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1 EL®HIC

A%, Qiangian Yang & (FFERIAEAKY:) & OHLFEMFLFEIZED L.

BRHERZRHGEE 2 HTE LD THRAONTE VHEESHI NV, AT EZEL THFIX
TR ZEKT 5.

VEeDEHRELGATDBLY 27 ) VI OMBEL DBGRERAN, FHxDH O MEHEEZHRT 5.
IEDEER s I LT, ¥+ L s-integrable TH 5 L%, 2 IEDEELE n DFHEL T /s LDBZ"
DT ERABIZHRDZeTHD. V=7 ) I OMEDRHAEGE L UTROMEND > 7= :
TRTOEHRBD L EOIFABHD 2T TCRIND LD EDVFEHET D0, TDXI72kEH &
SEATHRTHLILENIT Iy VadWTHERE LT TWS. ZOMED KL
LT, Mordell KIZ—XKERRY =7V > 7 OM#EE L TW5. BRI, EEHE 2EET
&, n 8 (EE) BEAH RIEAD kHEOBHAE - READFHOMTREINDS &S
kP EETEREVWOSHETH S, HlZIL, 336% + 22129 + 23 = 223 + (1 + 22)2 1Z 3 DD —IX
ERDFEHDFTHB. T T, n>6DGEIXEMEBEIRE IRIE DV FEICEBRE—RELX
@ﬁﬁ@ﬂﬁ%ﬁéti@@&bﬁk&aé%tm.%of,%@;5&%3%%0:m%ﬁt
o TR =7 ) V7 DME%2EZ 20 ENDH D, —FT, LEDIEEBEERE—IRE
RFICRUTHFOREVWEER s 23832 T, “KER sf IZBEBRE—RERDT O THK
BRI ENHONTWS, TDH, XA sfIZHUT BRI Y =7 ) V7 ORMEEZ % 2
52 ENHKS. THEARERECEEZD, B2 FROMEICEH U - EEE s ITHULT, s
£ U CTHBBURE I RDF /ORI TREZR W & S R IEMEBEAER —READ & DEHOM[EEL
DE/MEZRD &, FlB/MEZEZA D &5 " RER 2 08 L. FRREMEBEGRE LA
CEIE DX S, EBH s LEBURB - RIER f2EET 2 &, KB f PEBURE—
KIEADE/DOMTHDZ Ll fITHnd i&F M s-integrable (27225 Z L IEFAMETH L. ZD7=
¥, non s-integrable ¥+ (Z-HIfEEL LTD) BEOBR/MEZ ¢(s) T2 L&, HxDHSMHE
BIRDESIZESHMZIDZIENTED : ¢(s) ZIREL, TNEE X5 & 574 non s-integrable 1%+
T RE &

DE, BATEEZEN U ERERZ B RIZAR RS, Conway K& Sloane KiZ k> T, ¢(1) =
#(2) =12, ¢(3) = 14 [2, Theorem 1] 7R E DRI NTWVWS. L2 L ﬁkiw)%&mfév
tﬁ%b<,sZ4@ﬁi&méMTmam.ﬁbi¢(%4m%&m75tbt,%ﬁlU%F
D134 T 2-integrable [2, Theorem 2] TH 5 Z & %/~ U, FEE 12 D non 2-integrable ¥+ % 2 D
BRNZ G- 2 72, (EBEOFRIZEM 3.2 22M.) %51, /N2 12 O non 2-integrable &+
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XZD2DIZRBD TRV ERRT W, UL, FL IS ORRIEIZR S WHZIz =D
MUNR® DR D72, B33 TRIFER UK FZHRL, €455 non 2-integrabile TH 5 &
FiRT 5D, ZTOIEHIX4ENS 6 ETTbNS. £/2EM 3.5 T, FHBEFHPBNTHE I L
Z¥IET S, ZOIFHIE, TETRFOMDAAMBEZEAL, FORALELTEZLNS. 20D
¥, AR THWZFEIZ L > TX 57 507 non 2-integrable {& 7285 Z L AEEL WZ L £ 5t
HT 3.

2 WBFICEET DHEBEDODES

FIn A2 EERETE. Z0rE, BF (lattice) ZIZR" DMHES L THY, HdIEEK
E<n& ML itu,. .., uy WIFAELUTC L =Z2u1C - - © Zuy, 2723 HDTHS. 7B
FLik, 2 CONBEIHEICEBTHE L5 BB THS. F L CRIZHLT, TORE L 13T
BEDLDILEDANEIEBIZHEE L5 QLD TR THS. X612, #&F L D discriminant &
X, BIREEL /L OMETH Y, discL eRIND. HLdiscL=1%61F, LIFA=EYa175—T
BBV, BFLORN/ IIVLEIX, HEBERZMVDO ) VLADOR/NMETH D, min L TEIN
5. BT LOWMOIKEF MIZRHLT, MIZERS S LOWAKTLLIE, MOLEOTTLERTS
Loxekthy, M+ eRIhb.

3 ERER

RDFEFHZD N T, Conway K& Sloane K7 ¢(2) = 12 ZFEHHT B 72D IR L 72187 L B4 H°
TR UK T 2N T 5.

T30 EEEn ST LT, A, = {2 €2 | (z,e) = 0} BEVAL = (A, [4]) £ T 5. 7272
L, e @EHPETLIORY MLERL, 4] @IKOAZ MLTEHING

(4,4,4,4,4,4,4,4,4,4,4,4,-12,-12,—12,-12) /16 € R'S

HOAAMERDILHE U TR T4 THERONS X512, BEE 12 D non 2-integrable #& 13 /F4E 9
572 51F Afy DI HET 12725, Conway K & Sloane K2 & 2IXDOFERIZZOIFENE G A 5 ¢

EH 3.2 (Theorem 14 [2]). ¥+ A, AT, (HDEEITIET D) 7 F L1551 LT

3.1

NN W
N W
W NN

% H DML M 2TRICL 5. ZOBF M IZERT 2 Al DS+ ML IEBE# 12, discrim-
inant 7 %> non 2-integrable TH 5.

MAT, BH32IZHT 2T M T Aut(AL) DIEAZBRVWTH LS 2D0ThHY, ThTh
WCHERT BT Lig & Ly FFEFRUTH L EBRENT WS, T 5FH < OFHRIE, RDED
Izt R s



EHE 3.3, HAMERE Aut(Afy) DIEAZRWT,

3.2)

S N W
S W N
w o O

% 7T LTFNZH D Ay DEDEAE (a,b,¢) & (a,b,d) DATHS. 772U,

a:= ;l(—:a, ~3,-3,-3,1,1,1,1,1,1,1,1,1,1,1,1) € A%,

b= i(—?,, ~3,-3,1,-3,1,1,1,1,1,1,1,1,1,1,1) € Af;,

¢i= }1(—3, 1,1,1,1,-3,-3-3,1,1,1,1,1,1,1,1) € Af;,

= i(l, 1,1,-3,-3,-3,-3,1,1,1,1,1,1,1,1,1) € Ajs.
X 51z, HFRBRES (a,b,c)t & (a,b, )T IXBEE 12, discriminant 15 %> non 2-integrable T
H5.

IEREE s 128 LT, non s-integrable #& I3 BUCAFIET H. £ T, IRTED 5N DH/NRHE
FAEFZARDZ L THHEEAAT .

EHE 34, FE s 2EETSH. ZTDEE, non s-integrable 1§ L BN TR W& X, H 5 EEE
m ERET M PFEIEL, LIZM LZ")\/sIZEENIHT L LRBNDOL ¢ M MBEb o>l e
Thsb.

JATWISE L U T, Ko Kl 8 ¥RJt £ TODHE/N non 1-integrable &+ 1% Eg, E7, Egs TH 5 Z & % FLHH
LTW3[56,7]. %7z, Plesken KIZ & 5 DiAAM %2 W/ fELFEHARM S T W5 [8].
B2 TN U CIRDAEE R %2 1577

EIE 3.5. B 12 @D non 2-integrable 1 L 2WUNTH 5 Z & D T3 &MFIFIRD T N D72 X
N5 Ths:

(1) disc L =7,
(2) min L* > 16/15 % disc L = 15.
Friz, T 3.2 LEM 3.3 TEZ 515 4 DD non 2-integrable ¥ 2 THU/NTH 5.

Z Z TR U 72 AAA DO RUN 72 BE# 12 O non 2-integrable #& 7 2MZEAEMEILHE 6 M2 TE TV,

4 HBFAL OMEE EIE 3.3 0D LR

FEHL 33 DEPEDEIRIE, 77 LFHE UTHTHI 32) 21D Al, DR D FOIRETHD. Z
D FikEBIHT 272002, EHRHEEE W OPBNT D, 16 YOHFREE Si6 1XERIC Al IT/EH
U, Aut(Afy) = (—1,516) TH5. F7z, HERDIHEEiy,... 04 € {1,...,16} I LT,
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LEDD. 72U, e FEABRTIORT ML, e idj BHDOBEAH 1 DO WS H0 DR
MLZEFRT. HE7ZEE T,

T:={zeAfy| (z,2) =3} ={Fer | I C{1,...,16},|I| = 4}
THDIENHNE. 61T, BEADIJC{l,...,16} T LT
(er,e5) = =1+ [INJ|

AN R RVASH

KB, TH I3 OHEOTRZHPO L. HIb, 77 LG5 & LTI 32) &6 21+
Aut(Af) DIEFZRNT, (a,b,c) & (a,b,d) THDZ L% /RT. 1751 (32) 27 F LfTFl& LT
5227 My, z e A ZETHEE . £9, Aut(Af;) ~ (—1,556) 1/ VA 3R b
LVERDOEET C Al ICHEBIIZERTS. 5T, 2 =234 = a EIRELTLWV. 5
(z,y) =2 &0, y=e1235 =b& LTIV, RRIZ, (2,2) = (y,2) = 072D z D&Y ST,
Aut(Afy) DIEFZ RN T

/
z=e1678=C& 2=-e€4567=C

D2 THY, FMLEDKERNPESNS.

5 s-integrablity @ F{& 54
T D s-integrability Z FEHH T 5728, SWIFEIAECHE T 572D ICAMEREZEXRS.

EFZR S5 FEH s 2FEETS5. FEE L < mIZHLT, R" 256 ZD n IR ZEFANDER
e plBL. TOLE, p(s-e1),....,p(s en) MORDLZEELELE%Z (nRIT) AT —ILsD
eutactic star &\ 5.

%8 5.2 (Theorem 3 [2]). [FEEM s ZFHET 5. B n DT L 7 s-integrable TH 5 Z & DHE
+ &L, FORE L* DS n IRGGAT —)b s D eutactic star 2 5HZ L TH 5.

B2 5 N7 R7 U eutactic star TH D DMNIIRDFHEIZ L > THIHTE 5.

8 5.3 (pp. 215216 [2]). N7 bV sy, ..., 5, € R DX nIRIEAT — )b s D eutactic star % %3 Z
EDRBBEAIERME, FEDOweR" ITHLT

m

Z(w,si)2 = s(w,w) (5.1)

i=1
MDD L THD.
S E 5.4. Conway [ & Sloane [KIZEHE 3.2 125 W TH D non 2-integrability % iERA 9 % 7212,
W 5.2 LliES3 2 AW, £9, #ifH5.212X 5T, non 2-integrability % A — )L 2 O eutactic
star DIEFLEMEIZIRAE U7z, £ D&, eutactic star BFIENFET D LIRETH L, TN ol (5.1)
BRI NI L EWEY R T AMNR Mbw & b2 TREBAL, fiE 531280 FEZ2E7-.
ZOE, TAIRZ MLDE Y HFERTH>7H, (5.1) D7z I iy 2 L IZEHITIIED 2
W, MAT, BFICEoTCRLRIZZBMVPDETH 72, ARTIE, TH 33128124+ 5 non
2-integrable TH % Z &L DIEHHDOBIME 2 52 503, F -7z < [FkD /1L T Conway [ & D23 non
2-integrable TH 5 Z L HFFHTE 5. FRZ, BIZGZA2HE6212X>T, TAMRIZ MLD L
DHRHBERZMEZTNEDINE VI ERIFAEIC LS. F72ME 621X 3 2DREZEHT S
N, ERITHERVSBER 2 DDREIX Conway KO DFEHHTHMBETH D AEAZ EHEIZ L7,
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RIZR R BB & - T, s-integrable 72 £ 5 M HIE T 2 MBI AR AROIEABBIREDOH
BIZFESIND. o T, AREXRRDEZHEDPDZLVWEEIFI L Ea— X THHITEZ LTSRS,
FERBUZ FEEBLDE 2 B #+D non 2-integrability (X, 702 F I V2 Z5E Magma [1] % W CTHED
Dz, —~RITKIESTEARDLEENE 22541, BBGEHEFEY )L X—0 SCIP [4] 2 I\ 5%
ZECEEDARRIZR DA H 5. ETROMEDTEHIIMHES.2, fHES53 2HAGOEDSZ
LTHELIZEONS.

RESS. EBH s Z2EHETSE. X7 MV wy,...,w, 2REICHOBEFLE2L5. X612, N7
MV, ... ,un &/ Vv s ANOME LS L* D T2RYT. ZD& X, L H s-integrable TH
% Z L DBEAGEME, IROBIE SRR I (21,...,2n8) 2D L TH 5:

N
(w; + wj, ug)’zy = s(w; +wj,w; +wj) (3,5 =1,...,n). (5.2)
k=1
6 TEIHE3IIDEFDIEROMA

4 FCEM 3.3 OO ERIFGEM L7272, B 3.3 DFEIZ5E T 9 2 IZIHROMmEZ R
K&

W 6.1. 1&T Al DT (a,b,c)t & (a,b,d) 13 non 2-integrable TH 5.

TFH 33 TEENSHIERBTH S Z L EBRRT WS, kissing number 28X 5 Z & THEHBIZ
WS,

ROWHEZZD 2 DD FIZHMTH I L TWM@E61 D, £/ara—K2HWbs Ik
T, #lif 5.5 & T 2-integrability 2VHIBITE 2 LIRRT WD, FHi-LhiEEZHWSZ L TL
DADLVEIRETHRIARETH 5.

BELGEEEEATS. £7, BT ALO/ VL2008 KN 5l 5EE6% RTRY. /2, N
RV ueRMIZHLT, ZOHR—K%

suppu = {i € {1,...,n} | u; # 0}
TEDD. ZDLE, WHBKLT D :

62 G {1,...,16} DMHEAE X, A, DBIETE N, AL 25 QN NDHERFK%
pLT b MOEMEERET S :

(1) N*DIEELDO/IVAIET LD REW,

(2) N* D/ NVLD 2L FDHELIE p(R) IZEEND.

(3) |X|>3, PONIEFYFR—-—IPXIZEENDEROILEETED.

-+ N 7% 2-integrable 72 513, H 2 —KMLR R DT u & v BFELT, BFEMZT
(4) suppu Nsuppv N X # 0.

(5) p(u) & p(v) CHIET 525 MTFH G IT LT, 21 — G iR LTEEFAITH .

COMBEOIHIE, fES2 2HWE I ETHONDEIDNWL DhDMEANBRIIZ 125 7D B
T35,



i 6.1 DFLHIDBENE. x 9
(N, X) = ((a,b,c)*,{9,...,16}) or ({a,b,c), {8,...,16})

£33, WINOLALHE62 D3 ODRELRHT I ENUTDL S PO O ND. T,
M Q) IXEHENSEBIZHES. N = (a,b,c)t DEFET, Y 200421 DD. &+ (a,b,c)
MEBL., ZDE X disc M =15 & square-free TH 57025, M I primitive THD. TD7=,

N LM =M LM =AL+ M= P (utAf).
ut+MeM* /M

RESLT 5. 22T, MM D52RERE VAN 02 1 KBTS &SNS, BT AL
DEN/IVLE2THBPE, N=M-DRNOBN/VAIELT EDRE W, BB, Z4 1) H
Wi7-XNd ZeWHENPD SN/, FERROEEH?S, &M Q) BHEWVIKTITHE,»PDSNE. KD D
N = {(a,b, ) DEEH 2L AUHERTHEN PO SND., kD, #6250 (N, X) 2
HHTZ%.

¥+ N 7% non 2-integrable T 5 Z & % /R 720I121E, filfid 6.2 DM (4), (5) 2RI
—IRMANL R u,v € RPIFAEL BV L ZGEHTIE LW, HIS, RO RN u,v € RH

suppu Nsuppv N X # ()
e &,

(p(u),p(w))  (p(u),p(v))

2 pw).p(w) (). p))

PREIEMETRWZ EZ2FEATIVE T TH S, L85 u,0 DT IZZHH 55, WFMEZ N
k9% Z & THNAR—VEMHEPONIXIVEDDDEERIUES. O

7 EBHAHEIRE T DIEH

FHpITHUT, Z, 3 pEEHIR, Q, ZpEHKEXRT. 51T, (), TQ, EOEBIL~N)L b
RTERY. RKlperde &, ML EORNBEIEL, =L®Z, ¥ LoQ, LiTIEEINS. Z,
MEETH S L, DERIZNT 527 T LFHIDFTFIX % L, D discriminant £ W\, disc L, & & <.
T, Q-MPERTH S L®Q, DELEE uy, ... ,u, 2& Y

Sp(L) =[] (i, u3)

i<j
ZNYERBE LTS, IN6DFEITO N TIROEHDE D LD :

FEIE 71 FBEmEBEEnORFLE2ES., ZOLE, LBWEEmDI=FEY 257 —&FDE
DEFERMTH D ZEDBETDREFZRONVTNDENE LTSI ETHS

(1) m=n»DdiscL, =102 TDRERBp TN U THILT 5.

(2) m=n+ 122 S,(L)(disc L,,disc L), = 1 WETDORE p I LU THALT 5.



B)m=n+20D

(L) = 1 if discL, = —1andp > 2,
P ~1 if discL, = —landp =2,

METOER pIZH LU THLT 5.

4) m>n+3.

7.1 1E&iAHIEFH & non 2-integrability

MO AABERDISFHORBMN &, M/NMEIZET 2 EM 3.5 23T 220D FRE LG R 5. K
26 £ TCDA=EY 2T —IEFIEAEHINTED, TN6 LHOAAEHEZ HWS Z & TRT O
BEFARDLZ DR D., 2=V a7 —HRFIEHFICE L TiX [3, Chapter 16-18] 5% S X
72\, Conway K & Sloane [IZ & > TRARINT WD @

EIE 7.2 ([2, Proof of Theorem 12]). A & 414 D1=F Y 2 T —&F 1% 2-integrable TH 5.
X 7.3 ([2, Theorem 13]). #%F Af; I3 non 2-integrable TH 5.

9, EHTIICE > TREP 12N FORTF LIZEE 150228V a5 —HKFOMAETFTH
BIENRES. BB D=V aT7—DFT/ VLI DILERLZRVLDIE, KT A OAT
HBPO LFDDDEIRN SIS -

% 7.4. B2 12 @ non 2-integrable I F1E L =FE Y 2 7 —#&T Al, DI IHETTH 5.

Fre, WEBpITHUT, BFLAdetL, € ZF W05, Sp(L) =1THdIZ LM
HIZHE»D SN, EHT1DEEG)ZHWS I ETRBHESD -
R 7S5 B2 DT LIZXH U TdiscL <27 Z2RETS. TD&E, discL € {7,15,18,23,25}
DAL T 5.

X5, HATRAZES KA AL AD /LA 3DRT MVIEIEFIZHORT WD, Z0OR
P ORBIZIRDBGED
R 7.6. KT Al O VML ) VA3 DRT MV uy,ug,uz B, B U (ug,ug, uz)® ¥ non 2-
integrable 72 51X, (u1,us, u3) W FIEEDZ T 575 L U T B.1) 74751 (3.2) & D.

AT 5D, ZORDEMLE UTu,ug,us D/ IVAR AT DGELBERTES, D
L& &, /N7 non 2-integrable #& 1% 5-Z % uy, ug, ug WX UCH UAERBHRES. UL, BN
non 2-integrable ¥ & AR TRBNR7Z AR TRTHRET LT LIE, up,uz,u3 LT/ IVADKE WD
RIMNNEZBZDZBBENRHDLZENOH L.

7.2 1BHIAHIEFR & AR/IME
Z ZTl& Schur complement % A\ 7z, EEE 3.5 DIEHDHIE 243 5. (IES) 78 v 7175

All A12
A21 A22

A=

DEITH] Ay BIEHIZR L &, AJAy = Agy — Ag1 A A1 % Schur complement &\ 5. X 5
6:, det A = detAll -detA/All Ziﬁé Z tﬁ’%ﬂ%ﬂhf%‘ D?ﬁ(’a’:ﬁé :
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W77, ERIRFRTH] A € GLy(R) & C € GL(R), 1751 B € M, (R) 125 L T,
|A||C — BTA™'B| = |A—- BC'B"||C|
NI RAIRVASR

FEPL 3.5 ZTFHEIC X o CREAT 5. L 3.5 DM (1) 7213 %M (2) 272 3 B% 12 D non
2-integrable ¥ L MB/NTRWEARET 5. ZDL E, HEHIEEH m LT M PHFELT

LCM1Z™/V2

ELgMMPEYSID., TZT, M LZ"/V206 LADELSHEZ pL T35, Z0rE, Mk
LTHOTp(L) 2LdZeDHEE. HHMRIZES>T, L M ZNEFNOREIHT S5
LFFHIGL & Gy BEORZ Mvay, ... am € ZP2 BEHELT

1 m
GL=Gum +§;aiaj
1=

DEANLT D, 22T, m>222, i=1,.... miIZFLTa; #0 2HFEELTE. ZDLE,
A=Gr,B:=a,,,C:=2] L UTHiIETT Z2@HT D Lk%2/R5 :

_ 1
|G| - (2 — a;GLlam) = |G — éama,—;] - 2.

INaEBRET LY

Y15, 22T, GILENH L OB SRKICNT DT T LTHLRDEI NS, HDuc LW
FAEL T (u,u) = a), G ray DY LD, HE-T,

m—1 .
1 T (u,u) ) min L*
- E a) | = 12 < 1=
|G + 2 2 a;a; | = |G| <1 5 > <discL <1 5 >

WE YLD, RO VRS Z & T,

disc M < disc L - (1 — mu;L )

BA5D. mEIZ, EH3SOTNFNDOEME2IRELTFEEEL. HUdiscL =74 51Edisc M <
TTHEN, RISHPOLZTOEIIRILIFIRIVZTFEEMES. IZ, minL* > 16/15 22D
discL=15ThdrT5. ZOLE, R15L0det M =7TH5H, RORERIZINSDE
HERATEHEFERZESD. LEICKD, T35 IFGHI N,

S 3R
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