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1 Introduction

Let n > 3. We consider the incompressible Navier-Stokes equations in R™:

ou—Au+u-Vu+Vr=V-f in R™ x (0, 00),
divu =0 in R" x (0, 00), (N-S)
u(-,0)=a in R",

where u = u(z,t) = (u1(z,1),...,un(z,t)) and 7 = 7(x,t) denote the un-
known velocity and the pressure of the fluid at (x,t) € R™ x (0, 00), respec-
tively, while, f = f(z,t) = (fke(x’t))k,lf:l7...,n denotes the external forcing
tensor and a = a(x) = (a1(z),...,an(z)) denotes the given initial data.

After the distinguished work of Leray [8], the time decay problem is one
of main interests in mathematical fluid mechanics. Masuda [9], Schonbek
[14], Kajikiya and Miyakawa [6] and Wiegner [16], for instance, gave pio-
neering works on this direction. Nowadays, it is well known that the optimal
decay rate for a weak solution is described as

u(®)fs < CL+1)~ 5, >0, (1.1)

for initial data a € L'(R™) N L2(R™) which satisfies [z, (1 + |z|)]|a(z)| dz <
0o. Then Fujigaki-Miyakawa [4] clarified that the decay rate as in (1.1)
actually describes decay rate of the nonlinear terms, deriving the asymptotic



expansion of the linear part and of the nonlinear part as follows
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forall j =1,...,nand for all 1 < ¢ < oo, where E;(x) = (47rt)_”/2 exp(%)
and Fyy j(x,t) = 0pEy(x)dpr + ftoo 0¢0;,0j Es(x) ds. Once the principal terms
is revealed, Miyakawa and Schonbek [12] revealed the necessary and suffi-
cient condition that the first order principal terms vanish as following:

/ yrai(y)dy =0 for j,k=1,...,n, (1.2)
RTL
and there exists some constant ¢ € R such that
/ / (ugue)(y, s) dyds = cxp for k,4=1,...,n. (1.3)
0 n

From the above, the condition (1.3) seems to make difficulty to obtain a
rapid decay since we need information of the (unknown) flow over whole
space-time region. Therefore, for this difficulty, some group action on the
flow plays an important role in verification of (1.3). Indeed, the first author
introduced so-called cyclic symmetry of the flow, i.e.,

(a) u; is odd in x; and even in each other variables,
(b) wi(zy,...,zn) = w2(Tn, T1,. .., Tpn_1) =+ = up(T2,...,Tn,T1).

With the aid of (a) and (b), the first author [1], Miyakawa [10, 11] derived
the rapid decay with the rate which corresponds to the second order terms
or to the third order terms in the asymptotic expansion of the flow. Later,
the second author and Tsutsui [13] gave a generalization of [2], [10, 11] with
weighted Hardy spaces. On the other hand, more specific group action was
discussed by the first author [3]. However, the symmetry, like (a) and (b),
seems to be somehow artificial. Moreover, it is natural question that any
non symmetric flow has a chance to evolve the rapid-decay flow, cancelling
the slow decay factors.

The aim of this article is to enlarge the possibility of rapid decay without
any symmetry. As is mentioned above, the essential difficulty is still the



verification of (1.3). In stead of the cyclic symmetry, for any initial state we
try to control the flow by the external force. In other words, for any initial
data which is small in a suitable sense, we find a associated external force
and a corresponding solution of the Navier-Stokes equations. This approach
seems to be natural and reasonable in not only mathematical analysis but
also physics or engineering, since the flow is forced to be calm down by a
artificial forcing term if initial state is given.
Our essential idea is to construct a force V - f so that

/Ve(t s)A]pf Z Fur (-, / / upug)(y, s) dyds  for large t > 0,

k=1
(1.4)
for a direct counteraction of the leading terms of nonlinear Duhamel term,
where P is so-called the Leray-Hopf, the Weyl-Helmholtz or the Fujita-Kato
projection on to solenoidal vectors. For the realization of (1.4), we introduce
the following iteration as a computable procedure:

t t
u™(t) = ePa +/ V- e8P M) (5) ds — / V- e9AP[™) @ u(™)] ds,
0 0

(1.5)
m = 1,2,.... Here, the forcing tensor f(™ = (f,g?l)) is given by f© =0
and ( 1)
fkg (IE’t) - ( 1)
(Ckk —C )qb((]j‘,t), k= Ev
for some function ¢ € COO(R" [0,00)), where Cke = [ Jrn( uk ue ( , ) dyds
and &m—1) = c(m) 4o+ c,(m). We note that since we are able to take ¢

compact supported in both space and time, in order to control of the flow, it
is enough that the force is applied to finite time and bounded space region.

In our scheme, we have a difficulty that we need to derive a bound C,
independent of m, such that

= [ [ s s (< [T lamelgas) <c. 0o

since the size of f(™) i.e., one of cg;b_l) determines the global existence

of u(™ according to Fujita-Kato method. To begin with, we try to use
time decay like (1.1) which is derived by the Fourier splitting technique.
However, it is unable to be adopted since the constant as in (1.1) depends
on the solution w itself. See, for instance, [14, 6, 16].



Due to the above difficulty, we should develop a new approach and we
should establish the time decay estimate like (1.1) with the constant C
which depends only on the given data a, ¢ and the dimension n. For this
purpose, the weighted Hardy spaces is effective. Indeed, the second author
and Tsutsui [13] introduced the weighted Hardy space to derive a higher
order asymptotic expansion, since the weighted Hardy space enables us to
deal with higher order weights and to obtain more rapid decay compared
with the weighted Lebesgue spaces. With the aid of the weighted Hardy
norm, we make a specific refinement of the Fujita-Kato iteration scheme
which gives a bound as in (1.6) and yields the convergence our procedure as
(1.5).

2 Results

Before stating results, we introduce the following notations and some func-
tion spaces. Let C§°(Q2) denote the set of all C*°-functions (or vectors)
with compact support in a connected set (2. Let Cg%, (R") denote the set of
all C*°-solenoidal vectors ¢ with compact support in R”, ie., diveg = 0
in R". Ly (R") is the closure of CF% (R") with respect to the L"-norm
I ]r, 1 <7 <oo. L"(R™) and W™ (R™) denote the usual (vector-valued)
L"-Lebesgue space and L"-Sobolev space over R”, respectively. Moreover,
Z(R™) denotes the set of all of the Schwartz functions. .#”/(R™) denotes
the set of all tempered distributions. When X is a Banach space, || - ||x
denotes the norm on X. Moreover, C(I; X), BC(I; X) and L"(I; X') denote
the X-valued continuous and bounded continuous functions over the interval
I C R, and X-valued L" functions, respectively.

We introduce the weighted Hardy space H%(R™) with the homogeneous
power weight w(x) = |z|* for a € R and for 0 < p < co. Let ¢ € ¥ (R™) with
Jgn @(x) dz = 1. Then the maximal function of f is denoted by M,[f](z) =
sup |y * f(x)| where py(z) = A"p(z/A) for A > 0. Then we define HA(R")

HER™) :={f € S"(R"); | fllgz < oo},

where

11z = 1M1z = ([ 108071l o)

Here we note that L5 (R™) = {f € L}, .(R"); [pa |f(2)|P|z]|*Pdz < oo} and
note that L3°(R™) denotes L>°(R™). Furthermore, we note that in the case



1 <p<ooand —n/p < a < oo, HY(R™) = LL(R") if and only if a <
n(1 —1/p). See also [13].

Theorem 2.1 (Fujigaki-Miyakawa [4]). Let a € L'(R™) N L*(R™) and f €
C°(R" % [0,00)). Suppose u € BC([0,00); LE(R™)) is a global mild solution
of (N-8). If [gn |2|la(x)] dz < oo, then it holds that

1, n 1
lim ¢2+2(7)
t—o00

u;(t) + ;(8kEt)() /]R” yka;(y) dy

_ Z Fu j(-,t) /OOO /Rn Fre(y, s) dyds

k=1
+ 3 Pt [ ) dyds|| =0
ke f=1 0 " a
for1 <q< .

Remark 2.1. Though [4] dealt with only the case f =0, the proof is essen-
tially same. The derivation of the leading order term for the Duhamel term
of f is just analogy of that for the nonlinear term.

As an immediate consequence from Miyakawa and Schonbek [12], the
condition associated with (1.3) is modified as follows:

Corollary 2.2. Suppose a € L} (R™) with [p,(1 + |z|)|a(z)|dz < oo, f €
Ci°(R™ x (0,00)) and u is a global mild solution of (N-S). Then it holds that
for1<qg< oo

im 2507 _
Jim 10D fu(r) |, = 0
if and only if
/ yra(y) dy =0 (2.1)
and

| [ fusdvis— [ [ wnmodvds = s (22)

for some c €R forallk,0=1,... n.
Furthermore, if (2.1)and (2.2) does not hold then

L. l+£(1_l)
hgg&lft? 2 u(t)]]g > 0

for1<q < .



Remark 2.2. we note that if

/ Tre(y, s) dyds # / fox(y, s) dyds for some k and ¢,
0 R™ 0 R™
then the condition (2.2) does not hold, i.e.,
ligllinft%+%(1_%)|]u(t)\\q >0, 1<qg<oo.
—00

Hence, if the tensor F' is not symmetry in the above sense, we never expect
rapid time decay even though no matter fast F' decays at spatial infinity and
time infinity.

Corollary 2.2 is just an analogy of [12], but enables us to control the flow
by the external forces. Indeed, for a general initial data, we derive a rapid
n+2
energy decay ||u(t)||e = o(t™ T ) as t — oo by a suitable external force.

Theorem 2.3. Let 1 <y < n2—]:2 Then there exists § = 6(n,~y) > 0 with the
following property. If a € H{(R™) N LI(R™) satisfies [pn(1+ |z])]a(z)] dz <

00, [gn Zra(x)dr =0 forallk=1,...,n and
max{||alln, a2, lall zy } <9,

then there exists f € C5°(R™ x [0,00)) and a solution u of (N-S) such that
[u(t)]|2 = o(t™ ") as t — oo.

Remark 2.3. (i) Since f has a compact support in the time interval, after
the effect of the force vanishes, the flow is governed by

t
u(t) = e®uty) — | V- e AP(u @ u)(s) ds, t > tp.
to
So we have two possibilities.
The first case is that the first order moment of u(t) is preserved, i.e.,
Jon (1 + |2])|u(z, t)|de < oo for t > to. In this case, due to the [12], the
condition (1.3) implies

/ () () dz =0 fork 406, > o,

which is discussed in [2] and is realized under the cyclic symmetry, see [11].
Another case is that the moment of u(t) is not preserved. In this case,
the linear part e'>u(to) and the nonlinear part ftt) Vel=)AP(u®u) ds make
a nontrivial interaction and slow decay factors are cancelled.
(i) The range of the support of f is determined only by § and the initial
data a.



Since || - [|l2 and || - || 7 are not scale invariant norms for (N-S), the scale
argument implies the following corollary.

Corollary 2.4. Let 1 < v < nQ—J:Q and § = 6(n,v) > 0 be the same as in

Theorem 2.3. If a € H{ (R™) N L2(R™) satisfies [5.(1+ |z|)]a(z)] dz < oo,
Jgn zra(x)de =0 for allk =1,...,n and

lalln <9,

then the conclusion of Theorem 2.8 holds.

3 Preliminaries

The following is well-known LP-LP estimate, whose constants play an im-
portant role in our approach.

Proposition 3.1 ([15, Corollary 1.1][13, Lemma 3.2]). Let 1 <p < ¢ < 0.
(i) Then there exists a constant Cy, > 0 such that

leally < Copt™ 25" lall,, >0, (3.1)
1

nol 1
IVetPally < Cgpt 2570 2 alp, >0 (3.2)

for a function, velocity vector or tensor a € LP(R™).
1) For =2 < 8 < o < oo there exists a constant C%P > 0 such that
q q,p

_n@l_1y_a—B
le®all e < Colt™ 2707 Yall gy, ¢ > 0.

In this article, for 1 < r < oo, the projection P : L"(R") — LI (R"™)
satisfies ||Pull, = A, |lul|, for all w € L"(R™) with some constant A, > 0.

4 Sketch of proof

Sequentially regenerating forces f(™), m =1,2,..., we construct an associ-
ated solution u(™) of the Navier-Stokes equations:

t t

ul™ :ema—k/ V- elt=)Ap M) (4) ds—/ V- et HAP ™ @ 4™ (s) ds,
0 0

(N-Spn)



for m =1,2,.... Here, denoting u(?) is a Navier-Stokes flow with f = 0, we
put form=1,2,...,

£ (2 t) = ey Vo) k# ¢,
ke \Ts ((m D _ am— Ne(z,t) k=¢,

Cké / /nuk Uz dyds k.4=1,...,n,
)

em = CIT 4,

So we construct each solution u(™ (t) of (N-S,,) by Fujita-Kato method.
We put for m=1,2,...,

t
/ V- eESAP M (5) ds
0<t<oo 0<t<oo 0

t
/ V- e8P rm(s) ds
0

K(()m): sup t%_%HemaHT—I— sup 13 3¢

T

:Kéo) + sup t%_ﬁ
0<t<oo

T

Then if K(()m) is suitably small, we obtain a solution u(™ of (N-S,,) with
uniform bounds.
On the other hand, the essential idea is that |ck% | <1and |c/,§c —éd0 <1

for k, ¢ =1,...,n. Moreover, assuming |c(m 2 | <1and |c(m 2 —em=1| <
1 for k, ¢ = 1 ,1, we investigate a suitable smallness for a and ¢ yields
|c,($)| < 1 and |cg:) — &™) < 1 for k,f = 1,...,n, inductively for m =

1,2,....
In order to observe this, we note that

t
/ V- e8P s (g ds
0
and by the assumption ]c,(;;_l)] < 1 and ]c](;?_l) —&m=| < 1 for k, 4 =
1,...,n, we see that

t
< CmAn/ (t—s)"FEs72ds sup 52| (s)]n
0

r 0<s<oo

1 L o(m
=t 2t O Ay 3(2 5) sup 52| 0™ (s) |,

0<s<oco

1S < D le V(s Hp+Zrc(’“ =2 Dllg(s)llp < n2[19(5)]lps

P,

for 1 < p < 0co. So we obtain that

K™ < K 40200 sup 52 6(5) |-

0<s<oo



Hence, if

K(()m) < K(()O) +n2C; sup s26(s)||ln < 1, (4.1)
0<s<oo

then we obtain a solution u(™ of (N-S,,). Since f € C§°(R" x [0, 00)), with
the aid of local solvability and uniqueness for (N-S,,), u(™ is actually a
strong solution of the Navier-Stokes equations for f(™). Moreover, by the

itertion in BC([0,00); L2(R™)) we derive \c,(gb)\ < 1 under suitable smallness
on initial data a.

Finally, we consider the convergence of u(™ in BC ([O, 00); LQ(R”)) as
m — oo. We note that

t
u™ () —u™ (1) = / V- eUmIAp It — pim) () ds
0
t
N / v. e(t_s)AP[(U(m+1) - u(m)) ® u(m+1)] (s)ds
0

¢
+ / V- eEDAP LM @ (um D — (M) (s) ds
0
= 7™ + 5 ) + 0™ (1),
Then we have

IZo(8)]|2 < Cok ™ sup [[u™ D (s) — u™ (s)]|a,

0<s<o0

By the same manner, we have that

IZS™ (1)]l2 < CoES™  sup [[ul™ D (s) — ul™ (s)]]o.

0<s<o0

Next, we estimate Ifm) as

m 1_n m m
IZ¢ )(f)||2SCOSUP 5273 || F D () — £ (5)]),

<s<oo

Here, we see that

Hf(m-i-l)(s) _ f(m)(s)”p < ZC{;‘C](M Ckg ‘Hgb ”n
k;ﬁf

+ZC3 ckk ckk)) (Cg? 1)__(m Y ‘Hﬁb Min



Moreover, we obtain that

m m—1 m m—
E :lcl(cé) - Ci(ce )‘ < Cy sup ”U( )(3) —ul 1)(3)”27
[ 0<s<oco

and that

m —_(m m—1 —_(m—1 m m—
Sl =) = (e =g < Cu sup [[u™(s) = ™ (s)]l2
k=1 0<s<oo

Therefore we obtain that HIfm)(t)Hg <2C; sup s3 3 |o(8) |l sup [Jul™ (s)—
0<s<o0 0<s<o0

um=1)(s)||y. Hence if 2Co K™ < 1/4, 20, K™ < 1/4and Cy sup s27 37 ||6(s)|n <
0<s<o0
1/4 then

1 _
sup [[ul™ V(1) —ul™ (1| < 7.5up [ut™ (s) = ul™ V(s)]5
0<t<oo 0<s<o0

1
+= sup [u™(s) — ul™(s)|..
0<s<oo

Hence we see that

1 _
sup [[ul™ (1) —ul™ (1)]|2 < 5 Sup [ut™ (s) = w1 (s)]]a,
0<t<oo 0<s<oco

for m = 1,2,.... This implies u(™ converges to some v in BC ([0, 00); L?(R™))
as m — co. By the same manner, we are able to show u(™ converges to v
in BC([0,00); L"(R™)) as m — oco.

As a conclusion, the limit functions are desired the solution and the
external force.

References

[1] L. Brandolese, On the localization of symmetric and asymmetric solu-
tions of the Navier-Stokes equations in R™, C. R. Acad. Sci. Paris Sér.
I Math., 332 (2001) 125-130.

[2] L. Brandolese, Asymptotic behavior of the energy and pointwise
estimates for solutions to the Nawvier-Stokes equations, Rev. Mat.
Iberoamericana, 20 (2004), 225-258.

10



3]

[4]

[14]

L. Brandolese, Space-time decay of Navier-Stokes flows invariant under
rotations, Math. Ann., 329 (2004), 685-706.

Y. Fujigaki and T. Miyakawa, Asymptotic profiles of nonstationary in-
compressible Navier-Stokes flows in the whole space, SIAM J. Math.
Anal., 33 (2001), 523-544.

H. Fujita and T. Kato, On the Navier-Stokes initial value problem. I
Arch. Rational Mech. Anal., 16(1964), 269-315.

R. Kajikiya and T. Miyakawa, On L? decay of weak solutions of the
Navier-Stokes equations in R™, Math. Z., 192 (1986), 135-148.

T. Kato, Strong LP-solutions of the Navier-Stokes equation in R™, with
applications to weak solutions, Math. Z., 187(1984), 471-480.

J. Leray, Sur le mouvement d’un liquide visqueux emplissant [’espace,
Acta Math., 63 (1934), 193-248.

K. Masuda, Weak solutions of Navier-Stokes equations, Tohoku Math.
J. (2), 36 (1984), 623-646.

T. Miyakawa, Notes on space-time decay properties of monstationary
incompressible Navier-Stokes flows in R™, Funkcial. Ekvac., 45 (2002),
271-289.

T. Miyakawa, On upper and lower bounds of rates of decay for nonsta-
tionary Navier-Stokes flows in the whole space, Hiroshima Math. J., 32
(2002), 431-462.

T. Miyakawa and M. E. Schonbek, On optimal decay rates for weak
solutions to the Navier-Stokes equations in R™, in “Proceedings of Par-
tial Differential Equations and Applications (Olomouc, 1999),” Math.
Bohem., 126 (2001), 443-455.

T. Okabe and Y Tsutsui, Navier-Stokes flow in the weighted Hardy
space with applications to time decay problem, J. Differential Equations,
261 (2016), 1712-1755.

M. E. Schonbek, L? decay for weak solutions of the Navier-Stokes equa-
tions, Arch. Rational Mech. Anal., 88 (1985), 209-222.

[15] Y. Tsutsui, An application of weighted Hardy spaces to the Navier-

Stokes equations, J. Funct. Anal., 266 (2014), 1395-1420.

11



[16] M. Wiegner, Decay results for weak solutions of the Navier-Stokes equa-
tions on R™, J. London Math. Soc. (2), 35 (1987), 303-313.

[17] M. Wiegner, Decay of the Loo-norm of solutions of Navier-Stokes equa-
tions in unbounded domains, Acta Appl. Math., 37 (1994), 215-219.

Takahiro Okabe

Graduate School of Engineering Science
Osaka University

Toyonaka 560-8531, Osaka, Japan
E-mail:okabe@sigmath.es.osaka-u.ac. jp

12



