



COEMZIGHTN, &8 2.1 132D £ £ —MIERPALH 22 B2 O & & AE 7 O & 3
EUTHETE %, 72, ZOEHEN SN D5,

B 2.6. v =2 ITHEALT, w@Q@xR) =X TwRxQ) =2N k3 riiphr
B, TN LOEHEMDE THEBE 2L HTES, £72, ww x [0,1)r) = Ny,
w([0,1)g x w) =2% HLbhd, ZITI[0,1)r F R OFFXA [0,1) 2EkT 2,

3 A

ZITIFETRONAEFEHZIGH LT, MELHERIETED weight % EERIZFHA
LTAES, B p ] UT, ut 1 p 28258000 ERT, MROE N\ &3
B BDEELT A=t ERIND L E BB ITEND, BT IErRi
BB PRI P IXN D,

HE ok P RRIEELE N\ 120 U TR OB E AR T I FIHE NS,

N =sup{r”: p IFZEET < A,

4, p.52, (5.10)] 2BMEE L, T 2T OMBIKOMAEIET 5. M £ LIEFK
Y ISR L THBIEE k< %

k<Y =sup{r" : p IZRET pu<y}
EREHET D, PIZ XA £ ITDOWTIRA D LD,

K<y BolE RSY =27,

o k< 9<r < H</-@’ K< K;Cf/*i’

—fEkE ARG (GCH) 2RE TN, k DNERIERE (T70bB cfk =k) THDZ
EDRBEA ML 2<F = k<%, [4, Theorem 5.15] % W &,

o 2<% = NF¥ = Ny, 2<9H = RFUH = 2o RFY = Ny, RFUHD = RE9 = 2%,

<wi+1l _ oX
NEerth —gf

o

ETRHELULEBEEREMFEZ L BEAEFRE 27, 2720 2={0,1} T0< 1, O
weight IXIRD & S IZEIHTE %,

% 3.1. v ERIEFPHK L §25 & HENEFR 27 O weight 1% 257 725, bbb,

w(27) =27,



Bl 3.2. EOFRZEMEHATNIE w(2¥) = Ny, w(2¥Th) = w(2wr) = 280 g(2@1Hl) =
w(292) = 2% w(2We) = 2<Ne >N, BEDPDRPD, o —RIT, MREE £ 12OV
T, w(28) =2<F >k DEDLD, BIZ v <y < kT RO w(2) =27 REHLDI L
Bonbd,

BLED S, FAR 1.1 13RO X 3 Iz,
% 3.3. WAL T B,

(1) FEERIERERE 290 O weight 73 X, TH B Z & IXEHA NG FAMETH 3,
(2) FEENEFRE 291 L REENEFRE 2907 O weight BT 5 Z L O BBE+45%
g 2% = 2% TH B,

& 3.1 RO &SIzt E 5,

% 3.4 X =[[,. Xo & BIEFMHEMEOHEREFME U, © & HREHRE
B, bl & a<y THLU, [Xo| =k BEOLOESE, w(X) = k< TH5,

Q| = Ry, |R| = [S| = 2% IZEE LT LOREBEHT S L

Bl 3.5.
w(Q?) = (No)<? N
(Gt <ty
(@) | = =2
w(@w1+1) _ (NO)<w1+1 (N )Nl _ 2N17

R?) = u(S?) = (2%)<2

( :2N0
w(R) = w(5¥) = (2%)< ’
) S S Y,

w(§*) = (2%) <
— (SW1+1) — (2No)<W1+1 — (2N0)N1 — 2N1.

% 7, NS D W T I,
%l 3.6. o w(w?) = ww) = Vg, wwi) = wwy) =Ny,
o W) = () = 29, w(op ™) = (i) =2,
o w(w ) = w(w?) = 2%, w(w' ) = w(wy?) = 2N,

b w((ww)w+1) = (Nw)NO > Ny,



o REEREKGELE E T IIE, w(29e) = 29 — N A D 11D,
% 3.3 LEBRIZIRD DD B
% 3.7. AR 5.

(1) w(S?) = Ry, w(S¥1) = Ny, w(w ) =R ¥ ww ) = RNy FZNENHEFAMK
M FMETH 2,

(2) w®) = wRDT), w(S) = wEH), ww) = wWH) P ww") =
w(wdH FENEN 2N =2 LEETH B,

Bl 3.8. v 2 ERIHFHE 2 &, EEH25

(1) w(H2§a<'y Ot) - 2<’y

WD DI L AN G, & o,

(2) w(H2§a<w Oé) = NO’ w(H2§a<w+1 Oé) - w(H2§a<w1 Oé) = 2NO’ w(H2§a<w1+1 Oé)
— N1 ...

Y Y

(3) W([Toey wa) = Non 0([Tpcs wa) = R > Ny, (HEHOFFEE 4, Lemma 5.9]
2R,

4 HFHENIEFE 27 D homogeneous

AAZER] X A% homogeneous &1, & z,y € X T UT, AHEHR h: X - X T
hiz) =y 2H7=FTEDOVRFHLETDHI L THD, IFEHHIZDON S

o L L., NFHZEM X, iZ (o € A) A homogeneous 7 5 X, Tychonoff 7 ]
% % 7z homogeneous TH %,

e £ L. ffHZM X #° homogeneous 72 51X, 7272 —DDE v HHFFEL T
BOx e X IZTXHULT x(x,X) =k #7273, 22T x(z,X) = min{|]| :
U T 2 1281255 } T o 2815 character EIFENS, [1] 2R &,

e £ L., ffHZM X %% homogeneous TN M ZFFTIX, TRTOEPMILETD
%, Ui T A DMERESTHNIE, Tychonoff # 24 X homogeneous T Rz
MERTZ72 0,

aEA



2 Tychonoff % 2% X homogeneous TH S Z B35, L7zd- TRHENER
B2v o homogeneous Thd, ZITEFHEAEFE 27 @ homogeneous MEIZDWNWT
ERT L, [b] CEEI N T UNT MEFRAHZERO cofinality OBE&RIZ I DFEEIZ
ﬁxbf%é LRayny MERMHEEMT 2 e L 235, («,2), DEWIES A I,
By<z ZHUT, y<axdizd ac ADBEETEH, 2 LT OFHERL S,
(x, =) ODFWAESITNT S 1-IFAFROBMEIFAKIIEEIND,

O-cfp z =min{|A|: A X 2z LT O-IHER }

EBELEHOMT 0-cfpx 130, 1 ERERHEKZE 25, £72,0-cfpz =0 (0-cfpz =
Didzcd L OBNG (3 LITBWTHERGERD) L2252 8ITERELL S, @E
O-cfrx 13 0-cfx 2REIND, l-cfzlZOVWTHRMRIZEZEIND, &€ L IZDONWT
x(z, L) = max{0-cfx, 1-cfx} A0 2D &%, FHEXNEFE 27 £33 287 MEFAL
MAEMTH S Z LITIERL &5,

& 4.1, 27 2HEANEFHET €27 £ 925 ERDPKILT D,

(1) z71[{1}] BEARTERZRVWE L, § =supz t[{1}] £BL L, 0-cfz = cfd #*
RAZS S, ZZTsuph=0Tcf0=0&FEZD,
(2) 271 [{1}] PEBATLEFETIE 0-cfz =1 DELT 2,

FOWET O & 1 2ANEZLZ LT, I-cfaz IZDOVWTORMKOHENFESND,

L %23y 7 MEFMNHERT S, L OEEOHIHES A X ER sup, A & TR
inf, A Z2FD2>Z & IZTEREL LD, [1, 3.12.3 (a)] A &, a7 MEFAMEZER L ©
Mz iZ20WT, min{0-cfz,1-cfz} < 1AWV LDEE o F B, 25 THhWVWE S, o
BILBTHL VWD ZEIZU KD, FRFEREE £ LD club set DER k LD 7 1)L
R—=FZ B I ixE<HONTWEY, ZOREIHERU LS RiEwETO> 2L TIRODZ
EERTIENTES,

8 4.2. L 23287 MEFPAMHZERE 5, L 2 w; < max{0-cfz,1-cfz} 2 A%k
T IO x & I-8D S y KT, L 1X homogeneous T\,

ZOMEEFHT IR PEFELSND,
I 4.3, IRDERALT D

(1) BUL v BPERBRIEFEHT v > w 2A7EE, BENEFRE 271X homogeneous T



72N,
(2) BU v PBIRIERFET v > w; A7, FEEXNEFE 27 1% homogeneous T
AN

(1) W& 27 AMISEA (Bl IE 20 DA &, AN AOT 2B e hbbnd,
(2) VMR 4.2 B0, W 41 R Mo T 4.2 DX 5% THOM o & ILHO K y A
T3 2 L 2R N, A FHTAUSR S DA

% 4.4. v 2HPHE 5 ERIZFEMTDH 5,

(1) #ENEFRE 27 & Tychonoff B 27 IZFMTH 5,
(2) BEAEFF 27 225 Tychonoff & 27 ~NDHFEERIIFMETH 5,
(3) & A WFEL T, HEANERFERE 20 & Tychonoff B 28 IXAMTH 5,
4) y<Sw
COZRDHHTHRA Y MDD (1) = (4) THI2OTZTOMEERTAL D,
v > w CIRELT, HERNERE 27 & Tychonoff & 27 XFAMTHRWVWI 2R REIX &
oo FOWEDS w<y<w EULTEW, v EFARETHS95 Tychonoff H 27 (%
Tychonoff 2w LFHTH D, L72d3> T Tychonoff B 27 @ weight (ZAETH 5,
—7J, % 3.1 o iENERR 20 O weight 12 2<7 =28 TH S, Ry < 280 TH D H
o, HEANNEFE 27 & Tychonoff B8 27 IXFEMICIZZR 6 2WI 3D h 5,

v DERIERE ORI, TEEAEFE 27 IFGRTH 555, B S5 2 homogeneous T
Hb, ULizhioTEH 4.3 X0 RAREE LT 5,

IR 4.5. v PBRIEFHT w < v < w; O, #EXIEFFE 27 1% homogeneous 7 7

&3k

[1] R. Engelking, General Topology-Revised and completed ed.. Heldermann Verlag,
Berlin (1989).

[2] M. J. Faber, Metrizability in generalized ordered spaces, Mathematical Centre
Tracts, No. 53. Mathematisch Centrum, Amsterdam, 1974.

[3] Y. Hirata and N. Kemoto, Countable metacompactness of products of LOTS’,



Top. Appl., 178 (2014) 1-16.
[4] T. Jech, Set theory. The third millennium edition, revised and expanded, Springer
Monographs in Mathematics. Springer-Verlag, Berlin, 2003.
[5] N. Kemoto, Normality of products of GO-spaces and cardinals, Top. Proc. 18
(1993) 133-142.
[6] N. Kemoto, The lexicographic ordered products and the usual Tychonoff products,
Top. Appl., 162 (2014) 20-33.
[7] N. Kemoto, Orderability of products, Top. Proc., 50 (2017) 67-78.
[8] N. Kemoto, Lexicographic products of GO-spaces, Top. Appl., 232 (2017), 267-
280.
[9] N. Kemoto, Paracompactness of Lexzicographic products of GO-spaces, Top. Appl.,
240 (2018) 35-58.
[10] N. Kemoto, Hereditary paracompactness of lexicographic products, Top. Proc., 53
(2019) 301-317.
[11] K. Kunnen, Set Theory. An Introduction to Independence Proofs, Studies in Logic
and the Foundations of Mathematics, vol. 102, North-Holland, Amsterdam, 1980.
[12] D.J. Lutzer, On generalized ordered spaces, Dissertationes Math. Rozprawy Mat.
89 (1971).
[13] T. Miwa and N. Kemoto, Linearly ordered extensions of GO-spaces, Top. Appl.,
54 (1993), 133-140.



