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Abstract

We study the rarefaction waves for a model system of hyperbolic balance laws
in the whole space. We prove the asymptotic stability of rarefaction waves under
smallness assumptions on the initial perturbation and on the amplitude of the
waves. The proof is based on the classical L? energy method.

Introduction

We consider the following model system of hyperbolic balance laws:

u + f(u)e +q. =0,
t f() q (1.1)
q:+q+u, =0.

Here v and ¢ are unknown real valued functions of z € R and ¢ > 0, and the flux f is
a given smooth function of u. We assume that f is strictly convex with respect to wu,
that is, f”(u) > 0 for any u under consideration. In this talk, we shall treat the system
(1.1) in the whole space R for brevity. Further, we prescribe the initial condition

(u,q)(z,0) = (ug,qo)(x), = €R. (1.2)

Our system (1.1) can be regarded as a model system in kinetic theory. Indeed, u
and ¢ are considered as the variables describing macroscopic and microscopic states,
respectively. In this case, by applying the Chapman-Enskog expansion to (1.1), we have
q =0 and

w + f(u)e =0 (1.3)
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as the first order approximation. Note that (1.3) is regarded as a model of the com-
pressible Euler equation. Also, as the second order approximation, we have ¢ = —u,
and

w4 f(U)r = Ugg, (1.4)

which is considered as a model of the compressible Navier-Stokes equation. Our rarefac-
tion wave of (1.1) is the function of the form (u",0), where u" is the centered rarefaction
wave of (1.3) which connects the constant states uy with u_ < u;. Namely, u” is the
continuous weak solution of the Riemann problem for (1.3) with the Riemann data

u(z,0) = uj(x) == {U_’ z <0, (1.5)
Uy, x> 0.
Notice that u" is given explicitly as
U, z/t < f'(u-),
u'(z, ) = (f)a/t),  flus) S/t < fluy), (1.6)
Uy, f'luy) = z/t.

We assume that the initial data (ug, qo) is close to (uj,0) in a suitable sense and
the amplitude 6 = |u; — u_| of the rarefaction wave (u”,0) is small. Then it will be
shown that a unique solution (u,q) to the problem (1.1)-(1.2) exists globally in time
and approaches the rarefaction wave (u", 0) uniformly in x as t — co. Namely, we have

|(w—u",q)(t)||[ge — 0 as t— oo.

See Theorem 2.1 below for details.

There are a lot of works concerning the asymptotic stability of rarefaction waves for
physically interesting systems. The pioneering work was done by I'in and Oleinik [3] in
1960 for the scalar viscous conservation law (1.4). The rate of convergence toward the

rarefaction waves for (1.4) was investigate in [1, 2]. For the half space problem for (1.4),
Liu, Matsumura and Nishihara [10] first proved the asymptotic stability of rarefaction
waves.

The asymptotic stability of rarefaction waves for the compressible Navier-Stokes
equation (barotropic model) was first proved by Matsumura and Nishihara [12] in 1986.
This stability result was improved in [13] for large data and in [9] for the half space
problem. A similar asymptotic stability result is known also for the full system of the
compressible Navier-Stokes equation. See [7].

The asymptotic stability of rarefaction waves was shown also for related systems.
We refer the reader to [11, 6] for the Broadwell model in the discrete kinetic theory and
to [7] for a model system of radiating gas.



Main result

We state our main result concerning the asymptotic stability of rarefaction waves for
(1.1). Let (u",0) be the rarefaction wave for (1.1), where u” is the centered rarefaction
wave of (1.3) and connects the constant state uy with u_ < uy. Note that u" is the
continuous weak solution of the Riemann problem (1.3), (1.5) and is given explicitly by
(1.6). Then our stability result in the whole space is stated as follows.

Theorem 2.1 (Stability in the whole space) Let u_ < uy and put § = |uy —u_|.
Assume that the initial data (ug,qo) satisfies ug — ufy € L?, (up), € H' and qo € H?,
and put

Io = [Juo = ugll 2 + [[(uo)e |l + llgo] 22,

where uy is the Riemann data in (1.5). If Iy + 0 is suitably small, then the initial
value problem (1.1), (1.2) has a unique global solution (u,q) in an appropriate sense.
Moreover, this solution approaches the rarefaction wave (u",0) specified above uniformly
mx eR ast — oo:

|(u—u",q)t)||r= — 0 as t— 0. (2.1)

Preliminaries

We now recall the following basic propositions related to Sobolev space (see [11]).

Proposition 3.1 (Convergence at infinity [14]) Let E(t) be an absolutely contin-
wous function on [0,00). Assume that E € L'(0,00) and %¢ € L*(0,00). Then

lim E(t) = 0.

t—o00

We next recall Sobolev’s inequality in one-dimensional space, which is crucial later.

Proposition 3.2 (Sobolev’s inequality in one-dimensional space [14]) Letu €
HY(R). Then the following statements hold true:

u€ C'NL®R), lim u(t)=0

t—+oo

and
1/2 1/2
[l oo ) < Clluall o el gy
Smooth approximation of rarefaction waves In this chapter we make a smooth ap-
proximation of the rarefaction wave u".
Our rarefaction wave u” is the continuous weak solution of (1.3) and is not smooth.

Following to [12, 11], we construct a smooth approximation of the rarefaction wave u".



To this end, we recall that if u is a solution of (1.3), then w := f’(u) satisfies the
inviscid Burgers equation

we + (%wz)x —0. (3.1)

Consequently, we find that for our rarefaction wave u”, the function w" := f'(u")
becomes a weak solution of the Riemann problem for (3.1) with the Riemann data

w_, x <0,
w(z,0) = wy(z) = (3.2)
W4, T > O,
where wy = f'(ux) with u_ < uy, ie, w_ < wy. We know that this w”" is given
explicitly as
w_, x/t S w_,
w'(z,t) = x/t, w_ S x/t < wy,
wy, wy S w/t.
t T=w-t
T =wyl
(0]

(w- <wy)

This is the centered rarefaction wave of (3.1) which connects the constant states w.
with w_ < wy.

For our purpose we first construct a smooth approximation of the rarefaction wave

w". To this end, following to [12, 1], we consider (3.1) with the following smooth initial
data:

w(z,0) = wy(x) = %(w+ +w_)+ %(uq — w_) tanh(ex), (3.3)

where € € (0, 1] is a parameter. (In this paper we only use the case ¢ = 1.) It is known
([12, 11]) that the problem (3.1), (3.3) has a unique smooth solution w. We state this
result in the following lemma.

Lemma 3.3 ([12, 14]) Let w_ < wy and put 6 = |wy —w_|. Let 09 > 0 be any fived
constant and assume that 6 < &y. Then the problem (3.1), (3.3) has a unique smooth
solution w with the following properties:

(i) w- <w(z,t) <wy and wy(z,t) >0 forz € R and t 2 0.
(ii) |Jwe(t)||zr £ min {Ce' =125, CSVP(1+¢)~0-1PY fort =0, where 1 < p < oo.

(iii) [|OFw(t)||r < min {Cer=1/rs, Ceb=D=Mr(1 4+ )71} fort 2 0, where 1 < p < oo
and k =2,3,4.

(iv) |[(w—w")(t)||re — 0 as t — oo, where w" is the rarefaction wave of (3.1).

4



Now, following [12, 13], we define a smooth approximation U of our rarefaction
wave u” for (1.3) by the formula

UB(z,t) .= (f) " (w(z, b)), de., [f(U¥Nzt))=wxt), (3.4)

where w is the smooth solution of (3.1), (3.3) with wy = f/(uy) and € = 1. Note that
this U satisfies

U+ f(UR)e =0, (35)
Uf(2,0) = Ug(x) = (f') " (wo()),

where wy is given by (3.3) with wy = f’(ux) and € = 1. As an easy consequence of
Lemma 3.3 with ¢ = 1, we have the following result for our smooth approximation U¥%.

Lemma 3.4 (Smooth approximation in the whole space [12, 14]) Let u_ < uy
and put 6 = |uy —u_|. Let 69 > 0 be any fized constant and assume that 6 < .
Then the smooth approximation UR defined by (3.4) with € = 1 satisfies the following
properties:

(i) u_ <U®(z,t) <uy and UR(x,t) >0 forz € R and t = 0.
(i) |JUE®)||r» £ min{C6, C§YP(1 +t)_(1_1/p)} fort =0, where 1 < p < o0.

(iii) Let @ € [0,1]. Then ||[0*UR(t)||zr < C(1 +1)~=9 fort >0, where 1 < p < 0
and k = 2,3,4. Here the constant C' is independent of 6.

(iv) |[(UE —u")(#t)||p~ — 0 ast — oo, where u” is the rarefaction wave of (1.3).

Reformulation of the problems

This section is devoted to reformulate the given problems.

We consider the initial value problem (1.1), (1.2). Let u” be the centered rarefaction
wave for (1.3) which is given in (1.6), and let U® be the smooth approximation of u".
This U® is constructed in Lemma 3.4 and satisfies (3.5). We regard (UR, —UZE) as a
smooth approximation of the rarefaction wave (u”",0) for (1.1), and look for solutions
(u,q) of the problem (1.1), (1.2) in the form

u=U"+ ¢, q=-UF+r. (4.1)

Our problem (1.1), (1.2) is then rewritten in the following form for the perturbation

(¢,7):

o+ (FUR+ ) — F(U))y + 10 = UL, (4.2a)
T+ 14 p = —[(U)gas (4.2b)
(¢, 7)(x,0) = (¢, 70) (), z €R, (4.3)

where
¢0=U0—U§, TOZCJO+(U§)x-



For this reformulated problem (4.2), (4.3), we obtain the following result on the global
existence and asymptotic stability.

Theorem 4.1 (Global existence and stability in the whole space [15]) Let
u_ < uy and put § = |uy —u_|. Asuume that (¢g,1m0) € H?* and put Eq = ||(¢o,70) || z2-
Then there is a positive constant §; such that if Ey 4+ 0 < 01, then the problem (4.2),
(4.3) has a unique global solution (¢,r) satisfying

(é,7) € C°([0,00); H*) N C*([0,00); HY),
¢, € L*(0,00; HY), r € L*(0,00; H?).
Moreover, the solution (¢,r) decays to (0,0) uniformly in x € R ast — oo:

(&, 7)) |lwree — 0 as t— oc. (4.4)

The key to the proof of Theorem 4.1 is to show the desired a priori estimate of
solutions to the problem (4.2), (4.3). To state our a priori estimate, we introduce the
energy norm F(t) and the corresponding dissipation norm D(t) as follows:

E(t) = sup |[(¢,7)(7)] a2,

075t
D(t)* = /0 IV UES(T) 72 + 02(7) 170 + 17 (7)[[2 d

Then the result on our a priori estimate is stated as follows.

Proposition 4.2 (A priori estimate in the whole space [15]) Let T > 0 and let
(¢, 1) be a solution to the problem (4.2), (4.3) such that

(¢,7) € C°([0,T]; H*) N CH([0,T]; HY).

Then there is a positive constant dy not depending on T such that if E(T) + 0 < 0o,
then the solution (¢, 1) verifies the a priori estimate

E(t)* + D(t)* £ C(E2 + %) (4.6)

for t € [0,T], where 6 € (0,1/4) is a fized number and C is a positive constant inde-
pendent of T'.

We will give the proof of Proposition 4.2 in Section 5.

Proof of Theorem /.1. The global existence result in Theorem 4.1 can be proved by the
standard method which is based on the local existence result combined with the a priori
estimate stated in Proposition 4.2. Here we omit the details on the proof of the global
existence result and only give the proof of the convergence (4.4).



To this end, we first note that our global solution (¢, r) satisfies the energy estimate
(4.6) for any ¢ = 0. This together with (4.2) yields the estimate for the time derivatives:

t
/ 1662 (D122 + 7l dr < C(EG +6%) (4.7)
0

for any ¢ = 0. To prove (4.4) for ¢, we put ®(t) = ||¢.(t)||7.. We see that & €
L'(0,00) by (4.6). Also we observe that |®'| < 2||@.||z2]|Pw || 2. Therefore we find that
¢ € L'(0,00) by (4.6) and (4.7). By Proposition 3.1 we thus have ® € W(0, 00),
which shows the convergence ®(t) = ||¢,(t)[|7. — 0 as t — oo. This together with
Sobolev’s inequality (Proposition 3.2) yields

1/2 1/2
1]l < Clloll X2l bullt2 — 0,

| 6ellz= < Clidall 2’160z 172 — 0
as t — 0o, where we also used (4.6). Thus we have proved ||¢(¢)||wr~ — 0 as ¢t — 0.
We can prove (4.4) for r in a similar way. We put R(t) := ||7(¢)||3,,. Then, using (4.6)
and (4.7), we see that R € W1(0, 00), which shows R(t) = ||r(¢)[|3, — 0 as t — oc.
This together with Sobolev’s inequality and (4.6) gives the convergence ||r(t)||ly 1.0 — 0
as t — 0. Thus the proof of Theorem 4.1 is completed. O

Finally in this section, we give the proof of Theorem 2.1 by using Theorem 4.1.

Proof of Theorem 2.1. We assume the smallness condition in Theorem 2.1. Namely, we
assume that Iy + 9 is suitably small, where Iy = ||ug — uj||z2 + || (wo)z || 72 + ||q0]| 2. For
the initial data (¢, 1) in Theorem 4.1, we see that

(g0, r0)llz2 = ll(uo — ug, qo) 22 + [I(ug — Ug*, (Ug)a)llze = o + €,
10:(¢0, o) 1 = 110 (w0, go) |1+ + 102(=Ug", (Ug")a)llerr < To + C.

Therefore we have Ey < Iy + C9. Since Iy + 0 is assumed to be small, we know that
Ey+ 9 is also small. Consequently, by applying Theorem 4.1, we obtain a unique global
solution (¢,r) to the problem (4.2), (4.3). Then the function (u,q) defined by (4.1)
becomes the desired global solution to the original problem (1.1), (1.2).

Finally, we show the convergence (2.1) by using (4.4). We see that

1w = u" @) (Ol = [(UF =", =) @)z + (6, 7)(E) |0 — 0

as t — 00, where we also used Lemma 3.4. This completes the proof of Theorem
2.1. O

A priori estimate in the whole space

The aim of this section is to prove Proposition 4.2 on the a priori estimate of solutions
to the problem (4.2), (4.3) in the whole space. In this section we assume that the
solution (¢, r) satisfies the additional regularity

(¢, 7) € C°([0,T); H*)nC'([0,T]; H?).
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This can be realized by using the mollifier with respect to x € R. Also we assume that
B(T) +6 < b, (5.1)

where oy > 0 is a fixed constant. In this section 6 denotes a fixed number satisfying
0 € (0,1/4).
First we show the basic energy estimate.

Lemma 5.1 ([15]) We have

1(&, ||Lz+/ IVUES(T) 72 + lr(1)]72 d7 < CEF + CEE@®)2D(1)'2. (5.2)

Proof. We multiply (4.2a) and (4.2b) by ¢ and r, respectively, and add these two
equalities. After a technical computation we obtain

() + {60 - swmo - [ n - 5 i+ or)

H{ AU+ ¢) = fUT) = F(UNPIU + 12 = U, — 1 f(U) e
We integrate (5.3) over R x (0,¢). Then, using {f(U® + ¢) — f(UT) — f’(UR)QS}UR >
cUR¢?, we obtain

1P (0122 + / IVTES) |2 + |r(r)|s dr < CE2 4 C / RO dr,  (5.4)

where

v (5.3)

_ / IR+ (7| £ (U ] de (5.5)

Here we can show that

/ tR<°>(T) dr < CS°E(t)2D(t)"/2. (5.6)

0

Once this is verified, the desired estimate (5.2) follows from (5.4) and (5.6).
We verify the estimate (5.6). Applying Sobolev’s inequality, we have

Awnvﬁmxgrwnmu UR |l £ Ol 2 1 oa 12 N UE || 1
< CE B2, |32 (1 + 7)),

where we have used Lemma 3.4. Therefore we obtain

t
[ [ ouzianir < oo [ ool + 700 dr
0JR
/4 ¢ 4 3/4
§C’59E(t)1/2 /H%(T)HQLQdT) (/(1+T)_3(1_9)d7)
0 0

< CS’E(t)V2D(t)"/?,

where we used the Holder inequality and the fact that 5(1—6) > 1 for 6 € (0,1/4). An-
other term in R (see (5.5)) is estimated similarly and we obtain (5.6). This completes
the proof of Lemma 5.1. O



Next we show the energy estimate for the derivatives.

Lemma 5.2 ([15]) We have
10 (6, 1) () |52 +/0 |re(T)|50 dr £ CEZ 4+ C(5 + E(#))D(t)* + C8°D(t).  (5.7)

Proof. We rewrite (4.2) slightly as follows.

G+ [(UR+ @)y + 10 = g+ UL, (5.8a)
T4+ by = — (U gas (5.8b)

where
g=—(f'U"+9¢) - f(U"UE. (5.9)

We apply 0% (k < 2) to (5.8) and obtain

kg + f(UR + @)k, + Or, = g* + OFUR, (5.10a)
v+ 0Fr + 0%, = —0F f(UM) 0, (5.10D)

where
9" = =05, [/ (U + ¢)|¢a + Org. (5.11)

Here [-,-] denotes the commutator. We multiply (5.10a) and (5.10b) by 9%¢ and 9Fr,
respectively, and add the resulting equalities. This yields

[5(@or + @)} + {Sr W7+ a)@kop + ko dbr} +(@hry?
= ST+ 9)a (080 + 056 (g + KULR) = Dby - Ok F(UT).
Integrating this equality over R x (0,¢), we obtain
105 (0. ) ()72 + /Ot 1057 ()72 d7 < CEj + C/OtR(k)(T) dr (5.12)
for k = 1,2, where
R = /R(|Uf| + 1021070 + [g™1|050| + 1050105 U] + 19571105 f (U")ao| dev. (5.13)
We will show that
/OtR(k) (1)dr S C(6+ E(t))D(t)? + C8°D(t) (5.14)

for k = 1,2. Once this is done, we substitute (5.14) into (5.12) and add for k = 1, 2.
This yields the desired estimate (5.7).



It remains to prove (5.14). Concerning the first term in (5.13), we observe that

/o/R(lUfl + |p.])|OFp|? dadr
< 0+ B) [ 1) dr < 06+ BO)D)

for k = 1,2. Next we estimate the second term in (5.13). Recalling (5.11), we see that
I[O%, F/(UE + @) el < C(6 + E(t))||pe|| for k = 1,2. Therefore we obtain

[ [ 16w + o)oulotol auar
< G+ B0) [ 1620} i < C6+ @)D
for k =1,2. Also we apply a direct computation to ¢ in (5.9) and find that
105gll2 < CE@)(1+7)"4 + 6| g ||
for k = 1,2, where we used Lemma 3.4. Therefore we obtain
[ [ 10tst086) s < ca'0) [ 056un (14 71700 dr .05 [ ) o
< CO'E(t)D(t) + CoD(t)?
for £ = 1,2. Moreover, we see easily that
[ 105010801+ 087110 U
< 00" [[ 1080, 0)lx(1-+ 770 dr < DU

for £ = 1,2. All these estimates give the desired estimate (5.14). Thus the proof of
Lemma 5.2 is completed. O

Finally, we show the dissipative estimate for ¢,.

Lemma 5.3 ([15]) We have

/0 |60(r) |2 dr < CE2 + C)| () ()| + C / ()| dr

+ OB+ E®)D()? + C8°D(t).

(5.15)

Proof. We use (5.10) for £ = 0,1. (Note that (5.10) with & = 0 coincides with (5.8).)
To create the dissipative estimate for 9%¢,, we multiply (5.10b) and (5.10a) by 9%¢,
and —d%r,, respectively, and add these two equalities. This gives

(afgbz al;'r% o (aﬁébt al;r>z + (a§¢x>2 + al;¢z 3!;,,, - (f,<UR + ¢)a§¢x + a';T:c) a;frx
= —0,12(9" + 0,U3) — 0500 0, f (U)o
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Integrating over R x (0,t), we obtain

t
/O 10562 (1) dr < CER + ClI2% (6, r) (1)1

; . (5.16)
+ C’/O H@';r(r)ﬂip dr + C/O S(k)(7'> dr
for k = 0,1, where
5O = [ Igtlokr.| + okra R | + 0£0n 041 (U)ol e G
We will show that
/0 tSU“) () dr £ C(5+ E(t))D(t)? + C3°D(t) (5.18)

for k = 0,1. Once this is verified, we substitute (5.18) into (5.16) and add for k = 0, 1.
Then we obtain the desired estimate (5.15).

To complete the proof, we need to show (5.18). Recalling (5.11), we observe that
I[OF, F/(UE + ¢)|dllze < C(6 + E(t))||¢xlz2 for & = 0,1. (The commutator vanishes
for k = 0.) Therefore we obtain

/ot /R 105, F/(UR + )] ul | 02| dardr
<C(+ E(t))/o o (D) 22|50 (7) || 22 dr < C(6 + E(£))D(t)?

for k = 0,1. Concerning the term g in (5.9), we see that |g| < CUZ|¢|. Therefore we
find that ||g||z2 < C6Y2||\/UE¢||r2. Thus we have

/t/R 9llre| dzdr = 051/2/t IVUES(T) |22 (7) |22 dr < COY2D(2)2.
0 0
Also we see that [|0,9]|r2 £ CO/E(t)(1 + 1)~ 4 C||¢s||z2- Therefore we obtain
/t/R 10,9]|0,72| dxdr < CSPE(t)D(t) + C5D(t)>.
0
The remaining terms in (5.17) are estimated easily and we have
[ 1081050 + 08605 (07 i < €D

for k =0, 1. Gathering these estimates, we obtain the desired estimate (5.18) and thus,
completes the proof of Lemma 5.3. O
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Proof of Proposition 4.2. We add (5.2) and (5.7) to obtain that

(@, 7)(t HH2+/H\/W¢> iz + Ir()52 dr

(5.19)
< CE:+C(6 + E(t)D(t)* + CS°(E(t) + D(t)).
We substitute (5.19) into (5.15). This gives
/t b (T)||21 dr < CE2 + C(6 + E(t))D(t)? + C6%(E(t) + D(t)). (5.20)

Adding (5.19) and (5.20), we arrive at the inequality
E(t)> + D(t)* < CEj + C(6 + E(1))D(t)* + C8°(E(t) + D(t)).

This inequality is reduced to E(t)? + D(t)? < C(E? + 6%) + C(0 + E(t))D(t)?, which
yields the desired estimate (4.6), provided that E(T) + ¢ is suitably small. Thus the
proof of Proposition 4.2 is done. O
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