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ABSTRACT. Recently, the author and Yamamoto invented a new proof of the duality
for multiple zeta values. The technique is applicable in other series identities. In this
article, we exhibit such proofs for some series identities.

1. DYNAMIC (OR ALGORITHMIC) PROOFS

For a given series identity, the strategy to prove it in this article is as follows:

(i) Define the connected sum with the connector or the connecting relation.
(ii) Check its transport relations.

(iii) Transport indices, algorithmically.

(iv) Check the boundary conditions.

Only these!

Proofs of (ii) and (iv) are relatively easier than the proof of the original identity itself.
We can often prove them by using partial fraction decompositions or telescoping sums
and we leave the proofs to the reader. The hardest part in each dynamic proof is how
to find a suitable connected sum.

Note that values of connected sums may diverge, however we use only convergent
values when we apply them.

2. NOTATION
N denotes a positive integer. p denotes a prime number. For a positive integer a, we
set
JQZZZZOX"'XZZO, IaZ:ZZl><"'X221,

g
a

=

I =A{(ky,..., ko) € I, : kg > 2}.
Further, Jy = Iy = I}, = {@} and

I:DQ,T:GQ,%:D@,%:DQ
a=1 a=1 a=0 a=0

Let a be a positive integer and k = (k1,...,k,) € I,. The weight of k is defined

as wt(k) == ky +--- + k,. The reverse index of k is defined as k = (k,,..., k). For
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0<i<a, kg =i . k) D = (kip1,.... ki) (ko) = k' = @). Further, we
define the arrow- notatwn as
ko = (k... ka1, k= (1ky,... k),
kT = (]Cl, ceey ka—lv ]{Ia + 1), Tk = (]Cl + 1, ]{72, ey k‘a),
kJ, = (k’l, ceey k'a_l,k — 1), ¢k = (l{fl — 1,k2, ceey k‘a).
{1} denotes T -1 and {}}’ denotes | - - - |. By convention, we use wt(2&) =0, & = &,
~——
J j
G,=.,0=(1),and &4 =40 =02, = |0 =02.
For k= (ki,..., k) € I, L= (l1,...,ly) € I, (a,b > 0), (k,l) denotes the concatena-
tion index (ky,..., kayl1,. .., 1)
In definitions of connected sums and (1), we use abbreviated notation n,m,r € I
as
n=my,...,ng), mMm=(my...,my), T=T1,...,7),
even if there appear extra variables ng, m,,1 and so on.
For k = (ki,..., k) € Joand m = (n1,...,n4) € I, n* == [["_, nf* (n* == 1 when
a=0).
For k € 1,, we define ( (k) and (3 (k) as

1, 1
Gk= Y o Gk= Y (1)
O=np<ni<--<ng<N 0=ng<n; <--<ng,<N

For k € 7, ((k) = A}im (y(k) < +o00. For a connected sum Zy, Z,, means lim Zy.
—00

N—oo
We omit to define some standard notions including the shuffle product m, the har-

monic product #, the dual index k', and the Hoffman dual index k". Rather, we can
define these notions by the following transport relations and algorithms.

3. SHUFFLE PRODUCT FORMULA
Proposition 3.1 ([HO, Theorem 4.1]). For k,l € Z{), we have
() =Y anl(h), (2)
where h € Zj runs over indices appearing in kml =3 aph.

Proposition 3.2 ([KZ], [On, Corollary 4.1]). For k,l € Z,, we have
(=)"W¢, 4 (kD) = ang, (k) (mod p), (3)

where h € Ly runs over indices appearing in kml = Z anh.

3.1. Connected sum. For k € I,,l € I,h € I. (a,b € Z>¢,c € Z>1), the connected
sum Z%(k;l; h) is defined by

m — !
ZN(k7 l, h) = Z n(ki)m(ll)’r(lh) '

0=ng<ni<--<ng
O0=mo<mi<---<my
Nag+mp=r1<ro<-<r.<N
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The connecting relation is n, +my = r1. By definition, there is a symmetry
ZN(k;Lh) = Z5(L ks h). (4)
This connected sum is essentially defined in the right-hand side of [KMT, (18)].
3.2. Transport relations. For k,l € Zy, h € 7, we have
Zy (kyi s h) = Z3 (ks by th) + Z5 (ks L sh) - (R, 1 # 9), (5)
Zy (kb h) = Z5 (kys 1 h). (6)
3.3. Algorithm. For each Z} (k;1; h), we set rules as follows:

(i) If k and I € 7', then use the transport relation (5).
(ii) If I € Zy \ 7', then use the symmetry (4).

(iii) If k € Z\ Z', then use the transport relation (6).
(iv) If k = @, then stop.

Start from Zy(k+;l4; (1)) (k,1 € Zp) and transport indices according to the above
rules until the algorithm stops for all connected sums. Then, we have an identity which

has the following form (h,h' € Z):

Zh (ks s (1) = > Zn(@: by B). (7)
3.4. Boundary conditions. For k.l € I(’), we have
Z (ki b (1)) = C(R)C(T) (8)

and
Z8(05 hs ) = Cy (o )
By these boundary conditions, we see that the case N — oo of the identity (7) is nothing
but the shuffle product formula (2).
When k,l € Z,, by using the following congruence instead of using the boundary
condition (8), we can also prove the shuffle relation for finite multiple zeta values (3):

Z3 (ks U (1) = (=1)"W¢,_ (K, T)  (mod p).
3.5. Example. By applying the algorithm in 3.3 to Z%((1,2); (2); (1)), we have
Z8((1,2); (205 (1) 2 Z8((1,1): (2); (2)) + Z8((1,2); (1); (2),
Z8((1,1);(2): (2)) 2 Z8((2); (25 (1, 1) 2 Z8((1): (2)5(2,1)) + Z8((2); (1); (2, 1)),
Z8((2): (15 (2.1) 2 Z8((1): (2): (2.1)) € Z8(2: (2): (1,1, 1)),
Z8((1,2);(1):(2)) © Z8((1): (1,2); () = Z8(23(1,2): (1,1)).
Thus,

Zy((1,1)5; ()15 (1)) = 225(25; (1)1 (1, 1)) + Z¥ (25 (1, 1) (1))
and this corresponds to

(1, 1) mr (1) = 2((1), (1, 1)) + ((1, 1), (1)) = 3(1, 1, 1).
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4. HARMONIC PRODUCT FORMULA

Proposition 4.1 ([H2, Theorem 3.2]). For k,l € Z,, we have

)= buly(h), (9)

where h € Zy runs over indices appearing in k1 =" bph.

4.1. Connected sum. For k € [,,l € I,,h € 1. (a,b € Z>,c € Z>y), the connected
sum Zy(k;l; h) is defined by

) , 1

1=ro<r;<---<re¢
re=n1<--<ng<N
re=m1<--<mp<N

The connecting relation is ny = my = r.. By definition, there is a symmetry
Zy(kilh) = Zy (L ks h). (10)
The definition of this connected sum is essentially due to Hirose.
4.2. Transport relations. For k,l € 7, h € Z;, we have
Zn(eks clih) = Zy(k; i he) + Z5 (ks L he) + Z3 (K L host), (11)
Zy (ki h) = Z3(k; L hy). (12)

4.3. Algorithm. For each Z} (k;l; h), we set rules as follows:

(i) If kand I € T\ (Z'U{(1)}), then use the transport relation (11).
(ii) If I € Z/U {(1)}, then use the symmetry (10).
(iii) If k € Z', then use the transport relation (12).
(iv) If k = (1), then stop.

Start from Zx (. k; .. 1;@) (k,l € Zy) and transport indices according to the above
rules until the algorithm stops for all connected sums. Then, we have an identity which
has the following form (h,h' € Zy, h € Z>):

Zi(k; @) = Zr((1); pryne i ). (13)

4.4. Boundary conditions. For k,l,h,h’ € Iy, h € Z>(, we have
Zn (ks L 2) = Cn(k)Cy (1)

and
ZXI((UJ{T}M—h;h) CN( {1}k h).

By these boundary conditions, we see that the identity (13) is nothing but the harmonic
product formula (9).
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4.5. Example. By applying the algorithm in 4.3 to ZX((1,1);(2); @), we have

Ziy((1,1);(1,2);2) 2 Z5 ((1); (1,2); (1)) + Z3 (1, 1); (2); (1) + Z3((1); (2); (2)),
Zi((1,1): (2); (1) 2 Z3((2); (1, 1) (1) 2 Z3((1): (1,1); (2).
Thus,
Zi(c(1); (2 @) = Z3((1); (2): (1)) + Ziy ((1); < (1); (2)) + Z((1); 123 (2))

and this corresponds to
(1) *(2) = (1,2) + (2,1) + (3).

By applying the algorithm in 4.3 to Z3((1,1,1);(1,1); &), we have

1) (1,15 (1) + Zx((1,1,1); (1); (1) + Zx((1,1); (1); (2),
V(D)5 (1,15 (1, 1) + 23 ((1,1); (1); (1, 1)) + 25 ((1); (1); (1, 2)),
v (

and this corresponds to

(L, 1)« (1) =2((1,1), (1)) + (1,2) + ((1), (1, 1)) + (2,1) = 3(1,1,1) + (1,2) + (2, 1).

5. DUALITY

Let n,m be non-negative integers. For k € I, we define the multiple zeta value with

double tails ¢, ,,(k) by

gn,m(k) = Z % ) (naim)

n=no<ny<---<ng

Proposition 5.1 ([A]). For any k € T,

Caan (k) = G (k). (14)

The case n = m = 0 is the usual duality relation for multiple zeta values.
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5.1. Connected sum. For k,l € I, the connected sum Z, (k;1) ([SY1]) is defined
by

1 1
D (L.7) — D
Zn,m(k7l) = Z F . C (na,mb) . W
n=ng<ni1<--<ng
m=mo<mi<--<my
Here, the connector is
lm
CP(n, LS 15
(n 7mb) (na + mb)' ( )
By definition, there is a symmetry
Zpm(kil) = 2, (L k). (16)
5.2. Transport relations. For k,l € Z;,, we have
Zy (ki) = Zy(kils) (K # 9), (17)
20 (kosl) = 20, (kily) (1 2). (18)

5.3. Algorithm. For each Z?, (k;l), we set rules as follows:

(i) If k € 7', then use the transport relation (17).
(ii) If k € Z\ 7', then use the transport relation (18).
(iii) If k = @, then stop.

Start from ZP, (k;@) (k € I') and transport indices from left to right according to
the above rules until the algorithm stops. Then, we have

ZK; D) = 2, (2 KD). (19)
5.4. Boundary conditions. For k € 7',
Zy (K 2) = G (K)

holds by definition. Therefore, by the symmetry (16), we see that the identity (19) is
nothing but the duality (14).

5.5. Example. By applying the algorithm in 5.3 to Z,]im((?), 2); @), we have

ng((372)a®) = 7P <®_>TT—>T;®)

Q2D (Do @) =22 ((3,1): (1)
@ Zn(Dotts Do1) = Zy((3);(2))

0 Zrlim(@—m D) = ng(@); (2,1))
O 720 (@8 14) = ZP((1):(2,1,1))
Q20 (25 81) = 22,(2:(2,1,2))

and this proves
Cn,m<37 2) = Cm,n<27 1, 2)'
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6. HOFFMAN’S IDENTITY
Proposition 6.1 ([H3, Theorem 4.2]). For k € 1, (a > 1),

i) = Y L(ﬁf ) — G k). (20)

nk .
1<n < <ng<N

6.1. Connected sum. For k € Z and I € T, the connected sum Z¥P(k;1) ([SY2]) is
defined by

1 1
HD (7. 7\ . HD
ZN (kv l) — Z nky) -C (naaml) ) W
1<n; < <ng<my < <mp<myp 1 =N
Here, the connector is
C™ (ng,my) = (_1)%1(77%1)
Ng

and the connecting relation is n, < m;.
6.2. Transport relations. For kK € 7 and | € Z,, we have

ZNP (k1) = Z3° (s 1), (21)

ZHP(k_51) = Z8P (ks 1) (14 2). (22)

6.3. Algorithm. For each ZIP(k;l), we set rules as follows:

(i) If k € 7', then use the transport relation (21).
(ii) If k € Z\ Z' and k # (1), then use the transport relation (22).
(iii) If k& = (1), then stop.

Start from ZRP(ks; @) (k € Z) and transport indices from left to right according to
the above rules until the algorithm stops. Then, we have

ZN°(ky; @) = ZNP((1);: kY). (23)

6.4. Boundary conditions. For k € Z, we have
Z3P (ky; @) = Hy (k)
and
Z3P((1): k) = ¢ (k).
Therefore, we see that the identity (23) is nothing but Hoffman’s identity (20).



8 SHIN-ICHIRO SEKI

6.5. Example. By applying the algorithm in 6.3 to ZhP((3,3); @), we have
ZNP((3,3); 9 ) = ZN (D1o113 9)

D2 (Vg 2) = Z8((3,2): (1))
D200 (g @) = Z8P((3,1): (1, 1))
2 ZE (Wi 2) = Z8P((3); (2,1))
O 28 (113 cree ) = Z8P((2); (1,2,1))
O 28 ((1); corce @) = Z8P((1); (1,1,2,1))

and this proves
Hy(3,2) = (n(1,1,2,1).

7. CYCLIC SUM FORMULA

Proposition 7.1 ([HO, Theorem 2.3]). For a cyclic equivalent class v of an element of
7', we have

ko—2
D Gk =D Clppekyy), (24)
kea kea j=0

where k = (ky,..., k).

Proposition 7.2 ([KO|). For a cyclic equivalent class « of an element of Z, we have

ko—2
> (Goa(r) + ¢a (1B7) + i ( =Y > Galipckyy) (modp), (25)
kea keca j=0

where k = (ky,...,ky) and kK = (ka, k1, ... ka—1).

7.1. Connected sum. For k € Z, the connected sum Z$(k) is defined by

1
Z](\)/(k) = Z n(k) ’ Co(nlana)‘

0<ni<--<ng<N

Here, the connector discovered by Ohno is

1
0 o
C¥(n1,mng) = Ep—
7.2. Transport relations. For k € Z, we have
Zy(ky) = Zy (k) = Cy (k) (26)
23 (k) = Z2( k) + C(k-), (27)

Zf_l(ka) = Z;z?—1(<—k) +Cp1(By) + ¢ 1(R) + (i (k) (mod p). (28)
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7.3. Algorithm. For each Z9 (k) with k # (1), we set rules as follows:

(i) If k € Z', then use the case N — oo of the transport relation (26).
(ii) If k € Z\ 7', then use the transport relation (27).

Start from ZQ(,_k) (k € Z') and use transport relations according to the above rules
until the first value Z9(._k) appears again. Then, we have

Z9( k) = Z2 (k) + (L.H.S of (24) for the class [k])
— (R.H.S of (24) for the class [k]).

7.4. Boundary conditions. We need the fact that the connected sum Z2 (k) for an
index k one of whose component is greater than 1 converges instead of boundary con-
ditions (see [HO, Theorem 3.1]).

For k € Z, we can also prove the cyclic sum formula for finite multiple zeta values
(25) by using the transport relation (28) instead of using the transport relation (27) in
the above algorithm.

7.5. Example. For k = (ky,...,k,) € I, (a > 1), we set

k)= 2; Clay k).

Here, S(k) = 0 when k, = 1. By applying the algorithm in 7.3 to Z2(1,2,1,3), we have

79(-(2.1,3))

€ 20(10(2,1,3),) — (((2.1,3))
29 (1 (2,1,3)1) = (((2,1,3)) = (e (2,1,3),)
2 20((3,2,1)) +¢((3.2.1)) - 5(2,1,3)
2 Z20((1,3,2)) +¢((1,3,2)1) + (3.2, 1)) — 5(2,1,3)
79(1-(1,3,2),) = C((1,3,2)) + C((1,3,2)1) + ¢((3,2, 1)) — 5(2,1,3)
Z9(c(2.1,3)) + C((2,1,3)) — 5(1,3,2) +¢((1,3.2)1) + (3.2, 1)1) - 5(2,1,3).
This proves

C((2,1,3)4) +¢((1,3,2)1) + €((3,2,1)y) = 5(2,1,3) + 5(1,3,2) + 5(3,2, 1),

that is,

€(2,1,4) +¢(1,3,3) +((3,2,2) = ((1,2,1,3) + ¢(2,2,1,2) + (1,1, 3,2).

)

(11)
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8. HOFFMAN’S RELATION
Proposition 8.1 ([H1, Theorem 5.1]). For k = (ki,...,k,) € I, (a > 1),

a ki—1

-1
a1k D) = " (k) s (k). (29)
0

1= =1 j5=1

a

8.1. Connected sum. For k € I,, l € I, (a,b > 1), the connected sum Z%(k;l) is
defined by

1 1
Hig..1) — .CH o
ZH(k; 1) = > —ey O (e - —
0<n1 < <ng<m1<---<my,
Here, the connector is
1
CH(ng,my) ==
mip —nNg

and the connecting relation is n, < m;.

8.2. Transport relations. For k € Z, 1 € 7’ U {(1)}, we have
Z% (ki 1) = Z8 (ks 41) + C (ks 10), (30)
Dk i) = Z9(k; 1)+ C(k, ) (L4 (D). (31)

8.3. Algorithm. For each Z%(k;l), we set rules as follows:

(i) If k € 7', then use the transport relation (30).
(i) If k € Z\ 7' and k # (1), then use the transport relation (31).
(iii) If k& = (1), then stop.

Start from Z%(k; (1)) (k € Z') and transport indices from left to right according to
the above rules until the algorithm stops. Then, we have

a k;—1
Z8(k; (1)) = )+ Z Z C((kg) (s tryie k™) + Z (ke kYD), (32)
=1 j5=1 =1
8.4. Boundary conditions. For k € 7', we have
a—1 ' a—1 ‘
28 (k; (1)) = D Gk, kD) + D ¢k, k)
=0 i=0

and
ZM((1): k) = ¢( k).
Therefore, we see that the identity (32) is nothing but Hoffman’s relation (29).
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8.5. Example. For k = (ky,...,k,) € Il (a>1) and 1 <i < a, we set

a ki—1

=3 > k) 1y e KO

i=1 j=1

Here, H;(k) = 0 when k; = 1. By applying the algorithm in 8.3 to Z%((2,1,3); (1)), we
have

Z((2,1,3); (1))

8 Z9((2,1,3) ;10 2) + (((2.1,3),, 1. ©)

Z((2,1,3) 1511 2) + C((2,1,3) 1, 49) 4+ C((2,1,3) 4, 11 9)

D Z9((2,1); < (3)) +C((2,1), - (3)) + Hs(2,1,3)

2 Z9((2):0(1,3)) +¢((2),(1,3)) +C((2.1),  (3)) + H3(2,1,3)

L Z9((2)10(1,3)) + C(2)4 5 (1,3)) + (),  (1,3)) + (2. 1), (3)) + Hy(2,1,3)
= Z9((1);(2,1,3)) + Hi(2,1,3) + ((2),  (1,3)) + C((2,1),  (3)) + H3(2,1,3).

On the other hand, the boundary conditions are
ZM((2,1,3): (1) = ¢(4(2,1,3)) + ¢((2),4(1,3)) + ¢((2,1), 4
+¢((2,1,3)) +¢((2), < (1,3)) + <((
((~(2,1,3)). Therefore, we have
1(1,3)) +¢((2,1),1(3)) = H1(2,1,3) + H(2,1,3) + H3(2,1,3),

)

—~
=

(3))
2,1), ~(3))
and Z"((1);(2,1,3))
C(+(2,1,3)) + (( );
that is,
((3,1,3) +((2,2,3) + ¢(2,1,4) = ¢(1,2,1,3) + ¢(2,1,2,2) + (2,1, 1, 3).

9. SOME REMARKS

It is known that there exist various generalizations of each connected sum. For ex-
ample,

1 pn2 =N Ng—"n mi, ma—mi My—mp—1  _ro—r] Fe—Te_
1;11;2 ...Iaa a—1 y y . yb '22 ...ZCC c—1
Z n(ki)m(li)fr(ih)
0=ng<n1<--<ng
O=mo<mi<---<my
na+mb:T1<7‘2<"'<7’c§N
and
ng n ma2 mp 1 T,
Z :E2 .-.Z‘aa-y2 ...yb -zl -.-ch
n(ik)m(Ll)rh

1=ro<ri<---<r¢
re=ni<--<ng<N
re=mi<--<mp<N
give the shuffle product formula and the harmonic product formula for multiple poly-
logarithms, respectively. Here, x1,...,2q,¥1,...,Up, 21, . - ., 2. are suitable complex vari-

ables.
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We can also obtain a simple proof of the Ohno relation proved by Ohno in [Oh] by
generalizing the connector (15) as

[124; 2] [rmy; 2] T

—_— | <1, njx|:= 1—x) | .

menrer B RS CEES VB
Furthermore, we can get a simple proof of the ¢-Ohno relation proved by Bradley in [B]
by generalizing the above connector as

o ol ol (0 <a<1, el = [[(@—aw). [y = if) |

[na + Mp; :E]q i1

See [SY1] for details.

We can also prove other series identities by using dynamic proofs: the cyclic sum
formula for (finite) multiple zeta-star values (same as §7), Leshchiner’s identity which is a
generalization of the Apéry—Markov identity (Ono—Seki; unpublished), Zhao’s binomial
identity [Z, Theorem 1.4] which implies the two-one formlua (Yamamoto; unpublished),
the duality for MZVs of level 2 (Ono—Seki, Yamamoto; both unpublished), and the
double Ohno relation (Hirose-Sato—Seki; [HSS]), and so on.

Let’s find new connectors!
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