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Abstract

We study geometric properties of finite Blaschke products. For a Blaschke product B of degree d,
the interior curve and the exterior curve are defined. In this paper, we explain the existence of duality-
like geometrical property lies between the interior curve and the exterior curve. Using this property, we
construct some examples of Blaschke products whose interior curves consist of two ellipses.

1 Geometry of Blaschke products

1.1 Blaschke Products
A Blaschke product of degree d is a rational function defined by

d
B(Z)ZGZQH% (akED, HER)
k=1
In the case that § = 0 and B(0) = 0, B is called canonical.
Note that we only need to consider a canonical Blaschke product for the following discussions. More-
over, we remark that there are d distinct preimages z1,--- ,zq of A € 9D by B because the derivative B’
has no zeros on 9D (for instance, see [Mas13]).

1.2 The interior curves and exterior curves

For a Blaschke product B of degree d and A € 0D, let £, be the set of lines joining each distinct two
preimages in B~!(\). Then, the envelope of the family of lines {£)}, called the interior curve associated
with B.

While, for a canonical Blaschke product B of degree d and A € 9D, let Ly be the set of d lines tangent
to OD at the d preimages of A. Then, the trace of the intersection points of each two elements in L) as
) ranges over the unit circle called the exterior curve associated with B.

For a canonical Blaschke product of degree d, the exterior curve is an algebraic curve of degree at
most d — 1 ([Fuj17]).

Example 1 e—a 2—b

For a canonical Blaschke product B(z) = Tl d of degree 3, the interior curve is the ellipse (see
—az ]l — 0z

[DGMO02])

|z —al+]z—0b] =|1 —ab, (1)

and the exterior curve is the non-degenerate conic (see [Fuj17])

abz? + (—|ab]* +|a +b]* — 1)2Z + abz* — 2(@+b)z — 2(a +b)Z +4 = 0. (2)



Example 2

_ b »—
For a canonical Blaschke product B(z) = z S —

— — — of degree 4, the interior curve is defined
1—az1—-bz1—¢cz
by the equation S of degree 6. We describe the defining equation S in Appendix A below. The exterior

curve is written as follows (see [Fuj17])

3 — 2 — =2 =3
032° + (0102 — 0903 — 01)2°Z — (01 — 02071 + 0302)2Z° + 03Z

— 26522 — (20157 — 20353 — 4)2Z — 20972 + 4572 + 40,7 — 8 = 0,

where o}, are the elementary symmetric polynomials on three variables a, b, ¢ of degree k (k = 1,2,3),
ie.op=a+b+c, oo =ab+ bc+ ca, and 03 = abc.

1.3 Duality-like property

There exists a duality-like relationship between the interior and exterior curves.

Theorem 1 ([Fuj18])
Let B be a canonical Blaschke product of degree d, and E}; the dual curve of the homogenized exterior
curve Eg. Then the interior curve is given by

Ip: up(—=2) =0,
where u%;(z) = 0 is a defining equation of the affine part of E.

Equivalently, the converse also holds.

Corollary 2
Let B be a canonical Blaschke product of degree d, and Ij; be the dual curve of the homogenized interior
curve Ig. Then the exterior curve is given by

Ep: vi(—2)=0,
where v (z) = 0 is a defining equation of the affine part of IF,.

In general, the defining equation of the interior curve is hard to calculate, even using an algebraic
computation system. On the other hand, the defining equation of the exterior curve is relatively simple,
as seen in Example 2 above. Theorem 1 allows us to get the defining equation of the interior curve via
the exterior curve. In the next section, we will show some examples as an application of this theorem.

2 Examples

Here, we construct Blaschke products of degree 5 whose interior curve consists of two ellipses. The
defining equation of the exterior curve is an algebraic curve of degree four. We need to find an example
of Blaschke product whose exterior curve can be resolved into two conics because the dual curve of a
conic is a conic.

Example 3

Let
22—a 22-0
g 2 7
1—az?21—b22

where a, b satisfy a3b3 — 2a?b? — (b® + a?) + 3ab = 0. Then the exterior curve is given by

Ba(z) = (0<a,b< 1),

Ep, : (a(b—i— 1)2%2% +a(b—1)%y* — 4b)

x ((a2b3 — ab® + 202 + 3b — a)z® + (a6® — ab® — 26® + 3b — a)y? — 4b) =0,



and the interior curve consists of two ellipses

4b 4b 4a 4a
Ig, : 2 21 2 1) =
Ba (a(b—|—1)2x tam—12? )(b(a—i—l)?x T ha—12Y )=o.

where we set z = x + iy. Their foci are ++/a (the first factor) and ++/b (the second factor).

/ i

/

Figure 1: The interior curve Ip, for a = 0.4801---, b = 0.2 (left) and a = 0.04, b = 0.1043--- (right).
The interior curve consists of two ellipses, one is inscribed in a family of pentagons and the other is
inscribed in a family of pentagrams.

The interior curve of a finite Blaschke product is closely related to the numerical range of a matrix
(see [GMR18], [DGSV18], for example). In fact, the interior curve in the above example corresponds to
the elliptic domain that appears in the following result of Chien and Nakazato ([CN17, Theorem 3.2]).
Theorem: Let A be a 4 X 4 unitary bordering matriz with real eigenvalues ++/a, +v/b for some 0 < a #
b<1. Then Fa(z,y,z) := det (z - Re(A) +y - Im(A) + z - 1) is a product of two quadratic forms if and
only if a3b3 — 2a2b? — a? + 3ab — b2 = 0, where Re(A) = A+TA*, Im(A) = A;f*. In this case, the higher
rank numerical range A, (A) is an elliptical disc.

Here we construct some more examples of Blaschke products of degree 5 whose interior curve consists
of two ellipses.

Example 4
Let

B =o(2) () <asen.

where a, b satisfy a?b® — 2a%b? — (a® + b?) + 3ab = 0. Then the exterior curve is given by
Ep, : ((a(b2 —1)2 462 + 862 + a(b? — 1)%? — 4b)
X (((a2 —1)b— 4a®)2® + 8a®z + (a® — 1)by® — 4a> =0,
and the interior curve consists of two circles (see Figures 2, 3, and 4).
I, : (4a(;v —a)? + day? — (a2 — 1)%) (41)(:10 —b)2 4 4by? — a(b? — 1)2) =0,

where we set z = x + iy. Their centers coincide with non-zero zeros of Bg, i.e. a (the first factor) and b
(the second factor).



Figure 2: The interior and exterior curves of Bg for a = 0.07746--- ,b = +. In this case, the exterior

5
and interior curves consist of two ellipses and two circles, respectively.

Figure 3: The interior and exterior curves of Bp for a = 0.48012--- ,b = % In this case, the exterior
curve consists of an ellipse and a hyperbolic curve.

Figure 4: The interior and exterior curves of Bp for a = 0.98697541--- , b= %. In this case, the exterior
curve consists of two hyperbolic curves.



Figure 5: The interior and exterior curves of Bo. The left figure indicates the case of P =0 (Ip for a =
0.5, b= —0.660442- - -). The right figure indicates the case of Q@ =0 (Ig for a = 0.5, b = 0.5653036- - - ).

Example 5
Let

Beo(z) = z2ﬂ( 2 b )2 (-1 <ab<1),
where a, b satisfy
Pla,b) =a* 4+ (0> —b)a—b*=0 or Q(a,b) = (b* —3b)a® — 2(b* — 2)a® + (3b® — b)a — 2b* = 0.
Then, the exterior curve for P =0 and QQ = 0 are given by
Ep(ap) : ((a3 + 3ba® — a + b)x?* — da(a + b)z + (a* — 1)(a — b)y* + 4a>
X ((62 —1)(a+b)z* — 4%z + (b* — 1)(a + b)y* + 4b) =0
and
EQ(ap) : (2((b2 + 1a+b* —b)a® — 8abx — 2(b* — 1)(a — b)y* + 4a)
x ((va? + (26% — 2)a - b)a® — dabz + (ba® + (26? — 2)a — )y +4b) = 0

respectively. Here, we assume that a,b satisfy Ep, ) NOD = 0 or Eg(,) NOD = (). The interior curve
for P =0 is given by

Tp@ap) (a(a2 — 1)(22 — (a+b))* + da(ab — 1)y* + (a®> — 1)(a — b)(ab — 1))
x (b(b2 —1)(a+b)(2x — b)* +4b((b* — 1)a — b)y” + (b* — 1)(a + b)((> — 1)a — b)) ~0,
if Ep(qp) NOD = 0. Similarly, the interior curve for Q = 0 is given by
IQ(ap) : (b(ba2 +2(b% — 1)a — b) (22 — ) + 4b(2(52 — 1)a — b)y2
+ (2(6* = D)a — b) (ba? + 20 — 1)a —b) )
x (2a(x —b)? + 2ay® — (b2 — 1)(a — b)) =0,

if Ega,py N OD = 0 (see Figure 5).



The zeros of each examples B4, Bp, and B. are on a line passing through the origin (the zero points
are placed on the real axis by suitable rotation). The following gives an example of Blaschke product
whose zeros are not collinear.

Example 6
Let
(z—a)(z—a)(z —b)(z —b)
(1—a2)(1 —az)(1—0bz)(1 —bz)’
where a = —0.44096 4+ 0.372677, b ~ —0.27103 + 0.65310¢. Then, the exterior curve consists of two conics

Bp(z) ==z

1 1 1 1 1
Ep : (5224— §E2+vz+vi+4) (5z2 - Z(3Uﬁ+2)z§+ 522 +1~)z+172+4) =0,

where v = @ and © is the unique positive root of 92 4+ 2vt — 5 = 0. Therefore, the interior curve is also
written as two conics as follows.

Ip : ((902 —48)2% — 180?27 + (9v? — 48)2% — 24vz — 2407 — 16)
x (4(52 — 8)22 — 8(60v + 2 + 4)27 + 4(02 — 8)72 — 12(20 + vi2) (2 + 7)
+ 95202 + 1200 — 12) —0.

Since these two conics are included in the unit disk, they are necessarily two ellipses.

Figure 6: The interior and exterior curves for Bp. In this case, the exterior curve Fp consists of an
ellipse and a hyperbola. So, the interior curve Ip consists of two ellipses.
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A The interior curve for a Blaschke product of degree 4

For a canonical Blaschke product

z—a z—b z—c¢

B(z) ==z

l—azl1—0bz1—¢z

of degree 4, let o be the elementary symmetric polynomials on three variables a, b, ¢ of degree k (k =
1,2,3), i.e
c1=a+b+c, o9 =ab+ bc—+ ca, and o3 = abc.

Then, the defining equation of the interior curve is given as follows.

S . (—4o301° + 522012 + 187302071 — 403> — 2753°)2% + (((20201° — 633012 — 852201 + 365302)01 +
(—45301° + 18530201 — 54032)0y + (2630201° + 1853°01 — 1263052 )03 — 461" + 2265012 — 185307 —
2475°2)% + (—1263071° + 46520712 + b4G30201 — 1655° — 5473°) 01 + (—2030201° — 1853257 + 1263632 ) 02 +
(1203%07° — 20302707 — 1853°02)03 — 20301° + 60301 + 8527071 — 36@)25 + (7" — 20901° + 67301 —
803°)0t +((—60301° +360302)02 + (—203071° +2W—180—3 )03—60—1 +22m+180—3)01—27— o3+
(187325103 — 4o1% 4 2002012 — bdozo1 — 12052 )02—|—(03 512 —1203°532)02 + (452071° —|—220301 —1853%571 +
60302)03 + 13572 — 4865)2% + ((60201° — 1263012 — 2405251 + 726302)07 + ((—106301° + 52630201 —
90532) 09 + (20302012 + 3063207 — 1603052 )03 — 1067 + 5265071° + 65307 — 560_22)01 — 1873 a—lo—g +
(10632572 + 653202 )03 — 452071 — 28630712 + 2002207 — 245302 )0 + (— 453202071 — 1853° )05 + (105301° +
475%572 + 26530207 — 2455° — 720—32)03 +207° — 459507 — 7203)Z + (—126307° + 6632012 + b4G30207 —
2405° —2753% )0} + ((—6730201° — 3673° a—1+36m )02+(240_3 71> — 67303 0—1—360—320—2)03 —6o301° +
24m2+220_220'1 900’30’2)0’1—|—(0’3 0'1 71203 0'2)0'2 ((40’3 0'20'1—|—180’3 ) 3710@34—20_220_124—
20030201 — 403° — 1853202 + (—1263°51 + 032022 )02 + (16030201° + (—202° — 30632 )o1 — 1453052 )03 +
o1t — do3012 — 120307 + 452°)2* + (((207° — 80201 + 40—3)0—1 + (6030102 + (—80301° + 205302)03 —
4572 4+ 453)0% + ((— 1853203 — 871° + 3852071) 02 + 106325702 + (652012 + 45307 — 36022 )03 + 2257)01
36mo§+((20m2+30m)03+4a—12—480—2)02—4a—33a§+(—18w—24a3 Yo2 + (457° + 603 )03—
32)23 + ((207* — 462012 + 65307 — 160_2 Ho? + (( 453012 + 52@)02 + (—6G3071° + 6030201 — 6032)03 —
8712 + 1455071 + 600_3)0% + (—36032%03 + (105325103 — 8o + 400201 — 465307 + 455> )02 + (6032012 —
203 02)03 + (80201 + 2653012 — 5002207 + 3463032)03 + 46512 — 6803)01 + (—3203012 — 126302)02 +
(653302 + (85301° + 12030201 — 78532)03 — 1657° + 240201 — 13253)09 — 263°0105 + (—8530201° —
180—320—1—30m Joi+ (440201 +67301 — 96055 )03—400—1)22+((6m3—6m2—240—225+36m)a§+
((—8o301° + 50030201 — 36032 )02 + (— IOW + 1263207 + 463022)03 — 81+ + 3402012 + H4o301 —
440_22)01+( 26732 0102—1—((1603 121003 02)03 45501° —48@2—1—340_220_1—#28@)02—1—(20_32m7
63> )03 + (165301° + 40325712 + 52W — 5265° — 78732 )03 + 14572 — 60301 — 13253)0, + (653503 —
87301° — 4730201 — 6053 )o—§+( 803 0103+(20W +473 o—1+22o—30—22)o—3—8a—14+20m2—32m—
16052) 09 + 20_330_20§’ + (—803 12 — 126305207 — 4263°03)02 + (80’201 +1073072 — 1380302)0’3 — 20572+
16a—z)z+( 4@ +453%57° +18W—16o—2 )a? +((—6o30201° — 1873° o—1+36m )02+(120_3 1% —
60302 01— 1803 02)03—60201 +30G3012+1873 01—720302)01 ((203%51% —2403%03) 03+ (8732 0201—|—
1853%)03 — 206301° + 6522012 + 44530501 — 1265° )00 + (—1253° 01 + 253 022)03+(32030201 + (—653
540_32)5—26m2)03+20_14—4%2—42M+1202 o1 +453303 + (—263°5103 — 4530201 —280_320_1+
12@ Yo3 + (—20—330—203 + (200—320—12+2m2a—1—80—3 T2)03 —45501° + 1653012 + 802201 — 440303 )02 +
4ozt 03 +(—2603%02071 +26305° +2473° )02 +(— 2m3+4@20—12—20@—60—32)03—8m+320—3)z3+
(((7712 —402)01 (40302 — 2030103 —601)0% +((—2612% +2052)02 + 03202 + ( 602071 +2203)03 + 13)0? +
(—185303 + (2030103 + 2207)02 + 18530205 + (6612 — 5403)03)01 + (—871% — 1263)03 + (—1253%03 +
(3662014 603)03 —48)02+ (—185301 —27_2)03+180103)2 +((2573 —80201)01 +(8030102+( 603012+
85302)03 — 871° — 1603)05 + ((—873%03 — 407> + 400307 + 4403)02 + 60325103 + (— 40201 + 26307 —
3265203 + 4607)0? + (—50530102 + ((65301° + 720302)0’3 + 14072 + 2453)09 — 203° 03 (IOW
18532) 03+ (601> —460201+603)03—40)01+(—30532 03 1657° —|—40201—9603)02 (— 203 25102 +(5265012+
345307 — 1263%)03 — 6851)02 — 60320203 + (— 603012 — 3602201 — 786303)03 + (60512 — 13263)03)z>




+((o7* — 262012 — 85320t + (2030712 +160302)02+( —46301° +4030207)03 — 457° — 2002071 + 3053) 0} +
(—873%03 + (—403%0103 — 201" + 240301 + 320301 +803° )02 + (6032512 — 203 0——2)og+(2m3+16m2—
445557 + 285303)03 + bdo1? — 2603)07 + ((—445301° + 22@)02 (203 o3+ (40301 + 78630201 —
40532%)05 — 2051 + 765507 — 70@)02 — 453 a—lag + (= 4@ — 2003%07 + 603022)03 + (3202012 +
34@ 96532)03 7640_1)01 3003 03 + (60325103 — 8011 + 853012 — 960301 — 87220 §+ ((—203%57% —
2603 02)03+(160201 —1—280301 +2202 01—200302)03—2601 —875)09 + 73" U3+(203 0201 +803 )O’g-i-
(8522512 — 40530201 — 3055° — 84532 )02 + (3057° —700201—18403)03+16)z +((20201 —855%67)0} +
((—26301° 416530207 )02+ (—6530201>+87303°2 )03 — 2671 +305301 — 16557 )05 + (—873 010%+((60_320_12—
1653%53)03 + 46201° — 1653012 + 8622671 + GOW)@ + 653> WJB (6G307° — 402 712 + 34530207 —
320_23—300_32)03+160_13+14m 9603)01 ((873° 03—110301 —|—8030201 4453%)03 + (—603°5103 +
(165305012 — 20_3 o1 + 4053052 )03 — 1257 + 320201 + 145307 — 16532)0y — 203 0202 + (—653%71% —
45565207 — 34532 02)03 + (120201 + 260301 — 1002 o1 — 1426303)03 — 3801 + 1602)01 — 1603 0103 +
((12032%57 —8(73 02)03—80201 — 3203012 4 2053257 — 400302)02 (26303 + (—2053%0201 + 18532 )02 +
(125357° + 1602 712 + 20W 2003° — 6632)03 + 801° — 360501 + 4003) 02 + (263°071 + 8032022 )0
(— 12030201 + (—8632° — 4253%)51 — 1053022 ) 03 + (— 13873071 + 20532 )03 + 1657)Z + (52°01° — 463° )0
((—2030201°+127307 )az—2m20—103—2m3+12m2+2a—220—1—18m)a%+((a—320—12—120—320—2)0
(453%030105 — 100307° + 603°01° + 28030301 — 1203° + 18632 )02 + 03 0220§ + (165302012 + (—602
2453%)1 — 1053022 )05 +01 " +40201> — 420301 + 130—22)0—1 (453305 + ( 2635103 — 873020712 — 3053257 +
24@2)03+(—2a—33a—go§+(200—320—12+4m20—1— 1263%53) 03 — 85201 +365301 2+ 1455261 — 705303 )02+
(—2673%03071 + 40302° +1205° )03 + (— 2m +803°71° — 30530201 — 203° — 603° )03 — 2071° — 160301 +
48a—3)al+(2a—32#7120—320—2)0%(03 ag +(203 o—zol+2za—33)ag78m3+o—220—12+2w+130—32)a§+
((—1053°77 — 473°73°) 03 +(24W +(= 202 — 40773° )0—1—14m )03+2a—1 — doz071” — 4o371)0 +
120_330_20§+(U3201 —160302 14021 +3003°253 )02 +(—20901° — 1453072 +453> 0'1+120302)U3+401 )22+
((—40t + (26709 — 40203)03 + ((25303 + 22)09 — 60103)01 (—80703 + 18030303 + 185303 — 1803)01 +
(—125303 — 24)02 + 36510302 — 546202)2° + (— 105107 + ((6512 — 453) 02 + (— 1062071 + 1063)03 +2)0$ +
(45303 + (2030103 + 5207)02 + 10630203 + (—12672 — 280_2)03)0% + ((—2451° + 2053)02 + (—453°%02 +

(520201 +2603)03 —4)oa+ (30@— 1853%)02 +65103)01 — 240_302 +(— 16030103 —5607)03 + (603020§ +
(72672 — 2402)03)02 — 1853203 + ( 906267 — 7263)02 — 7203)2% + ((— 801 — 803)0% + ((601 — 455071 +
853) 09+ (— 852012 + 165307 — 8732 )03+ 1467) 03 + (4530105 + ((— 100301 +200’30’2)O’3+340’1 +200'_2)0'2+
(16530201 — 8532 )02 + (—6o7° —480201+1003)03—20)01 (( 1203 o3 —2477° —|—340201)02 (253%5102+
(50050712 + 520301 — 405> )03—601)02—803 G205+ (1203012 — 2605201 +40303)02 + (5451> —3202)03)01—
52030105 + (403012 + 226305)03 — 44072 — 1602)02 + (2033U§ + (—105302071 — 4253%)02 + (3601° +
285301 — 13873)03 + 16)02 + (—673° a + 653022)0% + (3602012 — 780301 — 60632)02 — 1325703)2° +
((— 201 — 126507104 + ((2g1 + 4050712 + 125301 — 8g—22)a2+(—2m3+6m2 —1205%67 + 120302)03 +
16572 + 853)03 + ((—4o301> + 160302)02 ((— 60301 + 16530507 — 12532 )03 —|—310201)02 + (603020’12 —
603207 + 1263022)02 + (— 16530712 + 26030’1 — 3203%)03 — 380_1)01 (— 803 02 (—473%F103 — 87+ +
8%2710m+2002 Yo2 +((603%07 72003 253)o3+ (160201 —|—340301 + 805 01—|—200302)03—|—1401 —
3653) 0o+ (—673> m+203 33+ (—853> 01 —QW—M@ — 4205 ) 2+ (3057 +140201—13803)03—|—
16)01 + (—3253072 — 2003(72)02 + (803 o+ (80301 440030501 — 1003 )03 — 16572 — 165207 + 205303 +
(—273 olag +(— 165302012 —3453%61 — 853032 ) 02 + (6055072 —142030’1—4002 )03—|—160_1)02+20_33a_20§+
87303201+ 1873 ag)og (30530712 — 4453261 — 60303 )02+ (—9651 > +4053)03)Z° +((—45201° — 4537 ) o} +
(40201° + 40301° — 652701 + 80302)02 + (—40—220—12 + 8030201 — 453° )03 + 407° + 180301 — 2403)0} +

(
(
((— 40301 +14030201—403 Ho24+((— 4030201 —873 U_1+1803022)03—4U_1 +80201 21265307 —2632) 02+
(
(

= 00 Lo

Lo

_|_
_|_
+

873032 01 — 4532 02)03 (40201 + 100301 — 1802 o1 — 180302)03 — 24572 + 453)0? + (—603°G103 +
(8532012 — 245732 02)03—60201 — 1853012 +2205°57)03 + ((— 45320201 +473° )02 + (8T3071° + 1253251 +
520302071 — 2205° — 26032 )03+ 1857° —420201 +473)0y — 403 0220§ (—8W2+(—60_23—320_32)0_1—
14@ Jo2 + (26032012 — 12853071 + 185752 )03 + 160’1)01 + (100’3 o3 — 40301° — 22030207 + 2032)05 +
(—do33 0103+(18W — 14532 01—1—220302 Yoz — 4ot —20201 +180301)02 (473 Ugag (—do3%512 —
240302 01 +453%53)02 + (80201 — 180301 — 985303)03 + 451202 + (40320201 + 106302° + 1853° )0 +

(4522512 — 265302071 + 202° + 72632)02 + (—24571° + 462071 + 7263)03)Z




—205°5101 + ((262%07% + 4030301 — 462°)02 + (— 20——2 o1 + 20305° )o—3 + 4020—1 - 120—301 + 6622) 03 +
((—4730201° — 203 0_1—1-12@2)0%—1—((20302 01 4532 02)03—40201 +2073072 + 453> 01 280302)02+
20302303 + (4732 01 —IOW 4553 +12632) 03 — 207° — 100507 —|—2403)01 ((253%012 — 1263°53) 05 +
((203%02071 + 2033 )03 — 80301° + 20220712 + 60302071 + 220_32)05 + (—453%55% 02 + (24W + (- 4@3 —
38532)51 — 603022)03 + 261+ — 226307)02 + (— 16@ o1+ 202 + 603 253)0% + (— 20201 — 16530712 +
1265%57 — 6030203 + 451201 + 463304 + (—263°0103 — 2W — 1003 01)02 + (20335302 —|— (873%01° +

4030220_1+100_320_2)03—20201 +1003012)U§+(( 206325207 —203032° +18633) 02+ (—20301° +403°01° —

28530207 — 18532)03)0y + 1203 2532203 + (20302012 + (—202° + 18732)57 + 603022)02 + (—85301° +
360301)03)z + (—40303 + 0307 + 18030201 — 4035 — 2702)2° + ((—202 — 125703) 05 + (40102 — 2050309 +
126302 +603)0% + ((—20303 +8)03 + 5do10302 — 185303 )01 — 165105 + 12630303 + (— 1853037 — 3603 )02 —
546102)2° + (0} + (—60102 + (—12672 — 1063)03)0} + ((6512 + 203)03 + ((—672071 + 1603)03 —4)oy +
(245357 + 022)02 + 245103)0% + (—25305 + (— 6030103 + 2267)03 + (4030203 + (5412 + 2053)03) 09 —
1263203 + (—360201 — 3053)02 — 1203)0; + (—24572 — 453)0s + (73°02 + (366207 — 1403)03 +4)03 +
((—36@ —1255°%)0% — 905703)02 + 18630205 + (—2757% — 1807)0%)2 + (25101 + ((—677% — 402)02 +
(—4o7® — 20m — 203)03)07 + ((401° + 65207 + 403)03 + ((—67201° + 32m — 473% )03 — 4o7)03 +
(1263072 + 265°07 + 200302)03 + (3001 +1653)03)0? + (—6730105 + ((—603012 + 20303)03 + 18572 +
802)02+((8W 26732 )03+(1801 +440201—2003)03—8)02+( 1253 01—203022)U§+( 1802012—
540’30’1—280’2 )03—420103)01+(203 0'3—160'1 —120201)02+(203 0103+(36m —26m+120_2 )O’3+
120_1)034—(—203 G205+ (— 1853012 — 2405267 — 8030202+ (— 7201 —4453)03) 09 + 403505 (18W+
455° + 2453%) 03 — 60302 + 3203)2 + (612 + 20_2)c;"11 + ((—207° — 879071 — 203)02 + (—1052012 — 26307 —

8532)03 — 207) 05 + (o1 + 6590712 —|—8O’30’1 +532)03 + ((—20201° +160301° — 853 0_1—|—24m)03—|—40_127
47709 + (G2201° + 20530201 +265° +U_3 Ho?+ (12672 +360201—1403)03+4)01 ((—6G3012 —25302)05 +
((—2m3+4w—160—3 Vo3 +267° + 146507 +453) 05 + ((4@ —2603 01+203022)U3+(280201 —
305307 + 2532 )03—160_1)02—|—( 20302201—1003 T3)03 + (—245301° —3002 o1 — 400’302)03 (—42572 —
402)03)01 +03205+ (4035103 —4o71? —120201 —20301)05’4—((03 o1 —403 03)03+ (120201 —100301 +
2465251 — 145302)03 + 1301202 + ((— 203253071 + 1263° )03 + (— 12652612 — 12630201 — 1262° + 30032 )03—|—
(185712~ 705501 +1263)03)02+03°0% 03+((4023+1203 )01—1—220302 o3+ (1852012 —60301+13032) 03+
485103)2° + (QWU% + ((—4590712 — 20301 — 202°)09 + (—852°01 — 20302)03 — 201°)03 + ((20201° +
45301° + 203°07 + 4@)03 + ((—40—220—12 + 24730507 — 203° + 20—32)03 + do7® — 803)02 + (202071 +
85302°)05 + (20550712 — 166307 + 100_2 Yoz + 4o7)0% + (( 25301° — 40302071 — 263°)05 + ((QW —
1653251 +45303° )03—201 +455012 —|—120301)02 ((20302°01 —2003 02)03 (40201 —100301 +653%57 —
286303)03 — 10612)0y — 203023U§ + (- 202 o 38030201 — 1053° + 1803 Yoz + (— 1201 — 226507 +
3603)03)01+2U3 0102—1—((203 12— 203 02)03—40201 —403012)03 +((—403%7201 +1263% )02+ (20301° +
1265267 —GWJFG@ )a3+601 )g2+(2g3 e} ag + (—4730301% + (— 120—2 + 653 )01—1—1003022)U§+
(—285501> —60301)03)02+(20302 01—|—402 +1853%53) 05 + (120301 —|—2202 01—180302)03+2401 03)z—|-
G320t + ((—262%07 — 20302)02 — 203°03 — 203071 + 453)03 + (622012 + 4530201 + 73> )02 + ((—252%07 +
803027 )03 + 45201° — 100301)02 + 0303 + (852701 — 65302)03 + 71 )a% + ((—2030201° — 203°01)03 +
(40302271 — 1003%07) 03 — 20201° + 863012 ) 03 +(— 20—302303 + (453257 —26W+ 1803 N3 —267°) 09+

(—262°G1 — 60302°)0% + (— 1002012 + 185307)03)01 + 03201204 + (20320201 + 453° )03 — 26301° )0 +
(7305705 + (8030201~ — 603707 )03 + 01" )03 + ((— 1053027571 + 1853°03) 03 + (—20301° — 603017 )03)02 +

45365°05 + (62°01° + 18530901 — 27032)02 + 451°03 = 0.
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