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Multivariate Approximate GCD Computation

based on Singular Value Decomposition

and Its Optimization
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Abstract

Computing the multivariate approximate GCD, we consider to compute null space of (k — 1)-th
subresultant matrix within polynomials, where k is the degree of for multivariaapproximate GCD.
For computing the null space, one is used the singular value decomposition and lifting technique,
the other is used iterative method of matrix within polynomials. As the later, we show effective
techiniques for matrix compuation within polynomials.

1 FC&IC

FE/ N F 2RISR D2 E R THA LA Z Fla, th, ..., t] = Flz,t] TXI. ANWZHK F(z,t) &
Gz, t) ZEZ 2 BT 2088 k DL GCD ZFD ERET 5. VIR %L, XTIk DL
IR C(x,t) € Fla, t) WMFEET 5.

F(z,t) = C(Lt)ﬁ’(nt) + Ap(z,t), G(z,t) = C($,t)é($,t) + Ag(z, t). (1)
ZZT, REDORKREZICDVT Ar & Ag & F & GIZENRTT5/hE 0.

1 ZBZHAB LU 2 ZHZ IS OWT, GHAE7IVT ) XLBFICHE T 258 E SAAHET 5, 3
LR EOZHEADGEAICKIEZ EAEFE LGV, 2EBZHADOLAICIE 1 2R HADLAICmETE
BTENZONLTHS. TDTEND, HRHCZZERZIHADIL GCD OFEY VIV X LIS 5
TREDHEDBRENTWET LN S, ARTIE 3 LB EDOZEHZEHA DL GCD FHHEICDOW TR
~N5.

RN ZEBZHADEL GCD OFFEDBEEICDONTH UMM 5. Euclid DEFRE 9] hHhE D,
Hensel #5536 X OlifiE & B T X S NIEFEDOBEIGH A S NI O T UARLETH > 7z
[18]. ZDt%, ZEHZIHAXOEUREZ WiNTe— b S NIER #AE I TR DR B RIC K 2 7R E
TR [T, 17), IEOY A R (BHRORE IS AT A ZAIERICKE < 75> T LEVIIRIT
MENE S T, TR, B TR SHSNTEEEOLZEIDTEYD, A EROERD 1D TH % HiH
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ANFRD[alkE 2 R ZECHE TIT > Te @RISR U TS EE Lo 7z [12]. A T, BRhiZE Nz F|
H U Tz 5t 2R ATHDIEE [8] BXUZIHNEZED Sylvester 175D QR EDFEINC K > T—E DR
7o [11], E 5% 5FEEDOM EOTeDICFRARNGZRIEDWENRE R L2 RTHER E Ko Te.

PLEDIRRDOE &, FEHIIREEOMK L 755 B0 IS BUERBE TV, BEMNEEEW T L 2RI T & 250
BHEULIZN—A & LTeNA TV REJTEZRREL TV, 1 DI Bezout 17511 & GCD DIFRIEZF]
U T Barnett D57 (1, 2, 5] 222 BZIHNICHEZIT > 72 /51ETH D, full-rank 72175172 /ER LU THRE
HESRZY 7740 72 OTHRS 8D TH S [13]. &9 1 DEARFTHNT 5 IEHITRWITH DR
BEAR 2 TETH Y, FEEDE (null 2R OFE) LV 770 Y JHEICK B /7ETH S [15].

REFUE A (null ZERIDFHE) LV 77 ¢ U JEIC K 57515, 2HAZEZRICE D Sylvester 175117244
HEEZED Sylvester TTHNCHR & B TREEDRZITY, £THhBY 77 4 Y THETREED R TR NI
null ZZM2ETT 5. AR TRBUEERICHT TERVEE (FRZGH) L3 ClamZ1To .

2 T, ARTHEMATAERBITZONEICDOWTIHRNRS. 38Tk, Fiftnie ) 7574 > 7k
ZRH UTe 2 HAEZRIC T S E 0 FAG I T5 O null 22 & %381 GCD FHRIEIC DV TG, 4 & T
¥, 5sETHHTZZHEAZERL T1THDORIEICONTHANS. 5T, 3ETHENSHETIEEE
TEIEWIGEICDWT, 59K Hensel #RICE D < Fric LGt RiE 2R X%,

2 %
RKETEK, EXREEB T OBA LHERe ZOHEICOWTIRN S,

2.1 ZE2XRBEHRICKBEHTIF
REER 2 BN S T2, EXEBUC K BEMTF &2 ASIZERITH U TRICEHIC K > TITD.

F(x,ty,...,t) = Flx,T,t) = F(z,Tty,...,Tty), G(z,t1,...,ts) = G(z,T,t) = G(x,Tty,...,Tty). (2)

2.2 EHEITIIEEM GCD
(k — 1) REEDFREITH Sp—1 (F, G) = Sp—1 € F[t, TV K BRTEREN BT TH 5.

n—k+1 m—k+1

fm 9n
k-1 = (fml fm In—-1  Yn )58’£())1+T'587£1)1+"'+Tw'551§w)1+---
TTT, K=m+n—2k+2hD68", e Fit)K*K TH% (i > 0).

2.3 ZENICETIER

& 1 (FEAHFR)

LI F(z,t) € Flo,u] MR TH B 13, F OFERBICDNT f,,(0) =0 72l F(z,0) = 0 27z C
Lz, 1



3 BREDEE)T7T 1V TEICK DB

[15] T, V77«4 Y FHRIC KB HERIBR L. AETE, S, & Sy KBV TIHERAES Tk
WZ kRET . Ih05, ANMBEHRX F(z,t) & Gz, t) 3FETERVWERET S.

3.1 1ZHBIETY  HFEREDFEZEIC LT null =R
Bt 15 S| OREFES R L IERODIETH B,
g1 vy
SO =UsVT = (wy )
OK ’U%

TTT, UBXUV EENETNERITHITH D spang(uy,...,ux) = spang(vy,...,vgx) = FK, Xz,
o1 > 09> >0k 1> 0k >0 FREEVS. GCD DXENEDEE, o1 > og e THHT L
MHISNTWS. (e 3ELIGCD ®§¢ﬁfﬁhkﬁ€ﬁﬁ‘%g“(&3%).

S(O) 20 =0 O null ZZRIZ, v € Ker(S,go)l) THY 20 =vi BRO—DTH% [4]. iz, RIZ GO
& F<O) DB ATEREN T BV L2 %.

3.2 ZTHBWEN . ) ITT 4V TEICEDEL GCD DO
ZEMZEANTE 1 BHZHEREFROMENR DD, bbb,
Sk_1$ =0

DfF (null 22z € FE]K D 121F G & —F OFBERANTAREANY FVicix%. 1 2ROz R R
DEIICHERTES.
201 = 20 4 S Tis () FTCHETE L ERET B L E, 200 =207 7% 52(0) 12D T

Se12™ = 0 (mod TW*)
T TYICDWTEHGT (LT

Sz = =38P 620 = sp)
j=1
EMFB. TTT, 62 & v lc K BIUEEE, op(W) 7w I K BILEEHETTS.
525“’) 5p(w)
52(w) = : = 52§w)v1 + ...+ OZ](V )vK spw) = : = (5ﬁ§w)u1 ..+ 5]3%0)1”(
b2y 5p(w)
ZDEE, zY I ERTHITB.

52() = 5}351")/01'01 +...+ 5}3;?21/0'}(_1’01(_1 +T-0 vk.



W21,

2 = Zv= 1y op\" Jorvr + .+ Zéﬁ%}l1/UK—l'UK—l + F[T, t]j1,0) - vk (3)
j=1 j=1
BUEFTHN R BAB R BRI T E 5.
WAL, v CFOHBENDHS L THD, HLEIGCD &0 5 558 r € F[T,t] ZIRET 2 R0ED
H5. r DPETECONT, BHEGEEZRETTHENT 5.

3.3 »REDTATT

T ORI B HREAET 5.
GCD C(z,t1,ta) =22+ (1 +ta —2t; + t12)x + 3 ZEDRDZBHAZE X 5.

F(i,tl,tg) = ($3+(t22+t1 +t2—2)$2 —1) XC(I,thtg),
G(l‘7t1,t2) = (1‘3 + (2t22 — tl + 3)332 — 1) X C($,t1,t2).
RS RIC & > T2 S 2 =0 D 2 = 200 = v BRTH S,

—0.242535625036333
—0.727606875108999
—2.24840273230668 x 10~1°
0.242535625036333
0.242535625036333
—0.485071250072665
—1.32375311946987 x 10~1°
—0.242535625036333

Ric, w=1DREZHNETS. vi BAHICEH DT,

Vg =

5z = 6ﬁ§1)/01v1 +...+ 5]3%1,)/01(,11)1(71 +rMyg
IONTC, 1M =0 & LTROBRMZFET % L Rz2fG .

0.0713340073636269¢; + 0.0285336029454512t,

—0.0285336029454498t; + 0.08560080883635161

3.65419500214514 x 10~ 15¢; — 4.96824803519758 x 10~ 15¢,
—0.0713340073636232t; — 0.0285336029454580t,
—0.0713340073636273t; — 0.0285336029454504¢,
—0.0998676103090790t; — 0.185468419145430t

4.77577504452709 x 10~16¢; — 1.10469359354548 x 10~ 1%,
0.0713340073636299¢; + 0.028533602945445615

5z =

r) ZREEICRET B T LI & > TEL GCD ORKTFZRET 5T EMAREL 755, WL DODREDTE
N5, AETETAT 7 Z2RNT 5.

1. E=v I THBzvE

AEIDE, 81,0 WHRICOW T w>1DEZEXTRTCOTHS. TDRH, 3 LIcuy)iz »O Hk
ETES.



2. ETHhDFREZE 0 LAE
6z DEHRIZ G & —F DR THB T LICEET . 2L O5A, BEDTRTOTHRNT LMD
3. TOXOEGE, HAHAEEE 0TS EMOEEE 01k ZNEfMEZ5a R Y. Eid
DOBNCHENT, 020 + ormuv, DF 1 EER 0ICT B KD or kDB EE, 5 3,4,5,8 BEEL FIKFIC
01c7%%. TNRIHFL TV ZHADORKATTHS (TR 1 Z2R).
3. —fROLE
LD 2 DIICAR LAV E, EROIEE RANT rD) ZIHRDB T EREBEELN. FDD, LFOE
FHERITOEBIGALE D BEOREILEZITS 2 & TREEFRET 5. FlEH»HSH, Hensel
RO & 51 FREFE D GCD ZHIRMICEHET B L3 ATy 72 LA TE L
AR 1 (BEZEXORFIBREZERAD ?)
BREE 0ICT 57 Tu—Fid TBiEZHEROEFIZBALZER] THa I EEZRHRICLTWENTNIEIE
LWDIEAIM? [3, 6]ICHBNT, EDXIBHBICHFEBUCASZMICDOVTIHANZEN TS (WIC
Wo e, MRZHERDOLIICHKICEZDZSERGENHNCTETES). 2z, 7)vdV XLOWICH
FHETHZHDEDNTF v 7T MBI RIEDMITHIIEEZ BN 5.

4 ZHAZEBERLITBTIDER

AT, SUREERE UIAAIOHEONT, 4.1 M TSR E R T < RN T S
[14]. AU null RO TE 3. 4.2 8T LU T H b B IED 530 5 WA £ 2 07,
FRE OB TRT .

4.1 RIEE
R TLEROMIEHNT FREROMEEZZ 5.
Mz = b where A € F[T,|"*", b € F[T, t]". (4)

CCT, TREXMEHTHOZHt TIRES (CNETEMHERHTHD).

HIEER

THIMZM=L+D+U ET=MA, A, FZARTOMTHET % L E, Gasuu-Seidel =B X T
Jacobi IEIERDKERIC L > THRITINS.

e Gasuu-Seidel % : (£ + D)zt = b, — U}z,
e Jacobi it : Dzt = b, — (L +U)x®.

ZLTC, ||z — O W hE L aolc L ERERKTT S, TT T2 OORIEMNINEKT 3 7l
TICB L CENATTIITH ST IR ETH S - FilcH LT,

il >y [mi ). (5)

J#



ZIRNZERL T8 BREDT AT 7 %27 A

BwlcH LT, NM4) ZRHTSZHEZ2ERS.
L2 T T2 77 0 — @A A OB 75 MO O¥TT57Z RIS % 2 & TH 5 [13].

—J1,

Jacobi 1% + Gauss-Seidel 1% % 721& Krylov #7722 iEIC & % /5T Z DE D TR MOr Z/hEL
T3 EE (MO)iyr TS T & TN ERIET % /1ETHS (TTT, r 3EEET). LHL, &2
I w I U T r ZEET 2D TERE w ZRDBBHC w— 1 ETORMRZRIHATEHTLIETET, wldl

RO REEZ#HDIRT T LIlkD.
(4) ORBDIT exmy + Y1 o (TVx)m; ZEZA DL, RDKS LKL TES.

n
r1my + Z(uwaﬁj)mj =T"b+ (1 —T")x1m;.
j=2

o X1 DOEE (w=1)
R (6) DFE 1 BRICOWTERE 1 OFRADHZEDZ T LT, kIcHIEZREREES.
5x§1’k+1)mﬁ) + $§0)5m§11) + ZT:EE-O)mg?J)- = 5b§0) + 5z§1’k)m§? + xgo) + $§-0)m§?])-.
J#i
ccT, ZENA s e FIT, ¢ & k FIHOKETIHFSNZ 2R w DERZHATH 5.
o B 1IDEE (w>1)

X (6) DH 1 WRICOW TR w DFRROIHEED B LT, kT BZROKERZR

5m§w’k+1)m§?g + Z wago)mg?j)- =60 4 5:c§w’k)m§?% + Z 5$§j)6m§tﬂl_j) + cgo)aﬁ)}.
j#i =0

i 2

IR T % 7z D535
|ma | > Z |m1;| and |mq | > Z Hém&?”
J# J#i
CTC fREHENAf =Y, = fie' D/ IVILTHD, BUHOEEEHHMEC 8T 5. f = max{|| /],
FEBA e KD,

mg?i((Sa:gw’kH) — 5:c§w’k)) =(1-T") Zazgo)mg?). + Zéa:gj)(hgfufj).

J
i i=0

ERBIK S B 72, &M (9) 22T EZEND 5.

4.1.1 ¥ERER

(7)

%.

(8)

9)

s A

[k151%:7% Maplels THEE L, CPU Intel core-i5 (2.6GHz), XEY 8GB @ Windows 7 (64bit) D PC I

THEBZITo 7.

4.11CBNT, BIHERLEBEZDOREHOBEENZHNNTH SN2 THS. 4.1.1 Tl 2 DDHEIC

BB REEEICONWTER 21T .



REE#DLEE

MO g =picDNT, MO ¢ Frxn ZENAGES, bABIEES - LIHREZ L LIGEOIGRETO
[AE R - GRS OV TR Z1T S . BEREMFE (|20 — (|| < 0.0001 & L7z
KD b € Flu,v], FEROEHIIHRK S, EXE5 DFEEFICDNVTOERTHS.

PAX || BuEEER || ZHEER

5x5 32 | 0.001 || 16 | 0.005

10x 10 | 33 | 0.008 || 15 | 0.046

100 x 100 || 30 | 0.546 || 5 | 0.625
BRELS DYE

ZIHERBEZRIGAEDOHHPRERED D EL AL D -7z, Thid b DFEEDEEDRAS THEH T eh
RERT %, 228 - BXE S DHE (v, utvudv?, v, uwwt, v®} D6IEHTH O, MOz, = by, MO g, =
by, ..., MOxg = 0Pbg ZZNFNIRNTVDB EEX BT ENTES (b ZBIENY V). EHEERE
LT3 END, b DERICIZ0HEL, RELTONELAS. ZFORBIEREEN M. 1L,
121 DOEFEIFZHEADMEZD TeHEREIE M > T 5.

FBHEIIOWT, ZNEFNFIEITNREE SICKEREDES Y2 ENH/FTE 5. KIEER null 25/T7%
AL TV Wi, TORE O X O null 24O REEZRL TWVS.

4.2 LUSDR

T TR, ZERRPEEL T 1750 LU DFRIC DNV THEIRICHEL BTN B X 2N T AY T 5.
2 DDA M BET My &, ZNFNERBIURR VI EM 2D GHEHOANELS). X
FNFNDITFHINCTDONT LU s LIzfERE R LU TN 5.

2

u uv uw
M, = 2 vw  ww
w2 wuw  wv
1 u? uv uw
_ 02 1 0 v(uw—v? v(u?—vw
- u? u u
w?  wu’—vw) 1 0 0 ~ wE®—3uvwtvi+w?)
u? v(uw—v2?) ww—v2
U2 uv uw
My = v2 vw  ww
uw  wv w2
2
1 U uv uw
_ v? 0 v(uw—v?) (u? —vw)
- u? u u
w o0 o1 0 0 0

2 DOFERICONT, KENRVK SIS BRERRITH] My DBEEREMEIC T > TOERWLAD, [EHELT
5 My DS E=ATHOREBIERECE > T3S, T3 Euclid DERERENFEIRTESLS LD
MOBEL, AVICELRERICHERPIERICEZ L L —HOHERTHBY.

DFFIOYE, Smith OEIMEEMN LU /MROEIEIC L, CTORALRERGEMICRS c eMbNhTEY, FHREREHCT
BENEZE->TVD



5 Newton ZERZFIA L-2RHZHDEAN

ZIHAMR A BICIE, HL3E Hensel MK [16] TR E N2 Newton ZATEZFIH L 7z EA T 2 FIH]
9%, COEMIFIEERBRE, ZHAZOEONRRLZ L ZIHHENS. ROFIATEAMSFIEAT
Hbns.

7)Vd) XL 1 (Newton ZAFIC & 5EHT1T) _ ‘

O H=Y, haes g g B FTRE, I 2wy e DI B 8 (€D, el 4t eld)y
ZFHE Ry b U, TOREEN SRS (Newton £ ) ZHEKT 5.

(@ Newton ZEO NI NT, Bl Ly, ..., Lq 72 Newton fEPES. FERICHEEATE Newton #1 £; I
DREICHIST B ZHAOME HO 5%, TOZIEHNAE Newton #1 L£; 1T % Newton ZIH N,
LS GEE, TUORGRZEE Newton #f Ny ZiES).

B FEGIDWT, L EOFICHIET 2ZIHKX NL(F) & Ne(G) D GCD % OO, DO = quo(H©®,C()
3L, TTT, ged(CO DO =1 & deg, (C) = deg, (CO) ZifilzTRENDH S Giilz X
BOXIRERIE [10] THERD.

LG EWTT & E, ROBPICK > TERBER T ZHAT 5.

F(te, T" uy, ..., T" uy)

Tn—Ad
CCT, w BEEBUICOTFEATER w; =1, A =d/nd Newton $FROME T d,n FHWICERET
H5.

ZDLE, Sylvester {THIIRD X S ICHEINS.

F(z,u) =

Sp1 =P +T-6PD, +T-6P, +...T- 5P +... (10)
TTT, 0PV, € Fla, t)K TH % (i > 0). BAEFRINCOT DT, SICHIN LIz AEE#EIST 5 C
LINTE D, BIRBHERD 2 THS.
1. PO, € Fla, t]OF\FEAK 70T, FRRESBRAHE TRV (L IR BH).

2. (RATREODIRET) PO, € Flo, ] K¥K\FKXK 150, (LW V75 ¢ > 7 ORIC
i & R FH R 2O T A K GHEEE 4.2 B 58)

TAT7 (FEEINTOEWY)
P € Fla, ) K\FEXE 75D, BEMEMMATETE AW —AICOWT, HifER &A% L null

-1
ZEHMRDENNE XN T OIS, rank 3 1 LK BTOWEWT EZRTLTWBDT, [ah 1D
OMNEFNERHTAENTES. 41HICBWT, BiEE T CICHBMEATHOEHETESC WD

%, —fic PO REMETRVTIIERS T EHRZVDTY), FHETSC LIEEETIETL.

6 F&o

AWTlE, ZHERNEEZE LT S Sylvester 1750 null ZZHZFIH Uizl GCD #HED T A F 71DV T
N LT, BEDNEIS TERWT —RICDWTE, LK Hensel KD 7 A 77 ZFIH L CEIATE 52 &
ZRLTeh, —RINEEH R Z R BN DH D, TNEROFELE Lz,

Vs 2 X OE AT X %
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FEEHICOWVT, AAAOXY M2 TeNTEXR L. B#HnELET.
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