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1 Introduction

The crystals B(oco) B()) are, roughly speaking, a basis of the subalgebra U, (g) and irreducible in-
tegrable highest weight modules of the quantum group U,(g) at ¢ = 0, where g is a symmetrizable
Kac-Moody Lie algebra with an index set I = {1,2,---,n}, A is an integral weight [6, 8]. Since
then the theory of crystal bases has influenced many areas of mathematics and physics, e.g., algebraic
combinatorics, statistical mechanics, cellular automaton, etc. In order to apply the theory of crystal
bases to these areas, it is required to realize the crystal bases in suitable forms, like as tableaux real-
izations, path realizations, geometric realizations, etc. The polyhedral realization is one of descriptions
of crystal bases.

In [12], the polyhedral realization for B(oo) has been introduced as an image of ‘Kashiwara embed-
ding’ ¥, : B(oo) <+ Z°, where ¢ is an infinite sequence of entries in I and Z* is an infinite Z-lattice
with certain crystal structure (see subsections 2.2, 2.3). In the same paper, some set of linear functions
E, C (Q>)* associated with the sequence ¢ and the subset 3, C Z°° defined by

Y, ={x€Z®p(x) >0, Vpe=}
are treated. Then under some condition on ¢ called ‘positivity condition’, we find that Im(¥,) = %, =
B(o0), which implies that the crystal B(co) is realized as a polyhedral convex cone in Z°°. In [11], the
polyhedral realization for B(A) is introduced and an algebraic method to calculate it is found under
the condition on the pair (¢, A) called ‘ample condition’.

To confirm the positivity condition, ample condition for a given ¢, it is necessary to obtain the
whole linear functions of Z,, which requires a lot of calculations. So far, in [2, 3, 11, 12] it has been
shown that the specific sequence v = (- ,2,1,n,---,2,1,n---,2,1) satisfies the positivity and ample
condition for all simple Lie algebras and several affine Lie algebras.

In this article, we discuss the following two problems in the case g is a classical Lie algebra:

(1) Find a sufficient condition of the positivity condition and ample condition.
(2) Find explicit forms of the polyhedral realizations.

We will give an answer for (1) in Theorem 3.7, 3.11. As for (2), we will give an explicit formula of
the polyhedral realizations in terms of column tableaux in the case ¢ satisfies the sufficient condition
of (1) (Theorem 3.6, 3.11 and Corollary 3.8, 3.12). This is a joint work with Toshiki Nakashima in
Sophia university.

2 Crystal and its polyhedral realization

Let us recall the definition of crystals [7].



2.1 Notations

Let g be a symmetrizable Kac-Moody Lie algebra over Q with a Cartan subalgebra t, a weight lattice
P C t*, the set of simple roots {a; : i € I} C t*, and the set of coroots {h; : i € I} C t, where
I=1{1,2,---,n}is a finite index set. Let (h, A\) = A(h) be the pairing between t and t*, and («, 5) be
an inner product on t* such that (ay, a;) € 2Z>¢ and (h;, \) = %;’”—a)‘% for A € t* and A := ((hy, a5))ij
be the associated generalized symmetrizable Cartan matrix. Let P* = {h € t: (h,P) C Z} and
P, :={A € P:(h;,\) € Z>¢}. The quantum algebra U,(g) is the associative Q(g)-algebra generated
by ei, fi (i € I), and ¢" (h € P*) satisfying the usual relations. The algebra U, (g) is the subalgebra
of Uy (g) generated by the f; (i € I).

For the irreducible highest weight module of U,(g) with the highest weight A € P, we denote it by
V() and its crystal base we denote (L(A), B())). Similarly, for the crystal base of the algebra U, (g)
we denote (L(o0), B(o0)) (see [5, 6]). Let us € B(00), uy € B(A) be the highest weight vectors. For
positive integers [ and m with | < m, we set [[,m] := {[,I+1,--- ,m —1,m}.

2.2 Crystals

Definition 2.1. [7] A crystal is a set B together with maps wt : B — P, ¢;,¢; : B — ZU{—o0} and
éi,fi : B— BU{0} (i € I) satisfying the following: For b,b' € B, i,j € I,

pi(b) = £i(b) + (wt(b), hs),

wt(e:b) = wt(b) + ay if &(b) € B,  wt(f;b) = wt(b) — o if f;(b) € B,
(€i(b)) =€i(b) =1, wi(€i(b)) = pi(b) +1if &(b) € B

ei(fib) = &i(d) + 1, @il fi(h) = wi(b) — 1if fi(b) € B
(b) =b
(6) if ;(b) = —oo then & (b) = f;(b) = 0.

We call é;, fz Kashiwara operators.

The crystal bases B(co), B(A) are important crystals. Let us see another example of crystals.

Example 2.2. Let Ry := {ry} (A € P) and
wt(ry) = A, gi(ra) = =A(Ri), @i(ra) =0, &(rx) = fi(ry) =0.
Then R) is a crystal.

Example 2.3. For i € I, we set
B; :={(m)ilm € Z}

and define ¢, ¢;, wt, & and f; (j € I) as follows:
° gj((m)i) = p;((m)i) = —o0 (j #9),
o wt((m);) = may, £;((m)i) = —m, @;((m);) = m,
o &((m)i) = fi((m)s) =0 (j # i),

S (52) T (1) (00 T (1 (@)

Then B; is a crystal.



Definition 2.4. The tensor product By ® By of crystals By, By is defined to be the set By x By
whose crystal structure is defined as follows:

(1) wt(by ® b)) = wt(by) + wt(b2),
(2) 61'(1)1 & bg) = max(&?i(bl),ei(bg) — <hi,Wt(b1)>)7
(3) wi(br ®b2) = max(pi(ba), @i(b1) + (hi, Wt(b2))),

(4) é(bl ® bg) _ é’Lbl ® b2 if sz(bl) 2 Ei(bg),
! b1 ® é;by if \Pz(bl) < Ei(bg),
(5) f(bl 2 by) = ﬁbl @ibg if p;(b1) > g;(ba),
' b1 @ fibe if @i (b1) < gi(ba),

forie .

Definition 2.5. A strict morphism 1 : By — By of crystals By, By is a map By | [{0} — B2 | [{0}
such that ¥(0) =0 and for i € I, b € By,

(1) wt(1h(b)) = wt(b), €i(y(b)) = ei(b), wi(¥(b)) = i(b) if ¥(b) # 0,
(2) ¥(@(b) = &), L(fih)) = fi (D).
An injective strict morphism is said to be strict embedding.
We put
7% = A{x=(--- 24,73, T2, 21)|2x) € Z, 2 =0(l > 0)}

and fix an infinite sequence ¢ := (- -+ i3, 42,41) of I such that iy, # ixy1 (k € Zso) and ${k € Zsolir =
j} =00 (for any j € I).

We define a crystal structure on Z°° associated with ¢ as follows: One define the linear functions
ok (k € Zsg) as

O'k(X) = .77]€+Z<hik,0(ij>$j (kEZZl, XEZOO).

j>k
By z; =0 (5 > 0), the linear function o (x) is well-defined on Z>°. We also get
or(x) =0 (k>0). (2.1)

Next, 0 (x) := maxpez.,; i,—iok(x) (i € I). It follows from (2.1) that ¢()(x) > 0.
Setting ‘ ‘ ‘
M = MO (x) := {k € Zs,|ir = i, op(x) =D (x)},
by (2.1), _ _
max M@ < 0o & ¢ (x) > 0.
Now we define f; : Z° — Z> and &; : Z° — Z> U {0} as
(fz(x))k =Tk + O minM ()5
(€i(x))k = Tk — Op axers (o if o (x) >0, (&(x)):=0 if o(i)(x) =0.

We also define
wi(x) = — Z i),

JE€Z>1
(%) = 0 (x), @i(x) = (hi, wt(x)) + &i(x).
Theorem 2.6. [12] (Z°°, ¢, fi, €, @i, wt) is a crystal. We denote it by Z2°.



2.3 Kashiwara embedding and Polyhedral Realizations of B(c0)
Theorem 2.7. [7] For any i € I, there uniquely exists a strict embedding
U, : B(o0) < B(00) ® By, oo > Uoo @ (0);.
The map ¥; is called a Kashiwara embedding.
Using this theorem repeatedly, for a sequence 4;,--- ,i; € I, we obtain a strict embedding
Wi, iy s B(oo) = B(oo) @ B;, ® B;,_, ® -+ ® By

Let ¢ = (- ,i3,142,11) be an infinite sequence of I as in the previous subsection. Using Theorem 2.7,
we can construct a strict embedding ¥, : B(oo) — Z*° = {(--- ,a;,- -+ ,az2,a1)|a; € Z,a, = 0(k > 0)}
of crystals as follows:

For b € B(c0), taking m > 0, we get

Uipois () = oo ® (—am)i,, @ (—m-1)i,,_, ® -+ @ (—a1);,
with some a; € Z>o. Then we set ¥,(b) := (--+,0,0,am," - ,a1).

Proposition 2.8. [12] The map
U, : B(so) < 2%, C Z® (2.2)

is a strict embedding of crystals such that ¥, (us) = (--+,0,---,0,0).

Definition 2.9. The image Im¥, (2 B(c0)) is called a polyhedral realization of B(c0).

2.4 Polyhedral Realizations of B(\)
Theorem 2.10. [11]
(i) There exists a strict embedding of crystals Q) : B(\) < B(00)®@ Ry such that Qy(u)) = oo @7).
(i) The following map is the unique strict embedding of crystals s.t. g™ (upx) =(---,0,0,0) ® ry:
TN =0, @idoQy: B(\) = B(00) @ Ry < Z® @ Ry =: ZZ|)].

Definition 2.11. Im\I/E)‘)(% B(\)) is called a polyhedral realization of B(\).

We identify Im\I/fA) as a subset of Z°.

2.5 Calculations of Polyhedral realizations for B(oo)

Let us consider the infinite dimensional vector space
Q*:={a=(-,ag, - ,a2,a1): ax € Q and ay = 0 for k> 0},

and its dual space (Q*°)* := Hom(Q>,Q). Let zp € (Q>)* be the linear function defined as
xp((---,ak, -+ ,az,a1)) = ay for k € Z>1. We can write each linear form ¢ € (Q*)* as ¢ =
> ok>1 PRk (vr € Q).

For the fixed infinite sequence ¢ = (i},) and k > 1 we set &(*) := min{l : [ > k and i}, = i;} and
k) = max{l: 1 < k and i;, = 4;} if it exists, or k(=) = 0 otherwise. We set 8y = 0 and

Br=ap+ Yy (hi.ou)zi+ a0 €(QF)  (k>1). (2.3)
k<j<k(H)



We define the piecewise-linear operator Sy = Sj, on (Q*)* by
© — Kb if ¢ > 0,
Sk(p) = : (2.4)
©—@rBrcy ifor <0.
Here we set

B = {Sjl “++ 55,55, T, [1=0,70, 41, 1 = 1}7 (2'5)
Y, = {x€Z®cCcQ®|p(x)>0forany p € Z,}. (2.6)

We impose on ¢ the following positivity condition:
if K(=) =0 then ¢y > 0 for any ¢ = >, pr7i € =, (2.7)

Theorem 2.12. [12] Let ¢ be a sequence of indices in the subsection 2.2 satisfying (2.7). Then we
have Im(¥,) (= B(x)) = X,.
Example 2.13. Let g be of type As and ¢ = (---,2,1,2,1,2,1). It follows 1= =27 =0, k= >0 (k >

2). We rewrite a vector (--- ,xg, X5, T4, T3, T2, T1) as

(' o 7x3,23x3,17x2,27‘r2,17:€1,27x171)7

that is, x9;—1 = 21,1, 2 = 712 for | € Z>1. Recall that positivity condition means that the coeflicients
of 21 = z1; and 22 = x12 in each ¢ € =, are non-negative. Similarly, we rewrite Sy_1 = S;1,
So; = Sj2. For k € Z>1, the action of the operators are the following:

Sk,1 Sk,2
T & Th2 — Thal,1 = —Tht1,2,
Sk+1,1 Sk+1,2
Sk,2 Sk41,1
Tk & Tht11 — Thil2  — —Tki21,
Sk+1,2 Sk+2,1

and other actions are trivial. Thus we obtain

E =A{Tk1, Tho — Thi1,1, —Tht1,2) Th2s Thil,l — Tht1,2, —Tho,1|k > 1}

Note that the coefficients of 1,1 and 12 in each ¢ € E, are non-negative. Therefore ¢ satisfies the
positivity condition (2.7) and it follows from Theorem 2.12 that

Im(¥,) =%, ={x € Z>’|p(x) >0, Vo€ =}
For x = (--- ,232,%31,%22,%21,%1,2,211) € Im(¥,), combining the inequalities z1 > 0, —Tp121 >
0 (k > 1), we obtain zx1 = 0 (k > 3). Similarly, by zx2 > 0, —xk+1,2 > 0 (k> 1), we get x 2 =0
(k > 2). Hence, we obtain

Im(\IJL) =3, = {X S Z?O|$k+111 =ZTk2 = 0 for k € ZEQ, x1.2 > T2 >0, Ty, > O}

Example 2.14. [11] Let g be of type As and ¢ = (---,2,1,2,3,2,1). We obtain

s s Ss
1 D —ws g a9 3 w5+ a3 3 —w4 + 23 — 29 + 21

Thus, —x4 + x3 — z2 +x1 € =, and 2= = 0. Therefore ¢ does not satisfy the positivity condition.



2.6 Calculations of Polyhedral realizations for B(\)
e Let B, ](c_) (k‘ S Zzl) be

Br = z) + Z (hiy, i )oj + Tt
k<j<k+

/3(_) — Tp— + Zk—<j<k<hikvaij>xj +xr =B if k7 >0,
¥ _<h‘1k)\> + 21§j<k<hik?aij>‘rj + Tk if k= =0.

e For ¢ = S cpap, + ¢ (X epay, € Homy(Z®,Z), ¢: constant term) and k € Zs;, we define Sg(p)
as

5 p—cxfr  ifer >0,
Sk(p) = P 0
© — ek if ¢, < 0.

For t = (--- ,ig,49,41) and i € I, let ¢ := min{k € Zs|ix, = i},
A = (hi, Ny = D (i o) — 0.
1<j<e®
N = {8, - Sj ol > 0,50, 41,55 > 13 U{S), - S5, D1 > 0,51, 50 > 1, i€ I}
Definition 2.15. [11] If
(+--,0,0,0) € {x € Z*N]Jp(x) = 0, VY € E,[A]}
then we say the pair (¢, \) is ample.
Theorem 2.16. [11] If the pair (1, \) is ample then
Im(TM)(= B(V) = {z € Z%N|p(z) 20, Vp e S}

2.7 Infinite sequences adapted to A

Definition 2.17. Let A = (a; ;) be the generalized symmetrizable Cartan matrix of g and ¢ a sequence
of indices in the subsection 2.2. If « satisfies the following condition, we say ¢ is adapted to A : For
i,7 € I with i # j and a,; # 0, the subsequence of ¢ consisting of all 4, j is

(o 8,0,6,0,6,0,4.9) or (-, ,4,0,4, 7,4, J,9).

If the Cartan matrix is fixed then the sequence ¢ is shortly said to be adapted.

The notion of ‘adapted to Cartan matrix’ is similar to the one of ‘adapted to a quiver’ in [1].
Example 2.18. Let us consider the case g is of type Az, v = (--+,2,1,3,2,1,3,2,1,3).

e The subsequence consisting of 1,2 : (---,2,1,2,1,2,1).

e The subsequence consisting of 2, 3 : (---,2,3,2,3,2,3).

e Since a; 3 = 0 we do not need consider the pair 1, 3.

Thus ¢ is an adapted sequence.

Example 2.19. Let us consider the case g is of type Az, ¢t = (---,2,1,2,3,2,1), which is the same
setting as in Example 2.14. The subsequence consisting of 1, 2 is (---,2,1,2,2,1). Thus ¢ is not an
adapted sequence.



3 Tableaux descriptions of Polyhedral realizations

In this section, we take g as a finite dimensional simple Lie algebra of type A,,, B,,, C,, or D,,. In the
rest of article, we follow Kac’s notation [4].

3.1 Tableaux descriptions of Polyhedral realizations for B(co)

In what follows, we suppose ¢ = (- ,i3,12,11) is adapted to the Cartan matrix A = (a; ;) of g. Let
(Pi,j)i#j, a; j#0 De the set of integers such that

- J 1 if the subsequence of ¢ consisting of i, j is (-, 7Jy1,7,4,4,1), (3.1)
Pig 0 if the subsequence of ¢ consisting of 7,7 is (--- ,4, 7,1, 7,4,7). '

For k (2 < k <n), we set

P(k) = {Pz,l +p32+-+Pn2n-3+Pan-2 if k=nandgisof typeD,,

P21+ P32+ Pa3z+ -+ Dkt if otherwise,
and P(0) = P(1) = P(n+1) =0. For k € Z>1, we rewrite xy, ) and S in 2.5 as
Tp = Tsj, Ok =355, Br=7P0s; (3.2)
if i, = j and j is appearing s times in 4y, ix_1, -+ ,41. For example, if t = (---,2,1,3,2,1,3,2,1,3)
then we rewrite (--- ,z¢, 75, T4, 73, T2,71) = (- ,T2,2, 2,1, T2,3,T1,2, 1,1, T1,3)-

Remark 3.1. Note that the positivity condition (2.7) implies that for T € =, the coefficients of x1 ;
(j €I) inT are non-negative.

We will use the both notation zj and z, ;.

Definition 3.2. Let us define the following (partial) ordered sets Ja, Jg, Jo and Jp:
o Jpn:={1,2,---,n,n+ 1} with theorder 1 <2< ---<n<n+1.
o Jg=Jc:={1,2,---,n,m,- 2,1} with the order

1<2<-.<n<nu<--<2<1.

e Jp:={1,2,--- ,n,m, - ,2,1} with the partial order

1<2<--<n—-1< 2 <n-1<---<2<1.

For j € {1,2,--- ,n}, we set |j| = |j| = j.
Definition 3.3. (i) For 1 <j<n+1 and s € Z, we set
A 00\ *
S = Toyp(j)g — Ts4+P(-1+1,5-1 € (QT)",

where Tp,,0 = Tmny1 = 0 for m € Z, and x,, ; = 0 for m € Z<g and i € I.

(ii) For 1 < j <mn and s € Z, we set

—B
s = et p()g — Tsrp(i-1)+15-1 € (QF)7,

o\ *

B
S =Tt P(j—1)4n—j+1,j—1 — Ts+P(j)+n—j+1,j € (Q>)*,

where x,, 0 =0 for m € Z, and ,,; = 0 for m € Z<p and 7 € I.



(iii) For 1< j<mn—1and s € Z, we set
- xs+P(n—l)+l,n—l S (Qoo)

€ C
S =Ty P(j)g — TstPG-DH+Li—15  [1]y = 2TstP(n),n
C

C
5 = ajs—i—P(n—l)—i—Ln—l_2xs+P(n)+l7n7 :
s
—— C
00
= Ts+P(n),n (Q )

where x,, o = 0 for m € Z, and xm7i:0formEZ§0 and ¢ € 1.

00\ *
= Ty P(j—1)n—jt1,j—1—TstP(j)+n—j+1,5 € (Q7)7,

(iv) For s € Z, we set

D 00\ *
[7] = Zerrws — TsrpG-nt1i-1 € (@)

n $5+P(n—2)+17n—2 € (QOO)

(1§]§n_27]:n)7

= xs+P(n—l),n—l - I5+P(n)+1,n S (QOO)*v

*
= xs-{-P(n 2)+1,n—2 — ws—i—P(n—l)—i—Ln—l - $5+P(n)+1,n S (Q ) )

@), 1<ji<n-=2),

= TstP(j-D4n—j.j—1 ~ Ls+P(j)+n—j.j €

71, = reerinn € (@),

where x,,,0 =0 for m € Z, and z,,; =0 for m € Z<g and i € I

These boxes are related each other via operators Sy (k € Z>1)

s+P(2) s+P(3) 3 5+P(n)
[1], CI‘CI - ) fe—
Ss+1,1 SstP(2)+1,2 Ss+P(3)+1,3 Ss+P(n)+1,n
For X =B or C,
SetpP(2),2 SstpP@3),2 Ss4P(n),n
3 /\
~
Set1,1 s+P(2)+1 2 S5+P(3)+1 2 Ss+P(n)+1,n
Ss4P(n—2)42,n—2
S T e - S 1
ny [ R i
Ss4P(n—2)+3,n—2
Ss4P(n—1),n—1 \
D S Afnl)+l n—1 D D
= =
~— n- ~ e
'S S S
Ss+1,1

Y\Tn)

Ss+P(n)+1 n



Definition 3.4. (i) For X =A, B, C or D,

/X

j_; = ;X + 5+1 + .- +j+k—2 +Z(+k_1 c (QOO)*
k—1

B

(i) For X = A, B,

Tabx, := { kel ji€Jx, s>1-P(k), (*)i},

R 1<ji<jo< - <jp<n+l,

(5)B - 1<ji<jo<---<jip<1 for k < n,
Prl<h<i <o <in <TGl # liml (1 £m) for k=n.
. C leJCU{7l+1}7j27“’7jk€‘]07 _
Tabc,, :{ |[if ji#n+1lthenke[l,n—1]1<j <jo<---<jr<1l, s>1-DP(k), }
if jj=n+1lthenkc[lin+1], n<jo<---<jp <1, s>1-P(n).
TabD,L::
jlEJDU{n_Fl}vav"'vjkEJD’
if j1#n+1thenke[l,n—2]and j1 # jo -+ % jr, s>1—P(k), )

| if jj=n+1andkiseventhenk e [l,n+1], n<jo< - <jp <1, s>1—P(n—1),
if j=n+1and kisoddthenk e [l,n+1], n<jp<-- - <jpr <1, s>1—P(n).

Remark 3.5. Similar notations to Definition 3.3 and 3.4 (i) can be found in [9, 10].

Theorem 3.6. For X = A, B, C or D, we suppose that v is adapted to the Cartan matriz of type X.
Then
EL = Tabx_,.

The following theorem implies that the condition of adapted is a sufficient condition of the
positivity condition.

Theorem 3.7. In the setting of Theorem 3.6, v satisfies the positivity condition.

We get an explicit form of the polyhedral realization in terms of column tableaux.



Corollary 3.8. In the setting of Theorem 3.6, we have

Im(¥,) = {a € Z|p(a) > 0, for all p € Taby ,, am; =0 for m >n, i€ I},

)

—X
where Taby | := { € Tabx,|s < n}.

i,
Example 3.9. Let g be the Lie algebra of type Az and ¢ = (---,3,1,2,3,1,2). The sequence ¢ is
adapted to the Cartan matrix of type As. We get pa1 =1, ps2 =0, P(2) = P(3) =1 and

Taby, = {|521,j€[1,4]}u{

s >0,
1<i<j<4.

A
i | ‘SEQ }
j 1<i<j<k <A

S

= {1, Toq1,2— Toq1,1, Tog1,3 — Tsq2,2, —Tst23|s > 1}
U {l‘s+1,2= Ts41,3 — Ls42,2 + Ts+1,15, Ts+1,1 — Ls+2,3, Ls+1,3 — Ts+2,1,
Ts42,2 — Tst2,1 — Ts42,3, —Tsy3,2|s > 0} (3.3)
U {Zs113, Toy22 — Tst2,3, Tog21 — Ts43,2, —Tst3,1|5 > 0},
By Theorem 3.6, we have =, = Taba,. The explicit form (3.3) means ¢ satisfies the positivity

condition. Hence,
Im(¥,) =%, ={x € Z> |p(x) >0, VpeE}

For x = (--+,223,%21,%22,%1,3,21,1,%1,2) € Im(¥,), combining inequalities z,; > 0 (s > 1),
—Zs+31 > 0 (s > 0), we obtain xs131 = 0 (s > 0). Similarly, by s+1,2 > 0, —Zs432 > 0 (s > 0), we
get o432 =0 (s > 0). We also get x5423 =0 (s > 1). Hence, simplifying the inequalities, we obtain

Im(\IlL) = {X S Z?O‘.’I)SJ = Ts,2 = TLs,3 = 0 for s € Zzg, Tg2 — X2,1 > Z2.3 >0,
T13—T22+ 211 >0, 11 >223>0, x13 > 221 >0, 12 >0}.

Example 3.10. Let g be the Lie algebra of type C3 and ¢ = (---,3,1
adapted to the Cartan matrix of type Cs. We get pa1 =1, p32 = 0, P(

s >0,
1§i<j§I}U

C —C
k2 1<i<Tro ]
) ],

Tabc7b

= {Zs1, Top1,2 — Tot1,15 2Let1,3 — Ts12,2, Ls42,2 — 2Le423, Lst2,1 — Lst43,2, —Lst3,1]8 > 1}
U {Ts11.2, 25413 — Ts42,2 + Tot1,15 Tst1,1 T Tot2,2 — 2T542.3, Tst1,1 + To42,1 — Ts43,2
Ts41,1 — Tst3,15 2T541,3 — Tep2,1, 2Te422 — Tsy2,1 — 2T542,3, L5422 — Tst3,2,
Ts+2,2 — Ts+2,1 — Ts+3,1,
25423 — 2Ts432 + Tsy21, 2Ts423 — Tsy32 — Ts13,1, Ts42,1 — 2T543,3, (3.4)
Tot432 — 2433 — Tsy3,1, —Tsta2|s > 0}
U {$s+1,3, Ts42,2 — Ts+2,3, Ts+23 T Ts+2,1 — Ts+3,2, Ts+2,3 — Ts+3,1, Ts+2,1 — Ls+3,3;

Ts43,2 — Ts431 — Ts43,3, Ls43,3 — Lspd,2, —Tsya,3|s > 0}.
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By Theorem 3.6, we have =, = Tabg,.

The explicit form (3.4) means ¢ satisfies the positivity
condition. Hence,

Im(¥,) =3, ={x € Z>’|p(x) >0, Vo€ =}
Simplifying the inequalities, we obtain
Im(¥,)
{(X€ZZ|xs) =252 =253 =0"For s € Z>y, x32>x071 >0, 233> 232 > 231 >0,
3,2 — 2233 >0, 2013 — 222 + 71,1 > 0,
T1,1 + X2 —2w23 >0, 11 +221 —232>0, x11 > 231 >0, 2213 —221 >0,
299 —x21 —2x23 >0, 22 — 232 >0, 22— 221 — 731 >0, 2x23 — 2232 + 72,1 > 0,
293 — w32 — w31 >0, xo1 — 2233 >0, w30 —2w33 — w371 >0,

Too — 23>0, To3+ 21 —232 >0, T23>x31 >0, T21 >233>0, v32 — 31 — 233 >0
212 >0, 213> 0}.

3.2 Tableaux descriptions of Polyhedral realizations for B(\)
For k € I, we consider the following two conditions:
(1) k <nand ® > D (2) k> 1 and %) > k-1,

For k € I, we set

TabA,L,k[)\] =
{—z16 + (N h)} if (1), (2) do not hold,
{. Sk +Nhp)k+1<t<n+1} if only (1) holds,
.. k41 1 prr 1y 1< 4
(Ve skt L b o pge e | LST0< e o) ol
+ (X, ) <jr-1<k

{ls - ajk]_p(k_l) + MNhp) 1 <ji1<--<jr<n+1, jp >k} if both (1) and (2) hold.
For ke {1,---,n—1},

{216+ (N A} if (1), (2) do not hold,
(] pessy T M hlk+1 <t <T) if only (1) holds,
Tabg, k[\] := { {t] Plh—1)—nik T (X hi)k <t < T} if only (2) holds,
{ 1, 5 Jkl=Pe—1) | J1 <+ <Jk, }if both (1) and (2) hold,
+(A, hi) Jk >k, ji€Js
{—=210 + (X )} if () < (=)
TabB,L,n[)‘] = N

{[jh U 7jn]—P(n—l) + </\7 hn>| Jn>mn, Ji € JB } if L(n) > L(n_l)'

il # |ml| if L#m
For ke {1,---,n—1},

{216+ (N he) } if (1), (2) do not hold,

{{t], pesny T ARk +1 <t <T} if only (1) holds,
Tabc, k[A] = {._P(k Hnir T hk>|E <t<T1} if only (2) holds,

{ [.717'.' 7]k] P(k 1) | jl < <.]k7 } if both (1) a111(1 (2) h01d7

+<)\,hk> jx >k, j; € Jo
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{=21,n + (A hn) } if () < ()
2<s<n+l,
{In+ 12,y ds) Py + Nh)| T<jo <o} if oW > (07D,
<Js <1

Tabqbyn[/\] =

For k € {1,2,--- ,n — 3}, we set

{=216 + (N h)} if (1), (2) do not hold,
{.1 pet1) T + (N hi)k+1<t<T} if only (1) holds,
Tabp,, k[\] := {.1 Pk—1)—ntk + (N )|k <t <T} if only (2) holds

. . -i e J s k< R .
(U, dklimpsn + O )] 705 PSR i both (1) and (2) hold.
J1 2 ;7_‘ Jk

For t € {n —3,n — 1,n}, we consider the following conditions:

C, 1D < 1 (n=2) holds, Cy 1) > (n=2) holds.

TabD,L’n_Q[)\] =
{_xl,n—2 + <>\7 hn—2>} if 671—37571—175717
{A(H_Q)v —Z2,n-1 + <A, hn—2>} if 571_3,0"_1,5"’
{)\(H_Q)» —T2n + <)\7 hn—2>} if 571—37671—17 Cnv
{.1}%l$+@hngm?§<t<n ﬁ€W$thCm
]y + Ahn2)ln—1<t<T, t€Ip} if Crz, Cre1, Co,
3<s<n+1, sisodd,
[n+17j27"' 7js]—1—P(n—2)+<)\7 hn—2> if s =3 then j3 Zn—Q, if Cn—37Cn—1»5n7

m<ja<--<js<1

2<s<n+41, siseven,

[m,jz, e ,js]_l_p(n_Q) + (A, hp—2) | if s =2 then jy > m, if Cn_g,ﬁn_l,cn,
N<jp< - <js<1

J1s »Jn—2 € JIp,

[jl: to ,jn—Z]—P(n—Z) + <)\ahn 2 .71 z z ]n 2 if Cn—3,cn—lacn,
]n—2 Z n— 17
{—Z1n-1+ (X hn-1)} if Cp_1,
2<s<n+1, siseven,
TabDLn—l[A] = — . . j2"" ’js S JD7 -
v Tl—|—1, sy Js|—P(n— +)\vhn— / - if Cn )
R O R el IS AR S | b
if s=2thenjo>n-1
{210+ (N ha)} it C,,,
<s< 1 is odd,
TabD,L,nP\] _ o . ??_s_.n+ , s is odd, ._
[n+17]2a"' 7]5]—P(n—2)+</\,hn> J2s s s €Jp, if Cp,.
M<ja<- <js<1
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For X = A,B,C or D, we set
Tabx , [\ := (U TabX,L,k[,\]) U {0}.
kel

Theorem 3.11. Let g be of type A,B,C or D. If v is adapted to the Cartan matriz of g then v satisfies
the ample condition and we have

=, [)\] = TabX’L[)\] U Tabx,,.
Corollary 3.12.

Im(TW) = {z € Z®|p(x) > 0,Yp € Tabx [\ U Tab¥ ,, Tm:=0 (Vi € I,m >n)}.
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