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Abstract

For a system of m+1 polynomials in main variables () = (z1, ..., Zm>2) and sub-variables (u) =
(u1,...,Un>1), we have two famous methods of eliminating  and obtain polynomials in w usually:
the resultant method and the Groébner basis method w.r.t. the term-order x1,...,Zm > u1,..., Un.
The latter method gives us the lowest order element of the ideal but the method is mostly very slow.
The former method is quite fast but the resultant is a multiple of the lowest order element, and the
multiplier which we call the extraneous factor, is often quite large. In recent several years, the author
studied to generate polynomials which are small multiples of corresponding elements of the Grobner
basis. As for the system of two polynomials {G, H} C Q[z,u], where G and H are relatively prime,
he found that the lowest order element of elimination ideal (G, H) N Q[u] can be computed by the
PRS (Polynomial Remainder Sequence) and the GCD (= Theorem 1 [6]). As for systems of m > 2,
the situation is complicated, so he made the situation simple by defining healthy system and confining
himself to treat only healthy systems; most of actual systems are healthy. Let F := {F1,..., Fint1}
be a healthy system and GB(F) be the Grobner basis of F w.r.t. the lexicographic order. Then, we
have GB(F)NQ[u] = {S} (= Theorem 2 [7]). On the basis of Theorems 1 and 2 mostly, he proposed
a method to enhance Buchberger’s algorithm in [5]. The proposed method is rather complicated and
contains many problems, computational as well as theoretical. In this paper, after reviewing the
new method as well as Theorems 1 and 2 in Sect. 2, we explain computational techniques in details
which are necessary for making the new method efficient. We will show by experiments that, among
various computational problems, computation of cofactors by the extended Euclid’s method is the
most serious problem, and we will propose a sophisticated algorithm for solving this problem.
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AFTE, B rZEE 2 (LEX 086 IS L 7 L7 F— 8= 5, Cobis, L7 F—HE
AR EHZENOL DN LIEICHETSED LK%, BEIHEDEANOF AL, JLT7F—H_EKELD
S B2 K DMEFENERINTEN, ZDIEEAENZEHMEZ I A FERFERT 5, UL, 2
ZEEBL (u) = (u,...,u,) ZHEEBOMETE L E, BAK LOZEKZIHNX F(r,u) € Klz,u] 2
F = fy(w)a? + fa_1(w)z? 1+ + fo(u) &FT, TLT. G=ge(u)z®+ - +go(u),d>e, LRINS
LXK G L OWE WmEIm(F,G) & g F — fy2tcG Ic &k b, FOFHE FENEH) f2d MNEEN S,
CINZ FOGICKBETEEL VD, —f., J L7 —REKEE TR, 5 ZIEABROHIE (A7 7
IR = (AR TIE LEX IEF) IC K D (BUREZRE) —=EIICEFR DU, %E%&%ﬁf%ﬁﬁTUﬁD’ﬁE@‘o
B, FRZEFEZ F=c My +coMy+ -+ M, £ET, TTT, e e Ko My =a%u]™ - uy™
THO. My =My == M TH%, LT, F& G:i=c\M{+chMy+---+c), M, £hH S%IE'%
ROERTERT S : Spol(F, G)E A F - kG, L= lem(My, M) (lem REVINVARS ), Spol(F, G)
. F&aG LC%h%“ﬁ%d\%lﬁiﬁ%ﬁb"Cﬁ%@f‘ﬁ-ﬁ$lﬁ%$«4 VRV EEHEETH D, FeEHIEE.
s U CHIEBEE VS, My DY M) EFLWH D & Z1X, Spol(F,G) 13 F OJCHERIEE GIic X bidEk
THETIE RS, ChEFOGICES MBIV, F-% bERRT S, ke B G={GC1,...,G}
DEEBKICED F ZARERED MET2 8% F -9 LFERTS, FidTld gDy L7 F—HEK
& GB(G) &£ L (JLEMELZEN, G DITGy,...,Gr 32T %), ZOIEDEDELE Mo L
T M iR & & GB(G) ZHIEIE (reduced basis) &9,

TODOWIERRNZEZ L I U7 DE, WA DTEIC & I E ARPIIC R > TWE N5 T
5%, UFTEE2DNEZERREE F={F,...,FpFroi) CKlz,ul, ELs 21 - = 2 £ 50
x HFEETT, 21, ..., 2m ZIEICIEE LT u DZIEAEESEDET S,

HIEH AT KT < Buchberger BiLIZ, F & G ORFHEZMEE L TREEVIEMO S ZIEAZAKT %
DHEHT, ZD S ZHAZMDLIHAT MER L TEZESZHADH 5D 5 LT, S 2K
ZHEM LEIT D, TO “REBBIEMDZIHX & “«HEHDBHHIH LT £V ZDDMRMEDH, F D
(LEX-IEfFTD) 7 L7 F—HIK GB(F) Di/NehA T 7 IV (Fy, ..., Fpy) OFINLE RS, ZORE
E LT, FHRICZRGREDD D S (O L T 2 HEIFEMN), FEFEETIE. F 2HREX7 ML
(fas fa—1,--- fo) LJTKBO“H%C T, WERRZITHAXTERETEZ %, FHE F,G € Klz,u] IZHLT
3. BEIR Prem(F,G) ¥ remainder(¢g?—c"1F, @) & Klz,u] KA EN., deg, (Prem(F,G)) < e THO,
F & axi=eq, ... 2°G ODFEBNRY ML zeiTl 5175 TcERINS, FL GNHEWICHERLE, FLG
Moz Z2d XTHETNE v OZLRAMNGHRTES, Thz 2 ICHTHEXE VW res, (F,G) £KT,
s E F & G DIREANY MV TERT ONVES Sylvester 115N TH %, F & G ZHREZEAE LT,
RIS TSEREIRY PRS(F,G) Y (P =F,P,=G,..., Py =Prem(P,_1, P)/Bi,...) %Zil5iT 3
TEEMIRMAEEINI, TTT, Bi=18TNE Py RIS Py (j <i—1) DEFRMORNZEZZTLO
T. TNORERTFZ B, THRETZHDTH 5B, ZHRFRINTE, FR P 1T F & GOREANT ML
T AT TRE TN, FOMERTE RS & XN TV 5,
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F DFEFUHIN LIEWERZ EDRT) Z2EH, BEXOKBINREIRTTH S L EHEICHET S,
FFE. Sylvester {THIHDFRUE F & G OHEAFRLIANC fi(u) & ge(u) DEERLZEL, F L G
I U TEZASE 5, Sylvester {THIRXDRFIZZHELT H T &2V, £, WIRE T FIC g Z RIS
ZHNT B T EHZ2VD T, REE/NEZITHNT 5 spsPrem ICEETHZA TEH, RIEORFARTFHEL 5,
LAbiEe, FE tmElim EEIC BT, FEEREMELT critElim(F.G) < (g./v) F — (fa/7)2%° G,
v =ged(fa,9e) BRALTHID, REORFARTFHFRET %,
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WMEICKD, BIZEA T 7 IVOkIvez ST LK S 8B LIE T Ths, L, THFRII L
EWVSEEZ N LRV, 1990 FRICIZBRIEER OWIA NIRRT L2, 5 TIRR S8R0,
CRIRNZS & MY E 2 @A U 2RO AR & TR TR WS ORBINED, 3401, HnIcHKk
ZHA F,G € K[z, u] KL TREETENT EARENTE 6], #UIIFFHEXOREF (HIHIENT—FRE)
Thb. itk R Y res, (F,G) € Klu] I LT R= AF + BG %723 A, B € Kz, u] DFET 5 ;
A BDW RORBRRTTH %, 5 deg,(A) < e, deg,(B) < d Zhilzd A, BlZ—EICEE S, amX [6] Tl&.
A, B DREEGM 25729755, R/ ged(cont, (A), cont,(B)) (&A1 7 7V (F,G) Di/NTOEBLETH %
WAEHENIZDTHS (cont,(A) EBTX A DEEH « 1T BHE7-5D GCD),

ROBHAGALEEA, —HTEEMTENE., BRI TH S, 3MULOZHEANSZ SR
FITRL TR, 2HAR {F, G T % LD & S GBIFRAIEL NG o Teh, ZLORICHILT B
A9 35T T REGR FHE 2 ETHHT %) B#RTH S (7], BEZRTIE, FEM = 32 THE
TN, WEZ - DEHEINT (TNEDNRDMERETH B DD =FKMND D), J LT F—EK GB(F)
13 GB(F) NK[u] = {S(u)} Zililzd T EMAHTES, TOBGRRIZA T 7V (F) DR/INVE S OEER
B2 25D TIEEVA, ELENER W B 880)L— b THET U, WERIZET S O80T,
ZFN5D GCD IE 5 DX D/INERFEHMTHBIETE, ZD GCD M S DK E&AEEH/INE BRI R
e, O DREIC KNUSIERNIT/NE RTTE o To (S T UERGREFAVNE V), 51, RIFTFZ
FH U TR T2 (ReR72H) RET 5 /AL ERE NI, T LT, MHIED toy TEAEWHITT Ak
LT A, AT 7IVDi/Ntz 0 iR it Rt & fe,

INBICKZ XS LT, ARDOZA FIVORFFEE “FIRYIE GCD I X 28FH AT LT F—REEIR” I
PR L 72DM 5] TH B, H—ERIE TRz K SIS, 47 7 IVDRINTZFIET % DIC Buchberger Bkl
RARIEA S, &FHUE, FEHEEHBETTE A &E, J LT F—HED (FHCNEMDIRN) TeZ2DE D,
HBNIZDNEWERZ THIHE L GCD HE TR L. ¥150DRICEMNT % Z & T, Buchberger Hi%k
ZIRIET BT L BWVWIEA S, FIEIC K BEBMOME. TOHRRMELR L DRMZST=N, J LT F—
BIROE VLDt R T, FHREP OB E LEANFEZEA TEL. < ORI R
RO & DT STz H2ET, (6, 7) THEBNIEE LRI Lk & . [5] O R
IBE L, T0H DR THHAROMBIRZRRT %,

2 INECTCOMEDBHELEEY
2.1 EFE2FEEZDIRADIBIE

X [6] Tldy HWICHER F,G € Kz, u] DETAF 7V (F,G) DEVE S € Klu] Mbhie, F &G
Dz ICT AEHERE R = res,(F,G) £ NUE, #EXHLD RIZ S O TH%, ROKWT AL B
WEREEGET deg, (A) < deg, (G), deg,.(B) < deg, (F) Ziilcd &3 5%,

EI 1 (T.S and D.Inaba [6])

Let F,G € K[z, u] be relatively prime, R be res,(F,G), and A, B be cofactors of R, satisfying the degree
conditions. Let S € Klu] be the lowest-order element of (F,G) (the leading coefficient is normalized to
1). Then, S is a constant multiple of R/ gcd(cont,(A), cont,(B)).

FEDOREE GB(F,G) & LEX IHF O 7 L 7 F—HIEL § 5, #HERHL D, res, (G, H) 13 S DT
H%,. LEX ¥ Buchberger 5i%E% (F,G) IS LT 5Nz S ORKEF% A, B £ % (Buchberger
BEL KRR T REETESLDR [2)) 1 S = AF + BG, A, B l3—RICRESGM R E . BRIcEBT &
WEETH B, 20T A rem(A,G), B' Y rem(B, F) (rem ZBIRFHE) 22 5, WEMIITEHL



Ho>T S=AF+BG ZE3DT, A, B €Klz,u 5513, §DEIMELD ged(A,B') =1 &DT,
TGN T2 T RTFO— 5L D (A, B) & (A, B) Ofifibxb, A5 N,

R, A, B WEERICEZNENTHD. F & G DEFE fo, g0 iU v X ged(fa,g0) £F 5
y=1%BIE A, B €Klz,u] £755 T ERABBTTRE B v U THRVEE, ZURBRYZHTELT
HNE, i BREHOFISR P IS ARE TR A, B £ 5 &, i MM 5L L 81C y DEFH A, & B;
DIFHBH LTV T Db S, HEMLT ENT LT F—IUEAETELRES, ZLT, A B D
THM e, d BZNENBATL X, v BTRT A, B OEKEICKE>TOWEDTH S, AEIIED0HI5
BOT, PR EBRI NIV, O

FL 7] CRIERGROER L, BREERICHOITAEMH2HAEETH S, HAIEERIFRICT =T
2 ZUECRTIIEBD 1IN TE, 3ZURR TR 2IMMNETES LU TER, ZNEDUILEL T,
RFD. FFEA) m HOFEBUIETIHETE, FIFB) IEBI ENEHETET, EHICEHFC) FD
JLT7F—IKIE G NGy =0 ZiliTcTIERE T LT F—IUK G & Gy DIEBRITIZ AW, 22 Tlilzd
L& FIZEE (healthy) THBLEHKT S, K C)ICNKTEIREEFMET S (L ZE, G & Gy WKIE
ICEFEND LBV E) W TAERIE G & G ZRNCH O NETH S, (ER KM C) ITHIET %
[7] D Class-C (& less specific T, [5] DZUE Gy & Go BT LT F—HJE & DHIRARIT T3 ),

EH 2 (T.S and D.Inaba [7])
Let GB(F) be the reduced LEX-order Grébner basis of F. If F is healthy then GB(F) NK[u] = {S(u)}.

AEHOME GB(F) NKu] = {S1(u),...,Si(u)} £ 9%, &M AB X0HEUEFEEEGTERL, &HC
KOAEAR DD T LT F—IEDHIEFICZSH T L ETWVDT, &M B XD& S, B3NEKZ2TEL,
I=17%5FEMIAREDOTI>2 LU, S = =85 ERET %, FAICIE EEINEEEZFHET %,
G = ged(S)_1,5) R =resu,(Si-1/G, S)/G) £F4UE. R € Klus, ..., un). RG € Gx(Si_1/G, S)/C)
C GB(F)NK[u] TH%, deg,, (G) =07%5 RG € Klua, ..., u,] £, 0 < deg, (G) < deg,, (S) &5
deg,, (RG) < deg,, (S1) £%D, WINE S Diw/MECK T %, deg,, (G) = deg,, (51) &5 Si—1 = C11G,
S = aG, ¢ € Klug, .., uy], ged(C1_1,¢) =1, £F&E %, g e K&EHIE S S0 &b, GB(F) D
fEFITEIC IS B0 ¢ ¢ K DYRIE, deg,, (Ci—1) =075 ged(Ci_1,¢) =1 X 51—y OFEHDMERTE,
deg, (Ci—1) > 075 g = ged(ley, (Cro1), ) ZEANE, ERLEFURIEICED Gy DTEMHETE
5DT, WINE GB(F) DFFFIMEICK T 5, LLEXD 1=1THRINZE530, O

2.2 FEIRY&E GCD Ic &% Buchberger EiEZIER(LDES

BIEOKREZZT AT T3 "DH %, H 3. ZBMHEZICRETH S 5K F O “=fAfL b “wuffe”
KEHTZHTETHY, F U, “FHREATT7IV ORIVEEFIE T2 THB, H DT AT 7 [7]
T, FBoOTAT T [5] TRES N,

ek, FOEEEMER, £9 L BZHEETE LT G, = 1astPRS,, (F1, Fi), 2 <i <m+1, ZFlHET % .
lastPRS, (35 BZHA DL « ICBET 2 BEIRSIOREITEEK L, G; € K[ra,..,u] THD, K,
Go ZWHET L LT3 <j<m+licHL Hj = lastPRS,, (G2, G;) ZitBd %, LU, FRIC 23,.., 00 &
HEITNUS, LA Z —DHET B EICAERE NS ZHAD—DEA L, FUTEEHZ GOLHNT S 21
AN, ZEIEEDEDICON RSN =AFIC KRS, AT, ZEHEEDETL TEAER
EINBLZHADEEDRH Lixn K oic, 7z& 2 o DIEERX Gy = 1astPRS,, (Fi, Fiy), 1 <i <m+1,
1eI2U Foyo = Fiv 81795, TOHE. W UEEBZ GO LEAT B 2RI NEUA RIS A5 DT,
COZRIHEAEZRAL L L. 5515 m+1 HOFIRS%Z rectangular PRSs(#8 L T rectPRSs)



EMER, B, ek ZUE ged(Gh, Gr) € K THNE o ZIMERDZIRIZ m MISIKB D, Z ARSI
AN TH %,

1 FEDIRMEHE T, “FIETIE T L7 F—HEOERISEN 2Lz R FISing 57 & Hnieh,
IBINZIHUZ rectPRSs OBHITTOFN HER T % (rectPRSs DEAKTTIZ A T 7 VO R/INTORTEICHE S ),
rectPRSs D@tz 7 L7 F—RK L NS & RIEDFZITTDEEE L ZDRENCEI U Tl rectPRSs 1<
WIST 2 IBPTCHEAET 205, TORFTOFIE TR - FLEBDAETH S ehbh b, Lich> T,
Hriaemd 2 2ERE, BHTo ERBOMICH LEEEEZ 17> TERTE XV (FRRBHEZSR),
TO “FIRBOM OKT A T T IVDERERATTIVTH D, EFREA T T7IVOEEE (ZHUE F ORLES
DT EEH D) DMEICIE, F OTEBIHEEEZHRINCHERAT %,

WHRET2@RPTTOME {R,..., R} C Ky, z,u,..], £ > 2, &L, R; = y!C; + Dy, d > 1, C; €
Klz,u,..] £9 % (EBORZEZ ZDBIETOHEHLT), TTT. {C1,...,C} CKlz,u,..] WERED
T 2 MHETNRNELTH S, ¢; = 1astPRS,(C},Cj11) &L (Cop1 = Ch)s ¢j DRET% a;,b; £F
% ic;=a;Cj+b;Cip10 BIC R EAT T IV (F) DERIEM, ¢; 13Z 5 TlE%EV, £ Tyle; ZFIHE
3% (F) OZWAEEZRBEAD Do THEMHT W, € a;R; + bRy ETHUEERV, W, ZEEE o
HSeBEETLIEZER L VS EBET LCtoWhole(c;). #L T LCtoW(¢;) & &7,

2.3 BRFOEEFFICEHTS GB(F) DEZH/INTOHE

HTEIOPIA I, ZAIC EENEBOHEDIEREFIIEA, GCD 720 TRYIVE S(O/ME8) Z3HHTE %
HIRIET AT T EHAT S L. EREA T 7 IV OEINT (D/IMER) 2K GB(F) DERISEWZIHAZ
BT BT AT 7 EEIRIEEE S, TNHTUYDOHMNIRIZIEER S NS L- o7, 20, BRGITIKLT
HB R TFRLAEN ST ERRE T, I, TDT &2 BAEFITHEICRT,

B F={F,F)F}: o,y DEEET 2=y, DD u,w WMEELET, & F X FdTH 5%,

Fo= 2t (y+u) + 2% (y—2w) + (2utw),

F = 2t (yu) +22-(y+2w) + Bu—w). (1)
F3 = 2t (y—u) +2%-(2y+u) + (u—2w),

GB(F1) DE/IVTIE Gio = 33u” + 23 ubw — 126 u® + (14 monomials) + 144 uw* — 256 uw3 — 32w* T,
% AP, By, B} oPUfA{LTEDB NS 3ADKFEKZ Sy, Sy, S5 € Z[u, w] (FEIZZNZFN 112, 98,98) &
5L, ged(S1, S0, 83) = u2S L7455, S1,5,, 55 135755 S0 D=L THELNB AT, KR
REZREIRTFZEHMGH T EZMEITRL TS, B HTld B 60, RS 1Z EIE EDZHAT,

Gy = yx (48000 w® — 419640 w7 — - - - — 1041048 w?) + (6500 ubw® — 430980 ubw? — - - - — 5430496 w?) T
BB, UL, LLRCHB K DIC, FREEICK S Gy DFIRIEIKE LRz 7, //

F1 D rectPRSs D5 B, Fi Mo A z,y 2R THET ZEMOFEIRE R, Ry, Ry £ 35, GoldTh
BRERDEEA TN BEEENS, SRR R, =yC; + D;, Cj,D; € Zu,w] DIEOZHEREL, u
ICBEd % 083 deg, (Ry) = 14, deg, (R2) = deg, (Rs) = 12 TH b, ZTDI, u BT B RIRFIFEN
T 5%, T T, #HRE Gio TMMKILI 1 Ry D% Rl TOFUW, Tee 2 R, &

o { yx (— 349136896959 ubw® — 3368123780598 ubwT + - - - + 249988316347584 w*)
1 =

(2)
+ (— 915846376989 uSw® + 1397183224758 uSw” + - - - — 417398434490880 w?),

CRRICTIR B M2 A AKRIEREZ W (Y -HE yO-THE EHEUS 60), FERTIE, Mathematica I &% GB(F)
DETEMN 21 B, HHEIEIC XS G DRITED 102 SV (WIFNEEHO KWWY 2V EHH) 2olc,
PRS,(C1, C3), PRS,(C3, C3), PRS,(C3,CY) (CF = 1Cy(§;-)) DR (BEX+RET) 2O TENTN

J

5



1104 2V, 789 S UM, 11271 IVUREUE L, TN TRHEFENENLBIES 250, k. F&Y)
AR D Gy IKESFTHE (REOHEBHE ZSIR) 13, BIRFIGHEDRK 1/101F E DR THR T Lz,

2.4 BLEZSEHZRAFIRIIOEE

DboZ ehs, B oRIZZHAFIRY] (RRTLE) GIEOMRILTH %, WSHETHNS
LERBZHADKE NI TH O, AT ZIEHALHTHS LT %, X9, BRZEAFIRY (spsPRS)
OEEZIHMEIC L THL, AVICERZIHA F,G € K[z,u], deg,(F) > deg,(G), MHHFET HFEIRY &
HZRTHINE, FIHAZEAXOM (P, Ay, By) = (F,1,0), (P, A, Bo) := (G,0,1) BH, i=2,3,...,k—11
ﬂb (Pit1, Aiz1, Biy1) = (rem(o;Pi_1, P)/Bi, rem(c;A;_1,A;)/Bi, rem(c;B;_1,B;)/Bi) 72 5HNXT

BRCEIREENS, TT T o & P, DFEFRE e, (P) DNZRT, FIR rem(a; Poq, P) D u lcBILT
LZHNICE D KD IR DD, £95T 5 LFIRIEMIC Ly (Pjey) DNZFEZKTFICFDDT, N2 5;
TRRETHDTH 5, SFAEAEER T o FERBTIRED 8 LHERNICTVETE %, x ICBIL THx
Z U LT E BRI E R 20, PR E 0 ZET %, BiaZuiElaon L Tid, RITORT
BRIGEISR (spsPrem) CEIEHEZITI &, o = leg (P T p; DEVNTIRE %,

Proc spsPrem((Pi_1,A;_1,Bi_1), (P, Ai, By)) ==
(1) ¢ =1c(F)); dj :=deg(P;) (j € {i—1,i});
(2) whiled:=d;_1 —d; >0do
(3) (Pi1,Ai—1,Bi—1) '=¢; (Piz1,Ai—1,Bi—1)
—cio1 2% (P, Ay, By);
(4) ci—1 :=1c(Pi—1); di—1 := deg(P;i—1); enddo;
(5) return (Piyq, Aiy1, Bit1) = (P—1,4,-1,B;i_1).

73:2?0 FRLD p; DAE F & G ORBDBINTTICHKAET B, ZDIeW. B 2 B RNBTELENTEN
AN ﬁz—]_[] yle, (P DB THZ T LFN>T0% 4 KoT Pl =rem(;P 1, P) £T5EE,
?%E@ Hearn O LBREE (trial division method)[3] IC & D, B; Z#E X BRETE %,

for j =i—1=1i-2=---= 2 do while Ic,(P;) divides P/ , then P/ , := P/, /lc.(P;).

spsPRS TRIAFEERT 2L AICIE. AT P 13 ged(cont, (Ay), cont, (By)) THI> THISET %,

3 GB(F) DE=&/\JT R DFTEDME(L

fl1TRLIzESIIC, G (J-‘) D RIVE R I3 T4 é&%@f(ﬁf@“%uu@ rectPRSs DFIA Ry, ..., Ry
(CNBIF DL LSS TMBRIENEEAS) hBEEENS, TTT, (>2 LUEL, & R; 13
R; = 25,C; + D; (C;,D; € K[u]) X% (¢ 3KIE1 THA) A, TR {C1,...,Co) 3R L 1EE
55w, 22 HiLFRE. ¢; = lastPRS,(C},Cj11) = a;Cj + b;Cj11 (Coyr = C1), W, := LCtoW(c;) =
ajR; + bRy L. R 1B S OFRORERERRL Fzd, W, — Wi Ld 5,

FIREI, % W IEEENERER T2 ESBRET 20 TH S, Hl LicEWTE, 7ol 23 Wy I3BURED
#1100 Hr CHEEAD 1016 DZIAINT, Go ICHANTIEEND 16 5L EE R E L, W LIEED 557 DZ AT
H%, TODXICHEFHTFHRED 2 5D % ZHERITH LTI, Gro I LI 1EE RO ik %
PRIANZ L o7, KFERILIF, BEW ORI R FEETHRELIELESKED TH b,

BB, W; < W jcont,,, (W)) ZRFELTHES &, contzm(WJ{)Ci%ZW/J\TER@.?T%E{S‘b\%%ﬂﬂﬁ_\
ZOYA, 7% RORBEFE L5, 610 F ISt LT W, ZIRACHEL TG Wy = Wy = Ws = Gy




B DTH B, TSP ? AL HE RIS Z0O0 ? OFMIES%OME L LT,
F PRI W, 2RI EEICHET 20 ERE X o, ThLBOLENAFEOEERTH %,

3.1 BURBOEERNE : EREELETSHEV15—FE

T U7 —RIEETENER ., IV BUREIE R K C T OREHMOHEFETH O, bk UTE p &
LT BREVAS—EEMENEC LEXMBNTVS, AFTEZ 3 DIZLIEAFINY & AR TEHEIC
BIAFEEEETHD, @F,. CTHUIKLETERENVWEEZEZLNT WS, 2H fl1 DKELIEEWVWER F
Th. Gyt EICBT ZRRIDRAETT L Z DRIN T DEAFEDHKI 100 M & W05 D= Tld7Ew, 22T
BV 2 T—EHERMS DM, HREIRG ERRTFRIERTRATEIES T, BEAND W, 2H TR
NETH 5B, BIARHE 1 OFERYFIE TIEPRERXORKREIIEEHT T, BRI 100 H1iZ & OEREZE
HETAEDICEY 2T —HEREHLTE, 2 EE>TIWIEEERKIZ RV, LML, HET S W,
OEIFEZ L 10 K72 DT, HERZNE DD LREINE AR TRE, COTLiE, EYa2F5—1ED
Bt ic T TS 2 VT OEME ERBT %,

KEEDOFEE, FIREEDHZ VI 1GHREEDLEL p 2T, p=p? = - = T & HEIR{KRRZ
RESETEFTOL, B je{l.... 0}, 1=12... ML, !’ = 1astPRS,, (C},Cjs1) (mod p't?)
L, &= gcd(cgl), . ,cgl)) (mod p!*th) T %, TDOEE, q:=p " IE FREDEMHTIRET %,

D £+ (mod ptt?) VI < A,

NP |
= < 3
=P { 7N = (1) (mod p*+2). (3)

p 2T BHEY 2 T—HIETIE, 2D GOD RFEEH D GCD(J 755 content) HEEE D E N
RO, LIe> T, A5 GCD &, BYBERE GeBURIORE) 2 1 ICH8(Ld %, AN Edi
FRBERET ZRENH BN, ZTIUCIE - DDEWVER ' & p’ ZHVTEHET I X (& - LfEiHk
TN B %D EHIENE, FHRIAODEN), MFTR ¢ = (0)H, ¢ = () &5 5,

c=y M +vyMy+--+y Mg &35 TTTCy By €L, M iZWEEE us, ..., u, DHIFEXTDH 5,
cxg b " ZEELUTEELEEREZZNENE, ¢ L LT, XK TET,

{€EM+%%+M+%M (mod ¢'), @

=M+~ My + - +~M; (mod ¢").

¢ LT DRFBAL LA e INEN ¢ L ¢ RIEL UTRBED SHEHEICEIT 5 (BEAEREH
integer-to-rational conversion, & %\ & rational reconstruction &FHENS) &, XX =15,

{ Yi =i/ =%i/Ta  (mod ¢'), % =/ =i/ (mod ¢7). (5)

J::TZQT\ A’Yiz/f);lz 75\%5%’36&%+§éh%ﬁ}$§&f\ ng(/’%, A’Yilzi) =1 7?’_’?%7?3‘0

COEE, cOBIETREL v 3 v =lem(Freo, ..., F1:s) (lem BRNAER) THB (Talhl 2 228D,

Fl2 Bl DR F ICBNTHIBLER v ZRELTHEL D,
q = 1073738843 BXU ¢” = 1073738863 D& &, ¢ & ¢/ EIRXKXDX 5D (IEXRTUE w?), &I,
% ¢; 1& ¢; =1astPRS,, (Cy, Cjq1) ERMAETN, REFTHRILEN TRV (REFRAERTHS),

7 = w® — 56371208 w7 + 138243860 w® — 521121094 w®® — 96457750 w + - - - , (©)
@ = w3 + 319437303 w7 + 111400391 w® + 280603914 w>® + 93236114 w3 + - - .

BB PAPUIIERARRE TEITTE %, (r1,12) == (¢,7]) BXT (¢",7)) 2<i<s) MHHEFELT,
JRIAR ry i=rem(rj_o,mj—1) 3<j <k) EXTDORKT a;,b; (a;r1 +bjre =1;) ZitHid 5, $5&. 1%



MREINE, L G) KD, ENHD jIKBVT, ¢ IKxHT 5 (¢),b)) & ¢ ICHNTEZZND T HDT,
ZOMZ (i, 714) ETNEERV, ZAKHANMEE LN, VNS TELZDTH S,

052 B (w WIDMRE) IS U TlE o /F10 = —3497/400 DS NTz, [HIRRICHT 3, 5 4, 5 7 FREUC
U T, ZHFN —12829/800, 59176/375, —43377/2000 WMES N7z, T72M, 58 5. 5 6 (R LTI
"moNahote, FIEEH 5 FRENT 1263623/6000 ICEHIE NS T TN, 1263623%6000 > ¢/, ¢" TH Y,
S MCHENVNE T ES, FEICESDLEARICIE. ThODETHE 5 RS 6 (REETTE%, TD
MU TR TFDOEBY THB, BILTETARBMDIRKRF XD, v & lem(400, 800, 375,2000) = 12000
DIETH B, 2T T, 12000 2 ¢ & & IcH#T, ZNEFN ¢, ¢ TEZ LB LB Z—HTE2DTH %,
THOT L v 112000 TEWT &EZFEKRT 5, //

FREELTBEY 2T —EOFMEZHI 1 D F, TFzv 795, FRID Oy, Co, Cs 1, AL
TNz Ry, ..., Ry DFEFECy....,Co %2, Bl 1 DRIET B FREK (v, w DEHE) THEMZZEDT
BB, TS ORRY & RA T2 EE L THE LI ERHEZ spsPRS i, 2<FAILCEDZEY 25—
ECRFAE L TCHi R Z ModspsPRS ffic, RAT 2R TRRINICET 2 EY 2 T — L Crlt B U TCHiR 2
(Py-only) fllC#iE 7z, FHEIX, H\V /3 a2 (Intel(R)-U2300 (1.20Ghz) 25, OS & Linux 3.4.100) |
DEEHRRUH S AT I GAL THEfF LT,

(Cj,, Cj,) | spsPRS: Py, Ay, B,| ModspsPRS (P;-only)
(C1,C3) 1104 msec 587 msec 139 msec
(Cs,C3) 789 msec 307 msec 82 msec
(Cs,C4) 1127 msec 546 msec 112 msec

Table I : Efficiency comparison of spsPRS and ModspsPRS
The modulus used is ¢ = p = 1073738843

FRDOMRZRD £ BV 2T —HEOFRIZIEADDULDNEVEE RS, BV 2T —{EDOEEICHL T
3. Bl v € Z, Dyt Lisp THWIHNRARRNETRITS 572 &, mdbiikze 2 <HDIAATOAEY,
WS HHRATEETESDT, R, GELZMETRETHS 5,

3.2 FREBADOERMTRK | REFORRIALIS ZFIEE

2.3 WDHI 1 DFT, Gy DatFicidatiigric, @O L#h Gy DEELK D ENMCHIRT 2 Bk
WX e2ibN\Te, —7. WL TORIRICK 5 &, FHERFE O KB ERIRVIEIC L B2 RAFEHEN
1%, LN THS XS ICRAFIEZ LT Z 0T 20880375 < 0 BRI R Ul Ko T,
COFEFZFM LU THARZMA ST L2 HIET,

£, DERES {Ry, ..., R} C Llwm, u] DD Wy, W, ICEBFEBRERET %, R; = 25,C;+D;
(Cj,D; € Zlu]) MHHFEL. ¢; = lastPRS,, (C},Cj11) (¢; € Zlus,..,u,]) = W; := LCtoW(¢;) =
28¢; + la;D; + biDjp1] = W; —2% W! = ale; + [a;D; + bjDj1) = W; = W/ /cont,, (W),
conty,, (W}) = ged(cj, conty, ([a;D; + b;D;41]") ICE %, BLEX D32 T L3, FEUCHS HEIER, u D
ZHADOIWRE, v Z2ELEE TS GCD 51H (content sIHRZEL) BXUTEHIDYIDREDHTH %,
GCD FHEEH D YIRS 5D (uy O) FREGHO (8475 B 0D) #RIHD % WIS
DHTEITTERZN. W, 0 W] FHTE W; DERESBEEDT, LUFTE ¢; ORETF aj,b; O
(g, . un) KT B EEREVE ¢; LBHICHIIT BT ERER S, ZOTs, TR Pl = mPy — QP
= Pii1:= P /B TET ¢; RIZEITREL. ZOE. =D# (a;,Qs, B;) % alQbe-list ICEA THL,
al@be-list TAHNUL, RN TIEHFHTES T LI N0,



DT CREBOBAE R UODHEEZHIIT 5, R IXXTHY., EOHEHICE uhEENS,
Ry = 1872yu'* — 834 yu®w — 11826 yu'® + (110 terms) + 240 v*u*w® + 1012 v*w” — 16 uw®.
Ry % S TMEXLK R, & 23 HORX (2) T 8w B OEEFD, 2078, C) =lcy(R)).
(FEE 1073738843 21 & U TEIHE LT2) ¢1 = 1astPRS, (O, Cy) & €= ged(cy,ca,c3) & Fat k%%,

C1 = — 349136896959 u’w® — 3368123780598 u®w” — 17823010042701 ubw® + - - - (7)
+ 125208661728 w'' — 1386437797440 w'® + - - - + 249988316347584 w*,

a1 = —493256166w™ — 473881285w"® 4 - - - 4+ 428336652 w'* + 4515855854 w'", (8)

¢ = w' x (w®— 56371298 w” + - - - — 382429906 w — 247496825). (9)

AR ERL(8) & (9) Tld. R (a;,b;) IR CRAFE) NFHEEINTWS & LT, RETFTHIEE
Lizo HIREICIERRTFORBIIHOAFHET NE L, ZNE FRLEFARRICAR TH %,

o1 (FIEELY 69 720 ged(cq, e, c3) DIEIZ 17 72D T, RIKF a; & b; 1 wICBI LT EAREIEZ 10 f#
FEFHEITNEIVE S ICEDNS, ZOMKTIIXETITA2 L LT, FTREF a; & b; Dw TS
INEE 72 P FRE S NN CRIBR T 2 LRI Z RS %, FHEWE GAL Lic/u s L
ZHE, Table 1 ICH ATz (C1,Cy), (Ca, C3), (Cs,Ch) ICH Uy w OREHIPHZ 15 & UTREF a; & b; D
FEEFE U, ZN56 = DOFHEEIZZ N F N 31lmsec, 26msec, 28msec 7257z, R BT ES
DN EHNZVD, FRFEME S REFEHEEFRRPT TREZBAOBZHE L TWA T L%
EETIUET, ZUTEA S, BB, i [5] BHEHARE. 73V 3% 64bits AHRRARIC R LAY, BHCIAT
U7z HETRT 2 Filz & < 72, FRdDFHRE [H 32bits fEAkD/ SV OV THRITLU I,

3.3 UREFICKZRAAFORE

2.1 filc BT, HWICEEZHRN F,G € Klz,u] D z ZIHELTHELNAKEX RICHL, R =
AG+ BG EETRIKT (A, B) ZEFE L. R{F1,...,Fni1} MHEHEENS rectPRSs DITEDEE R
EHATICHEENBDT, R= A1F) + -+ Apyy1 s LEDEN. (A, B) &% < AMAEECHET
X%, (A1,..., Apny1) Z R DFEREF (full cofactors) EFES, HERA T R X D@ENMCKEWZIHAD
MTHIYANKRSITH D, JB 2L ZE R=S(u) Tld. LS ROA0ZHET 2L, o 28T
MEBBNED, TNEHRETHWICFY V2ILT 5, TIT. B A4 IKBWVWT, 4D RICHNS 2
KO EADOEETXTIC 0 BLA L2 IHEAE /Nlj L. (Al, . ,Am+1) % R O U REAF (U-cofactors)
Lt %, URKTE 7] TEASNIED, LLNCR2 &S BNV EARMEZS T 5, FadEM 313 (7]
Dl 2 2> U— AL L7z DT, G ZOmE2 L 2 [AkTH %,

EE 3
Let R be an element of rectPRSs of F, such that R is a multiple of G € GB(F). Let (Ay,..., Apy1) be

the U-cofactors of R. If @ := gcd(gl, ooy Amy1) € K, then @ is an extraneous factor of R.

RN T O EIEZ G HICEAT %0 {Ry,..., Ry} 2R U TR E KU RED rectPRSs DEEOFH
L. N5 (R, R,) MOFEHEFLEZWELT rj = a;R;, +bjR;, ZRIELIEETE, TDEXE,
r; OWREFE a;x [R;, DMAET] + b, x [R;, DMAET] Ths, . MK R, 0 R, ICHLT
3, ERIRTOWARK T2 AR D S T L TRAUT I,

ET. GB(F) DE_BINT Gy DFFFICRS 50 IR (2) D=DOFA (R, .., Ry) B HFET %,
¢j = lastPRS, (Ic, (R},),1cy (R)))\ ¢; DRIFNT% (a;,b;) LT UL, W) = a; R} + bR, THB, % R
DIGRAT 72 (Al,j, ey A37j) L3, W; W9 2 aRE T (ajAle—i— bjA1 iy, -, ajAs+ bjA37j2)
LB, KT URKRTIEN, EH 3 rectPRSs DEIR RICHTEEDTH D, Gy lchtd % URKTIE
R BXU R, OEH (= y ZETH) & URNTICEDZLENH B, BANICE R, MRA TS,
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yx[w DLIER] + [w FFOLIHEX] ZEEHLTUREFET S, X (2) DR ICu=0%RATS L,
Y O-TE wt O TH Y. R, & R, 675 Th b, Lieh> T, B3 (DIEE) kb, R (9) D
¢ BREEF 0 2B, T405, X (9) ODRFTHS Gy DEREIT w D 13 RUTDZIEHATH 5,
REDIEIMD RHHED L X H D YIOBRAE TR 2 B 1ciE. ENDDORELL R TRIDBREM 0Icxsb T &
ZRIHT 5 LMiE, 2070 DL ORE” 22 L LT, HifiTld w DXEHIFZ 15 £ LD TH %,
BB, ARITEIBNIZWD, K (9) DEDRTDHE w! 1& Gy DRTFTHBT &&70% ; [7) Dl 1 B,

3.4 BHHIY LSBDTGEH

HIEICIIEH 3 DAE 5T, ZDILER Go ICHT 2RAE T E, MMVERDRITTVWS, THUIEE
DFFINH 2D & F UWOEERE IS REE RS (ER) ISR L 720w ATH %,

YOS, EH 2 E5R F O NMEREGEIEEL, LCtoW 2HADOBEIEERE Laiikd s b
THb, B R FICBOTTDE, FEREA T 7IVICENMERZZABENS, F23. S5 OMRINZEEIC
HEREEHEATVS § FFE, EH 3 F OF R/IVE Go ICHT 5 U RKTFOERE FILEE E1d 204
THb, EMINHEE LT, MEFEZREES VT MY 7 DR E KBERER S Bii0ERTH %,
KR TRBIERZ TOWAREWE L OFENREBZITTVSIZT T, 5] TSk U “DEIEIRNEE X
LRI TREMG LTV, BIFEEHTDFTHREL IV,

T OFFEE H AR ORI E (FREE S 18K03389) 45 & UM EERMATHIZLAT - EBRSLRIRTSE
B — (WHREN) OBIREZ T TV 5,

2 £ X B

[1] B. Buchberger: An algorithm for finding a basis for the residue class ring of a zero-dimensional
polynomial ideal (in German), Ph.D Thesis. Univ. of Innsbruck. Math. Inst. (1965).

[2] B. Buchberger: Grobner bases: an algorithmic methods in polynomial ideal theory. Multidimensional
Systems Theory, Chap. 6. Reidel Publishing (1985).

[3] A.C. Hearn: Non modular computation of polynomial GCDs using trial division. In: Proceedings
EUROSAM 79 (Springer LNCS 72), 227-239 (1979).

[4] T. Sasaki: A theory and an algorithm for computing sparse multivariate polynomial remainder
sequence. In: Computer Algebra in Scientific Computing, Springer LNCS 11077, 345-360 (2018).

[6] T. Sasaki: An attempt to enhance Buchberger’s algorithm by using remainder sequences and GCD

operation. In: SYNASC 2019, IEEE Conference Publishing Services, 27-34 (2020).

[6] T. Sasaki and D. Inaba: Simple relation between the lowest-order element of ideal (G, H) and the
last element of polynomial remainder sequence. In: SYNASC 2017, IEEE Conference Publishing
Services, 55-62 (2018).

[7] T. Sasaki and D. Inaba: Computing the lowest order element of the elimination ideal of multivariate
polynomial system by using remainder sequence. In: SYNASC 2018, IEEE Conference Publishing
Services, 37-44 (2019).

10



