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Abstract

We will briefly introduce COCO2P Package, which is a GAP-package for the computation with
color graphs, especially with coherent configurations. The author is particularly interested in com-
puting automorphisms and isomorphisms of them. Some experiments of computing automorphism
groups are shown. Fusions of color graphs are computed by COCO2P. We can see whether a color
graph is a coherent configuration or not by COCO2P function IsWLStableColorGraph and also see
whether a coherent configuration is Schurian or non Schurian by computing automorphism group of
it. We will give an example of a fusion scheme which is WL-stable but not a coherent configuration
from [3].

1 XU&HIC

COCO2P Package by Mikhail Klin, Christian Pech, Sven Reichard.
N r— Y DEREH : GAP-package for the computation with coherent configurations

COCO /X =Yk, BEDN—Y a »H COCO2P-0.17 £ 2> TW5, GAP MR ELTGAP 77 1)V
EVo LRIZEAEINE Sy =2k, (£, ) BEhTwiay, BATE 7 E—FLT, GAP ¥ X
TLD pkg T4 LY MYIZCOCO2P 7 7 A V&L, AVNRAIVEFRE, U T, GAP 2&F L T,

gap> LoadPackage(” coco2p”);

IZ&b, FHTES LS B, ZDOLE, GRAPE Xy r—IUh, &Iz, Load N3,

2 COCO2P~¥=a7J)LMD Contents D 1

1 Color Graphs

.1 Theory

On the representation of color graphs in COCO2P

Functions for the construction of color graphs 1.3-1~1.3-12
Functions for the inspection of color graphs 1.4-1~1.4.16
Creating new (color) graphs from given color graphs 1.5-1~1.5-8

Testing properties of color graphs 1.6-1~1.6.5
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Symmetries of color graphs 1.7-1~1.7.15
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GAP IZ X B E7H
gap> mat:= [ ["Cl" , ne3n s "eg" , ucsu] s

> [HCSII,"cllI’IICSII’IICSII] ,
> [“an,"C7","C2","C4"] ,
> [IIC7II,IICQII’IIC5|I’IIC2II]] ;;

gap> cgr:=ColorGraphByMatrix(mat);
<color graph of order 4 and rank 9>
gap> AdjacencyMatrix(cgr);
$HRH N7 —HB/E (HRY) TUHI NS, ZOEFIRRDOERITIET,
[fc 1, 3 8, 61,
[ 3, 1, 6, 81,
L 9, 7, 2, 41,
[ 7, 9, 5, 211
gap>AdjacencyMatrix(cgr, [6]1) ;AdjacencyMatrix(cgr, [1,2]1); #7J7 —HFFHIDEFIRR
[t o, o, o, 11, [ 1 o, o, 01,

[ o, 0o, 1, 01, [ o, 1, 0, 01,
[ O’ 0! 0! 0 ], [ 0, 0’ 1’ o ]!
[ o,b 0, 0, 011 [ o,b 0, O, 111

(€] order: 75 7 DIEHMDOMEEK, rank : T — DIEEK

COCO2P v r —IIZ X e DER 725 -

H5—25TOHEABRIZOWT, ECRLEZES I, BRI 25 72F0FFT 5L, order K
EVE EREHTORRICKEN TS, £/, TOHET, 75155 rank 2HERTHZ LTk b, —FT.
R B TIHFAIRR U TR TAZ,

GRAPE Ry 7 —JIiZDW\WT :
757 T HEHEERT S GAP BENY T —Y, GAP ALK \Wo LU x IZFA XN TV S by Leonard H
Soicher, ZDH®D, BEEEHED/-DIZfE> TV nauty package I& B. D. McKay 12 & 5, Z DER3 DA
AVRAUNDBE, ZOM, GAP D1 X —7 oA AIZBL TIX, Steve Linton, Alexander Hulpke 7%
D GAP BARE B Ib - TW5,

COCO2P Tli., GRAPE iZa v X4 VLW THEZ B,
75 712 2WT D GRAPE O iHH :

finite directed graph T. loop I&# 3 %%, multiple edge IZfE\\H D ZEUHE S,

% < @ function I, simple graph (loop &L T. [x, y] #iedge 725 [y, x|  edge) 2R L T 5,

— RN, 7T 7 OB VWEHBHIZRRZ LW, BATFOHIRETIE, GRAPE R hDEIZ W,
HT—=7F 72T nE, 77 7T AP WEBIIAAEIZER S (COCO DFEHEH),



(Examplel]
gap> A := [ [0, 1,01,
[1, 0, 01,
[0,0,111;;
gap> gamma := Graph( Group(()), [1..3], OnPoints,
> function(x,y) return A[x][yl=1; end, true );;
731 A % adjacency matrix £ 3327 7 2EZDICFEHB 105, 2T 7 gamma 5, 75 A 2T
% function 2ARDM 572\,
[Example2]
gap> EdgeOrbitsGraph( Group((1,3),(1,2)(3,4)), [[1,2]1,[4,51]1, 5 );
rec( isGraph := true, order := 5, group := Group([(1,3),(1,2)(3,41),
schreierVector := [-1,2,1,2,-2], adjacencies := [[2,4,5],[ 11,
representatives :=[1,5], isSimple := false )
isSimple=false<=>[1,5] i% edge 2 DZ [5,1] Ik edge TIZZ\, (B, directed edge)

COCO DS =
e Faradzev, LA., Klin, M.H., Computer package for computations with coherent configurations. In:
ISSAC 1991, Proc. Symposium on Symbolic and Algebraic Computation, pp. 219-221.

e Pasechnik, D., Kini, K., Cohcfg, a GAP package for coherent configurations (preliminary version)
(2010) (T ¥ XA B BERBEMD Ny 7 —Y, GAP package 1272 5 TWARL, )

B #4EE — coherent configuration — H CRAIBIEEDFE D A

e Pasechnik, D., Kini, K., Cohcfg, A GAP Package for Computation with Coherent Configurations,
International Congress on Mathematical Software, ICMS 2010, pp 69-72
(BAE. ICMS2010 DRk & D)

- COCO2P Copyright 2012, 2014, 2018 by the authors, ( Klin, M., Pech, C., Reichard, S. )

3 SEOBMICDOWVWT

B XK E W coherent configuration DEEFE T, HEIDO T 07 F LA TIIREERZGENTTEL &,
COCO2P 251> T, FEEIZMHES Z L 2H AT,

(2] coherent configuration (Q,{4;}i=1,2,.,4) on Q= {1,2,--- ,n} (combinatorial property)
1. A;(i=1,2,--- ,d) &, niRIEF 0,1 matrix (d : rank)

2. A+ A+ + Ag = J (all 1 matrix)

3. Ai+ Ag+ -+ Ay = I (BIATF, Ir < d)(«= EREEITHIL)

4. *A; = A; for some j (color mate £\ 5, j=14* THT, )(HEEDLNDXEG L ARED, )

5. AjAj = ZZ=1 pfjAk ({Ai}iz1,2,. 4 \& A; EOHERT 5 algebra D basis £ 725, )



(2] A; % color i IZBA$ % adjacency matrix & \5,
(2] coherent configuration @ relation matrix 2, A =14; + 243+ ---+dAqs TED S, ([1] &)

Color Graph DfEY J5
e 115 A5, ColorGraphByMatrix(A) (&) D)
o Bt G 7 51%. ColorGraphByOrbitals (G [, option...])

([E#] orbital : G % Q EOBEMMBEEL Lzl &, GE QA xQIZ[i,5]9 =[i9,79], 9 € G TEAIEZLED
orbit,

ZTOMIZHHBH, ED2DOBbrF, BLHOoN~ZT 77 2E5BBH8%L< 55,
COCO2P IZ 51} % coherent configuration -4 —2"5 7 & L T-

coherent configuration D EFHIZ B} 5 adjacency 175IE A1, Ay, -+, Ag TR LT,
A = 1A;+2A5+---+dAg

cgr = ColorGraphByMatrix(A) : coherent configuration
(Zor & A = AdjacencyMatrix(cgr) AT B,)
o, BEEEGIZHLT cgr’ = ColorGraphByOrbitals(G) : coherent configuration

AutGroupOfCocoObject(cgr) : #7—2' 5 7 DECHEBEZZIHE T 5, Color HFIE, EE L% £ TH
DD, ZOLEX, HT7—2FT7THNIX, coherent configuration TH 5 HEILIRY,

AutomorphismGroup(cgr) : AutomorphismGroup 1%, GAP &KIZH H 5 7 K ” 2B T, FIAIX, B
DHCHEREZ KD S L ZI1ZHH X5, COCO2P Package Tlk, 77— 7 7IZHHXBESITHELT
W5,

NT—25 7 cgr B, BHEEE G %2> T, ColorGraphByOrbitals(G) TELNE L EiX, G dcgr DELT
HERIZIZEEN D 0S5 HEHE M- THORBEBEEEITONS,

Color BEOMNIIBZAHERT 2B E iS5 & ZiX. coherent configuration TH 3 Z & %, HHRMIZ,
IsWLStableColorGraph % {# > T true D¥|EHABE, ¥ =2 7L T,

This function returns true if cgr is stable under the Weisfeiler-Leman algorithm, that is, whether it

is the color graph of a coherent configuration.
Lo TW5, FBEHIX, Weisfeiler-Leman algorithm %EARIZLTW3,
COCO DHEBIEHE 712 F L pbag 125 5 HiHH (k)
(Partition Backtracking Algorithm using GAP by Ch. Pech)
first version 1997/3, pbag.g, v 1.3 in GAP 1999/08.
stabilizer chain of a sub-group of its automorphism group 2007/11,
hashing by GAP4 2008/11, hashtable code changed in GAP 4.5 2012/11

2Z &R : L. Faradzev (in COCO), J.S.Leon (1984), G.Tinhofer (1997)

+ This preliminary version is not yet optimized for speed.
+ For CGRs graphs up to 200 vertices were handeled very well; this means in a few seconds.
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(] as06[3] 7Y ¥ T—Ya v AF—LDHEBS, 6 1RD 3HBH
aHEE & O program "auto” DEAFER : [[ (), (5:6) ], [ (), (4.5), (46) ], [ (), (2,3)(4,6) ],
[0 (1,2)(4,6), (1,3)(4,6), (1,4,3,5,2,6), (1,5,2,4,3,6), (1,6)(2,5)(3,4) ] ]

AutGroupOfCocoObject D HFIHER = Group([ (5,6), (2,3), (4,5), (1,2), (1,4)(2,5)(3,6) ])
(%] association scheme D43¥HY A b as Tl, regular REBEED DL 2L DIXHRA LTV,

A XN WIS O FHERE O Hg

fE#  AutCoco auto  auto2 f@% AutCoco auto  auto2
as24 735 18404 4243 3590 Tr24 25000 299052 101156 191660
as2b 43 4501 250 422  Tr25 211 4898 1207 1526
as26 32 7078 205 484  Tr26 96 2554 817 786
as27 497 547340 3427 20388  Tr27 2392 66493 14124 21158
as28 181 7496 1409 1583  Tr28 1854 49076 14518 15678
as29 25 28219 126 902 Tr29 8 8156 125 93

as30 239 12873 2870 2155 Tr30 5712 174267 50041 66230

as32 18159 1015293 557947 531845  Tr : TransitiveGroup
FERFEIZ I Y second, auto2 iF auto DWEK

HERHOBHMNRT X 512, AutCoco TREFRZMMAKFMALTWS, ZORERILX, Y1 XBNEWEE
TIRAD SN,

HORBBOFHES 1 XABKREVGE

PrimitiveGroup(n,i) GAP OE#EET — X, n K&, 1 < i <NrPrimitiveGroups(n)

BEM 2 BT DIFE X, rank 2 D HBHZ coherent configuration 12725 DT, FEMNSBRAT 5,
G :=PrimitiveGroup(n, i);

cgr:=ColorGraphByOrbitals(G);

mat:=AdjacencyMatrix(cgr); (F#E#ZE D mat FIHE 70277 A XD COCO DHEHBMEL 5WVEW)
AutoGroupOfCocoObject(cgr); #G % KnownGroupOfAutomorphisms & U T#H|H

A D70 L auto(mat); auto2(mat); auto2(mat,G);

WE n DHEIFHE % AutCoco auto auto2 aut2 with G

PrimitiveGroup31-100 421 6949 90620 36300 6477
RE n DHEIFE fE#% AutCoco aut2 with G
PrimitiveGroup101-200 435 15,250 19,989
PrimitiveGroup201-300* 563 63,120 398,790
PrimitiveGroup301-400** 409 538,652 1,815,842
PrimitiveGroup401-500 252 64,160 84,808

* ;243 IREER T, AutGroupOfCocoObject I 15,100,796 X U second H2h*> T\ 3,

PrimitiveGroup(243,30)=2 3% : My; —fETHEBERL 7z & &, 15,055,437(F 4 Rfi***) TH - 7z,

Y D 243 kT RTT 1816 I U second

** 1 400 ¥RD & Z, PrimitiveGroup(400,3) T, auto2 IFEFE D 572 h o 7 (10 KL E***), Z D
BIERILTH B,

*kk : COCO2P M pbag DFHHIZHE LN T WS A, backtrack 29 5 £ & D base points DFEU /5 TEF
HRHEDBRIIZED S, HRX A T —FSDDIF ST base points BED 5,



HOFABEBEOFES T APREVEE D 2
G =Stabilizer(PrimitiveGroup(n, i), n) IR n — 1, 1 < i <NrPrimitiveGroups(n)
G 77 primitive IZ72 2 FE1XRW 72, G A IsSemiRegular DIFE H R\ 72,

B n OHIFE % AutCoco aut2 with G
PrimitiveGroup31-100 372 35,690 10,640
PrimitiveGroup101-200 271 277,034 43,801
PrimitiveGroup201-300 442 2,482,530 601,741
PrimitiveGroup301-400 242 8,247,121 1,561,384
PrimitiveGroup401-427 - 1,297 3,687

WL DR OREIN RGBS
n AutCoco auto2 with G n AutCoco auto2 with G
243 64,441 131,105 364 974,610 653,266
273 1,896,188 44,905 381 2,880,390 56,219
341 1,012,719 307,624 400 2,712,562 264,066

AutCoco & FEHE D aut2 with G OFHHERHEIIREZENL > TH 52, FIERNELFENELRSD,

5 COCO2P~¥=a27J)L® Contents €D 2

2 Structure Constants Tensors
2.1 Introduction
2.2 Functions for the construction of temnsors 2.2-1~2.2-2
2.3 Functions for the inspection of temsors 2.3-1~2.1-13
2.4 Testing properties of tensors 2.4-1~2.1.4
2.5 Symmetries of tensors 2.5-1~2.5-6
2.6 Character tables of structure constants tensors 2.6-1
(1] gap> T:=StructureConstants0fColorGraph(cgr);
<Tensor of order 4>
gap> ClosedSets(T);
tc11,01..41,01,31,0[1,41]1
adjacency fTHIIZ BT, A4;4; = 0, Pl Ay, @ pf; % structure constant &\,
(A1), (A1, A3), (A1, Ag) 23, (A1,---, A4) D subalgebra (2725,

3 WL-Stable Fusions Color

3.1 Introduction

3.2 Good sets 3.2-1~3.1-4

3.3 Orbits of good sets 3.3-1~3.1-11
3.4 Fusions 3.4-1~3.1-6

3.5 Orbits of fusiomns 3.5-1~3.1-11

4 Partially ordered sets

4.1 Introduction

4.2 General functions for COCO2P-posets 4.2-1~4.2-11
4.3 Posets of color graphs 4.3-1~4.3-3
5 Color Semirings

5.1 Introduction 5.1-1~5.1-3



B G D H #4#f subgroup 7% X 5415, coherent configuration ® sub-coherent configuration &, fusion
scheme EIEIENS, ETNZE FIZRT,
Fusion Scheme
(#5l] D %% C @ fusion scheme
C: Ay, As, Az, Ay % adjacency 17511 & § % rankd @ coherent configuration & 3 %,
D: A;, Ay, As + Ay H¥ rank 3 @ coherent configuration & 7% 3,

gap> D:=ColorGraphByFusion(C, [[1],[2],[3,4]1); #color graph & L THERK
o (A1, Ag, A3 + Ay) C (A1, Ag, Az, Ag) (3 ¥RX7t) subalgebra 2725,
o AutomorphismGroup(C)C AutomorphismGroup(D)

fusion scheme BE£&id poset 12725,

TOEHEFITIX, regular REBEEEP S TEEHDERVT 181 D as28 H*5 ColorGraphByMatrix 12 & 9
fES 35 coherent configuration DY A b % cgr28 & LT, Z DEAD fusion scheme BEFRIZ & 5 poset %
RKOTW3B,

gap> scip28:=SubColorIsomorphismPoset (cgr28); #z[HHH 1,665,703 I Y seconds
<object> #28IRT VIV I—¥ a3V AF— ALK (regular HEWMESHEIIFRL) DIES poset
gap> PredecessorsInCocoPoset(scip28,176); #as28[176]

[ 155, 110, 75 ] #poset X L TEHEN B MK fusion scheme

(B1] as28[176] D fusion scheme 2K (poset DEEEFEZRTERD Y [1, 2])
gap> cgr28[176];
<color graph of order 28 and rank 16>
gap> IdealInCocoPoset(scip28,176);
[1, 2, 3, 7, 10, 59, 72, 75, 76, 79, 87, 91, 95, 110, 111, 113, 114, 138,
145, 149, 155, 176 ]
gap> ColorIsomorphicFusions(cgr28[176],cgr28[114]);
[ <FusionOrbit of length 3> ]
gap> last[1];;
gap> AsList(last);
[ <fusion of order 16 and rank 7>, <fusion of order 16 and rank 7>,
<fusion of order 16 and rank 7> ]
gap> List(last,AsPartition);
rrci11,021,03,41, [5,6, 7,81, [9, 10, 11, 121, [ 13, 161,
[ 14, 1561 1,
(11,002,411, 31, [5,6,7,81, [9, 111, [10, 121,
[ 13, 14, 15, 16 1 1,
(11,002,331, (41, [s,71, 086,81, [9, 10, 11, 12 1],
[ 13, 14, 15, 16 1 1 1]
gap> ColorGraphByFusion(cgr28[176],last[1]);
<color graph of order 28 and rank 7>
gap> IsWLStableColorGraph(last);

true



gap> ColorIsomorphismColorGraphs(last2,cgr28[114]);
(5,13,21)(6,16,26,11,15,27,7,17,28,8,19,23,9,20,24,10,18,25,12,14,22)

(] Zhid, EHEABSOMIET, #7—BEoxmE, (BEHLEEROH»S5LRWVWDT) relation matrix % B
# AdjacencyMatrix IZ & o TEE R THEZR,

6 Fusion Scheme DOfl ([3] &V))

GAP O PrimitiveGroup DT — X ¥, T 55 5 GAP BI% SubidirectProducts % ffi o THE - 7z B #EEH
5 coherent configuration % L T, % ® fusion scheme % [3] TWL 22FHE L TW5S, £I Tid, HHr
S51EES N7\ (non Schurian) scheme DFlZEEL THAL TV 5,
ZDHIZH S, WL-stable 72 DIZ coherent configuration 1278 5 R Wl%Z Z Z 2B 5,
COCO2P ¥ = a7 )ViZix, WL-stable 72 51X, 55 —2"5 71X coherent configuration {2725 & & %,
gap> G:=PrimitiveGroup(81,135);
34:Sym(6)
gap> SDs:=SubdirectProducts(G,G);;Length(last);
10 # SDs DHEE, WMUNHPHZTENNT, EE, BN TL 5,
gap> SD; # SDs DFHD—DDHE
<permutation group of size 58320 with 3 generators>
gap> CG:=ColorGraphByOrbitals(SD);
<color graph of order 162 and rank 14>
gap> OutValencies(CG); #Z D&RM%{H7-9 & 51T D 2ER
[1, 30, 20, 30, 15, 6, 60, 15, 60, 6, 1, 30, 20, 30 ]

FO ptn0 OBV FHE LT, [[1],[3,4], (2], LLTH[[1],[2 3], [4], - |; £LTH.
OutValencies X [ 1, 50, 30, --- |; %% %5, WL-stable 225Dk, ZD 55D 1 D721,

(] [1,2,3,4] D71 TIRE 81 D association scheme (27254, FD & FXEH 5D fusion B
association scheme IZ72 %,

gap> ptnO:=[ [ 11, [3, 41, (21, (5,71, (61, [8, 91,
(101, [ 111, [ 13,141, [ 121 1;;

gap> ptn:=[ [ 11, [ 3,41, [21,[5,61, [ 71, [9, 101,
[81, [111, [ 13, 141, [ 121 1;;

gap> FS0:=ColorGraphByFusion(CG,ptn0) ;;FS:=ColorGraphByFusion(CG,ptn);;

gap> IsWLStableColorGraph(FSO) ; IsWLStableColorGraph(FS);

true #FSO 8 WL-stable £ 725 & 51T ptn0 %A S AT

true  #FS »'WL-stable T F® valency £ 725 ptn % &L,

gap> OutValencies(FS); ColorMates(FS);

[1, 30, 50, 21, 60, 15, 66, 1, 30, 50 ] #rank 10

(4,6)(5,7) #4 %X 6 BH T —1X 21,15 & valency B’E% 5, 5F 7 HE [k

=4, 6, 5, 7&H 7 —I& color mates D372\,

relmat(FS0),relmat(FS) % € LD relation matrix & U, £+ 5% SD D orbit TR L 72475 T
TERDES 1T B,



1 81 1 81/

1 rank3 rank?2

: OutValencies OutValencies

81 1,301,302 + 20 60 + 15,6 SD @ orbit 2 {f:
relmat(FS0) = {1,2,---,81},

'1’ rank2 rank3 (1,2, ,81}

: OutValencies OutValencies

81’ 60+ 15,6 1,304,305 + 20

(/] AutomorphismGroup(FS0)=SD & 7 % D T, fusion scheme FSO IZ&# A S 1&/ES 72\ coherent
configuration {272 %, relmat(FS0) #* 5. strongly regular graph & strongly regular design &5+ 5,

rank3 rank2 coherent configuration
OutValencies OutValencies Iz s n
1,301,302 + 20 60,1546 k 10
relmat(FS) = b ran )
rank?2 rank3 OutValencies
OutValencies OutValencies 1, 30, 505 60, 21;
60 + 6,15 1,304,302 + 20 66, 15; 1, 30, 50

ColorMates i <5 i* DXL D coherent configuration D51k 7= 3,
FS @ 10 ffl® adjacency matrix DfE5 algebra (Ag,--- , A1g) 1 10 KT,

gap> Alg:=Algebra(Rationals,List([1..14],u->AdjacencyMatrix(CG, [ul)));

<algebra over Rationals, with 14 generators>

gap> AlgFS:=Subalgebra(Alg,List([1..10],u->AdjacencyMatrix(FS, [ul)));

<algebra over Rationals, with 10 generators>

gap> Dimension(AlgFS) ;

10

coherent configuration CG ® adjacency 17 5A3E% 14 K7t algebra D72 # T, fusion scheme i% 10 ¥X7%
subalgebra % 4% 9 5,

coherent configuration DE&H®D 5%, WL-stable i, adjacency matrix A Z 5 DAERKT 5 algebra
D basis (2R 5%&MDERELTWVWAE 5LV, ZOHITIE, A, TRINDHEAEOLIFELEL RVWEEIZ
RoTW5,

Z £ X &
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