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1. ZU®IZ

HEHTHEBRNR2Ee B0, ARIFENGENRE ORFEMFIZEDSEDTY, BANIEHEH
WA CHRE R & 2 D DFEFZ A £ U 7,

EBHEnIZXH LT ={1,2,....n} 2B, HBPEEX C [n] RS 3DEFELEKS] (BIF,
3-AP LHEED) 2 G FERVEE, X[ IFEDLKSWVWKRELBNDZAE DM, 72720 3-AP & it
X, x+d,x+2d ERRTEDI3HTREIIZOTRVEDET S, DD

r(n) :=max{|X|: X C [n] X 3-APZ & L2\ }

ZAME L 72\, Z OMREIZ Erd6s & Turdn [12] 12 & » TIEE X V72, Behrend[4] X F5UZD
WT, Roth[20] X EFIZDOWT

/
pl—e/Viogn r(n) < cn
loglogn
ZRU7Tz, £D#, EFUZ DWW TIE Heath-Brown, Szemerédi, Bourgain, Sanders, Bloom 5 @
geid . O((loglogn)*n/logn) £ TWlEI Nz (FIZIX[6]BHR), 1% O(n/logn)
THETE L0, ZUTHBOMDRENT 2BEDMAEE L 3-AP ZEL L (FEEHIZ
B9 % Erd6s—Turdn FRO—HREHBGE) 1IRMRTDH D,

FEOMBIL ) DL VIZZ/nZ THEZTEARERZENTRNY, Z2ITEHo &I
T—_UBEGEIEE L T3-AP 2 & RV GOHNEEDERY A X r(G) 1Hih, L\
BaBEZTHED, KRTHELCG=F, 0582 0HT5, TITpRERMLL, F) &
pItRF, LD niRIGRT FIVEBTH 5, FHZ p=3 DEGHIE, T 20 %00 ORJED
AT HIRED exponent (] 21X [5] 208 L OBHE & - CRELZHED 7z, Edel[8] IFAEKIZ
0 r(FY)DOFHRELT221" 21372, —H. EFIZOWTIIREIZ 1982 21X 0(3") TH B Z
& 73 Brown & Buhler iZ X > TREN, TDOHEDWL DD %2 T, Bateman & Katz[3]
IZ&oT OB /n!TE) FTCHEHEI N, UL LER <3 Z2AWT r(FY) < " LEFHliT & 2
EDMEELS A 5 72,

Z OB K E iR % 52 72D Croot, Lev, Pach[7] DI TH 5, #5135 G = (Z/4Z)"
DEGEIZr(G) <3.61" 2R U7z, ZOEHIZWbW S TZHADFE] 2k, FAROFIE
1%9 < IZ Ellenberg & Gijswijt[9] 12 & > T G=TF) DA L) JEHE N, TDp=3
DOYE L U TIRDFER DG SNz,

EH 1 (Ellenberg-Gijswijt). G=F7 D & &, r(G) <2.76" H K Y 3L,

Tao[24] I%. Croot-Lev—Pach ¥ & O Ellenberg-Gijswijt DFEHZ G LA T A4 A5 > 7 %

AU7ee ARETIRIDATA AT U ZIZOWTRHL, TN & HWTER 1 Z3FHH L 724,

B 2 o AR A DFEBEIZ O WTHEMNT T 5,
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2. ATA ATV L EH 1 DA
2.1. E&EE Tao DHRE. X 2 AREA. FRIKL T2, B X > F 2RI 1 ABKTH
2riE. fAROBONTNNIIERRTELILTHD,
flx,y,2) = a(x)b(y,z) £721% a(y)b(x,z) £721F a(z)b(x,y).
CZTfDATAAT VI EZRDEIIZEHT 5,

sr(f) ::min{r:f: zr:g,-, % gi CiX?%XE@%ﬂI}.
i=1

KB, AR X SFEEX|X|HORT A ABEBORIZ LT 5, FiZsr(f) <|X| Th 5,
fHRE 2 (Tao DA [24]). BB £ X3 S F A Tk $7bb

feyz) #0<=x=y=z¢
EATERET D, TDL Esr(f) = |[X| ALY LD,

EECMHE D HARGEIZ & B RHUIHIZ T [25]112H B,

2.2. B 1 DA, Tao[24] IZ L7235 T, F} DEAES X 3-APZEFHRWVEEL. &
LEEBMc<3IVFELTIX| <" THDILEZRED, TDZOITIRD ZDD5M% 7=
TR X3S F 2RI,

(Cl) fiEx MMz AT,

(C2) sr(f) <™

Z D& E Tao DFHEMN O |X| =sr(f) < BHED,

EfEZEi S f (D0 ED) 2 BEHIZERRTE D, TDLDIZFLDILE x = (x1,...,%,)
DEIZHEILL, X3 T 2RO EIIZED D,

n

Fey2) =TT (xi+yit+z)*-1). ey
i=1
FIXZD FIEECH ECEAZL, c=276205, AT, TOZL2HENPDID,
E9(CHEAD7DIT, fL3-APDBREZHNL S, U,y zeFi M DIEHIZ3-AP %273
TSI x4+2=2y, HDIWVEFAL I LD x+y+z2=0TH D, #ilx,y,zeFDx+y+z=0
EAIZEIE, TNSHIE3-APZRT D, Fhldx=y=2ThHb, LR >TEED x,y,z€X
U TCx+y+z=0 x=y=zXFAETH S, /7, gD #1L%2DFg=0DL
S POXTDE SRS, INODIZLITHERT DL, x,y,2€X IEDVWTRDZ LD OH 5,
Fx,y,2) #0 <= (x;+yi+z)*# 1 forall i
<= xi+yi+z =0foralli
& x+y+z=0
=x=y=z,

SED FIE(Cl) EHET,



RIZ(C2) ZHEDNDBT2DIZ, fFORATA ATV I EBERIK>TIML &S5, TDdDIT
faRBRDRMABD AT 1 ABEBOFIZEE 2\, fOEZRR ) DAUZEETS &,
KU
DDOHIENT, BT+ +k, <2n%2H/T, DEVEHTADS L x IZT 2R
i1+ 4 E 23T THY, AL &Ry IV THWVWR S, TITfOHRIERZED
55 x DIRBD 2n/3 N TDOEDDHZE f, & U, f— fr DEIHANTy DIRBD 2n/3 LT D H
DOMZE f,&d2e. fri=f—fi—fy ORIAAD z ORI 2n/3 AT TH D, ZTD XS
LT

f:fx+fy+fz

ERT L, flXx DIRED 2n/3ATFDAT A ZABEBOFTH Y (DD fi=Ya(x)b(y,z) &
AB). fr& ffEAKRTHZ, Lid’oT

st(f) < sr(fi) +sr(fy) +sr(f) < 3sr(fy)
ELTEW, AT, fIZHND AT A ABBZ R 2, '
AT A ABBDOHT fo = Yax)b(y,z) LTH WL E, alx) = (FRE) x x| - -xir 12BN B
(i1, .. in) ZIRDES
L= {1, in) € {0,1,2)" iy + -+ ip < 21} ?)

DEZEDPS, st(fi) <|I| THD, TI T 2 EPSFHL &S, 22T (in,....in) el &
u=0,1,21Z% U Ta,:=|{ij:ij=u}| LBIFL

P) ay+ai+ar=n, Q) ai1+2a;<2n

DD LD, WIS (P), (Q) &2 A72T (ap,a1,a2) ZEET DL, TNITHILT D (i1y...,0n) €1
DA

n n—ap\ (n—ap—ar\ _ n!

agp ai ar aplaylay!

!
=y —=

ao!al!azl’

Thb, Lieho>T

7272 LRNE (P) & (Q) &2 A7z IEE B DM (ag,a1,a2) ITDOWT L B,
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ZZCEBg: (0,1) >R EZ g(t) =t 2P +1+2) L UTEAL XS, (g(r)" 2 ZHERML
TP),QBLUre(0,1) THhDIL2E@ET DL

(1) =13 (1 +14+72)"

n! a1+2a2—%”
aplai'las!
(P) 0-d1-.d2

> n‘ ta1+2a2—%”
aplay'lar!
(P),(Q) #0142

n!
>

) -
()@

DED (g(t) > [I| PMEED € (0,1) IZDWVWTHEDILD, g DD DFHEDS g(f) IZt=a:=
L(V33—1) TRUME g(@) = 2(33v/334+207)5 <276 2 £ %, L7zhi5T
st(f) < |1 < (2.76)"

Thb, TIh5sr(f) <3(276)" H¥bon b, & 512 power trick 12 & 1 sr(f) < (2.76)" & il
TE% (HlAIX[14] D Lemma 9.2 &), T & Tao DED S HEOME R E SN, O

3. ASA ATV IEDIGH
ATGA ATV ZEDOBEEDIGAIZE > TEONZHEREZ I DN T 5,

3.1. OEDY. FULHORIIFERESEIZBITBIEHTH S, W OPHEEEAL LS,
W =(FFcn), (") ={Fcn:|F|=k} £BL., HERE=ZDDBNEAE A,B,CC [n]
¥, ANB=BNC=CNA%ZA=TLE (EKUL3IMD) OEbHTHD LV,

FE3. H5c<2lngWEHELT, n>ng 6 IE0EbLY ZETRNZ 2T | Z] <
MY,

Z D#ERIZ Erd6s & Szemerédi [11] 12 & > CFEIN72H DT, Alon, Shpilka, Umans[2] IZ
SOEHLIDPOKD ZePHoNT Wz, Lo TEH 12 EoN-RETIoFHEE
HEiozblr7Zh, X512 Naslund & Sawin [18] IXA T 1 AT v 7 k% F\WTCEEDZRHA
BHZ 72, 56 DOFIRIFER THRED c 2525, ZOIKZENT 5,

WMAEEF Cln)| ORI Mlxe{0,1}'Z2icFbx=1,i¢dFR6x=0LE&HT
5, BARF NPV EbOZEERVNEL, X C{0,1})" %2 .F DR MLOBEL LT
% %0<k<nizowT FH=2n) LBE ST RS MLOBRNESE X, C X
E9b, TDLExeX BHIXYxi=kTh5,

OEDLYPRBRVE VWD RMEE, X ITBWTIROZMITRIERE NS « EAR DT Fv
XVZEX BENDFE—DRT MVTRIFIUE, wi=x+y+zBL e Eqw=2,R%i0d
5o (ZZTH e ZATZOERMIEX, TIELWA, X TRR—MRIZIZEILLER,) 2T
BIECF: X} >R %

aoplaylay!

fuyz) =10 +yi+z-2).
i=1
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CREERTDE. fIEAMRMEZT U Tao DFED S st(f) = |Xk| TH D, —H. ZOBEHD
ATA ATV IIZDOWTIE3-AP D & & L FAMRDHGNT sr(f) <3(1.89)" 2’0 n 5, TInbo
T | =i 01Xk <3(n+1)(1.98)" < " WS,

32, BEBNF=AKASF AV RTEBEOER. ROGITHMEBEEMIZH T2 I8HTH 5,
niRt1—2 Yy NEMR %2 rATE-> T, —LOEI D 1 OHEAIEA] Lk BRI NE ST
L2\, 20 &SRB @A aHER r OB/MEE g (RY) & h <. HIAE 7 (R?) i, BEEEDSS &
DN TN 2 mABTEZZAL R LI EH2EQTES2R/NOEO (DX
R 2 JHARE L T2 HAEMES 7 7 OREE) THH, 5< R <THMSNTNS, —
iz (kZBEELTn oDl X)

<1+22%4+o<1>)" < BB < <1+ (”%)é*"(”)n

REPHONTVWS BIZIX[2R2]2REL)., k=20, E, ThbbEADHEAMAIE =M
RN S BEBIZOVWTIE, pR") > (1+c+o(1)" TH DA, Sagdeev[22] 13 Z DEHIZD
WTEARIIZ ¢ =0.00085 & &D Z & %/R U7z, Naslund[17] AT A AT v 7iE%EANWT
H o LI WTFNET ¢ =0.01446 21572,

4. ATA4A ATV 7ED A

4.1. BN HRER. TZZETATA ATV IEDRD EHEATEGMEZENA LN, £55
AATA ATV ZEPRNDTE D FLBRET 2D TR, AT74 ATV Z7EORADIG
FIZ3-APZ2EE R WEEDY A XD EREHEZX 25D 572, FAKROEMILX4-AP IZDWT
LEAT LS. REXCF,M3-APZEERNI LIE, AED x,y,z€X 1220 T

x=2y+z=0 — x=y=z
WHBZ 5D, FIRRIZX 34-AP 2 &5 F W2 &I, FED x,y,z,w X IZDWVT

-2 =0
Xoaye = X=y=z=W 3)
y—2z+w=0

LAMETH D, $7a05, ZOGEITITHEN SREADIEZ RS BEPLET L, FEEE 2HiDH
X EREN AREAOGA IR TE T, AT ATV Ih5 [X| O ER%2HEo5ND, L
MU LD ARG EICEBIZATA AT VY 2EEZERALTHREONS ERIEpr 0D
HIZE D275, —F. Hales-Jewett DEHL L D |X|=o0o(p") BfEONE 05, BELLT
BHLEHO<c<1IZHLT

&

]

X[ < (cp)" 4)
EWDSFHEBE S NE D E D hE R 72\,

ZIZT. rfHDEEN 5755 | KOFNHERLH > T, r AOLBIE—AKDAEAIZD
AN, rpi=r—r HOEBIIDR LE 2R EOARNIZEHNEGE L LS, THIZZD
HALHREADX C F 2B LRIE, TRTOZEEDMEPIEFEL VB DIZRoNS LIRET 5,
Mimura-Tokushige[15] T, T HiIZH L

r

rn
—>1 5
> TL > &)
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THNL, [X|DIEAT R ERMESND Z L 2R U, BRADS Q) DEAIEn=n=1=2
aﬂﬂxﬂé&#éay~4AP% i&mXCWﬁWM%&ﬁT#tﬁﬁi%(@%m%%
@Tbéﬁ%ﬁﬁ\Z?415V&E%%V6Kbf%@#%be%ﬁﬁﬁﬁ%50

42. EEBAEAE &5 & 5 A B D, Tao DAL [EEE X LB f SRS % A72FIXX DY
AREfDATAAT Y7 —HT 5] Ze2ERT D, ZNN3-APZEEBRVERX CF),
WO ELMEET LM, x,y,ze X ITHLT

x—2y+z=0 = x=y=z
A UNANE S RS

Sy =[] (i —2yi+z)""' =1)
i=1
TRED D ENASZUNARZEINDE NS, TOXITIFEHRRx—2y+27=0 DIFEHEBAZMEIXZ
W, 72720 22T THRLM] LIF—RIZHELTWE2HD x=y=2) DI & THd,
ATARZ v EEO (GE) ARNCGEELU LIS 952 &, EELOEKRD HHEMED
FMEM—RIZITTRT T2 Z e ML 25, FIZIEX, EED x,y,z,we X IZX LT

x+y—z—w=0 — x=y=z=w (6)
EWVWIEMEEAZLD, BlabeX,atblT 5L
at+b—a—b=0

ROTHRMIZKT D, DD (6) 2ATHRO [X|<1&>TLED,
ZITXDx+y—z—w=00D FEEWAM] 28 FHRVEE, |X| ZFHEiT 25 &\ D B

DEWZREDIZIX, AWM OMREILS 288N’ H 5, ARNRZDOEREE LT,
x,y,2,wE€X K H X

x+y—z—w=0 = {x,y}={z,w}
HBHWNIE

x+y— z—w—O =  #{x,yz,w} <4
MEZSND, Hi#HD X 1% weak Sidon set, £ % Sidon set & X iIXN 2, X C [n] DHEITIE,
Ruzsa[21] IZ & > CTFFL <uﬂf\b7I’L’CE]5 UR U%’C%fﬁ%f% IX| DEKY A X% O(\/n) T
»o. FOFMIX CF) DEAICHHRTE T, WAROKRIBONDE (RATA ATV
HIHWRW), B, Sauermann S EEROHIFH 2 LT AETATIA AT Y I EZEHT
228Uz, ZHUTDWTIKIREITIRR B,

5. A4 AT v I EOHRIE
5.1. Sauermann DIER. X C F) HMERED x,x2,...,x, €X IZX LT
Xi+x+-+x,=0 = xi=xp=--=x,
EALREE, ATARAT U IRIZED | X| DAL EREZELIZREOND, UL ULERMTE
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CEFETDE, ZOFEETIETao DMEDORNARZMIZS LU TEHEST, AFA ATV
EREEZITEATERY, TUZE 200 53, Sauermann (35 ) 22 B LB 2 i U 721412
Tao DFfiED ‘multi-colored version” (] 2 1 [14] ® Theorem 1.2 &M8) Z@EHAT A I & TA
TARATVIIEERIR L, IROFERZ157-,
EH 4 (Sauermann [23]). p 2L L, X CF} FS5FEA

X1+XZ+"*+X[,:0
O pEOHELDWEE 2R NET D, TOLEnITHEKIFLRWERC, BWFEELT

X| < Cp (2P

Mimura—Tokushige[15] Tl Sauermann D7 1 7 7 % 8. FREADIEFIAMAZ £ 72 WES
WZHEER U7z, ZTOFIRITE AR TEBZINDI VWA WA REIZHEAEETH 20, R
WEIRDZ 3o nbd,

EES. paFEMELL, AC F PMEED x,y,z,u,v CAIZR LT

x—y+z—u=0
= # 1 V9% Uy <35
PO = s

EAREZTETE, Z0OLE, HEIEHc<pPFELTI|A| < (cp)* WY LD,
i ZDE S AT A XA A S, > 0L T A > ((p) B AT
5.2. Y OY LADERE. Sauermann DHFE D EFEIZIR D EELDILIRIZ D 5,

EI2 6 (Erd6s—Ginzburg—Ziv[10]). 2n — 1 D & 2 2885 ay,a,.. . ,ap1 PDHFDE D EL n
iz s &, DR aj, +aj,+---+aj, iEn DEETH 5,

Z OEMITEBDOGEHR SN TWB N B ZIL[1,26] 2H0) 2D 0 & DXL HEADFIEIZ
L5EDOTIROEHZFAHT 5,
FEIE 7 (Chevally-Warning). j = 1,2,...,n 12 2WT Pj(xy,...,xn) (&R % F, 125D m Z4,
KA rj DZIEAT, Yijrj<m EAZT, TOLEP,... P, OIEE SOMEBN X p O
BThHb, Friz, HBEELLPOLO2DNE ThUMIEH D,

Reiher I3 EDEM % > F < {# > T Erd6s—Ginzburg—Ziv D EHD 2 IR LK % 1572,

EIE 8 (Reiher[19]). ¥ A7 4n—3{EHDOYH EDEHIEF Iz LTH, 5L nflzERE
T DIV T TH D,
ZZTs(Fy) ZIROWEZAZTERND s LEERT D -
F) DILir 5785 EAR s HHPo® 5 < pHZMOHLTEXZDOMZ0IZTE S,
F (% property D Z A7z 9 L WS FEAH O, £ ULFELPEL L
s(Fp) < (p—14"+p
MATGARAZ Y 2EPS LEDS (FIZIF[16] 27 E). LHAL IO & D 272k E %

LIz (BRIRTOD) RREOFKERIZXDOEDT, INEICH 4 DIFFETH 5,
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FEIE 9 (Savermann[23]). p Z S A EDFEHE T2 L &, nITKEFELRWERC, BPHEFIEL T

s(Fy) < (p=1)Cp(2v/p)" + 1.

6. FVRLY VT VI
FHSIFIN3DTATT2ZHWTHAATE %, Z 2 THV HER

xX—=y+z—u=0
x—2z4+v=0

ZHIZTIRILD 5 K A{x,y,7,u,v} DORDMEEZ W XX ACTF, W 2 & X720, |A]
WINZIWZ L2 EHETRE D, TOMIEIZIROEY THS, TTIMOI L Z2HEEIDDS,
e ADNW 2 EFRITNITAND 3-AP DEEIT AW, (Lo TARGDBD L%
IR LU T 3-AP DR WLEDIZTES,)
e LU A BKRE TN (BEHIEDIRE)., A DFIEAS CT3-APZELRVDBY A X
DREVEDDD 5,
L2 L ZNIFIROERIZFET 5,

EIE 10 (Ellenberg-Gijswijt[9]). p Z&BE L, CCF, M 3-AP 2 EERVETH, TDLE
IC| < A" DS D LD, 7272
A= min t_%l(

| N
O<r<1

95,

BB HETA<p LD D, HlIZIE, p=3DLEAx276TH5, DFhH LOTHIZ
EM1 2 —BORBMp ITHRLZBEDTH 5,

FEHLS DFEH (Sauermann (2 & %), X CFy H3W 2 G L RN ERND 5 R
Al = 2(ATp3)"

ThHoEREL, FEEABUL,

5-AP I W O—FEZD 5, ANIZ5-AP 372\,

R7#d €T} D 3-AP H disjoint IZ =D AT H UL, HPIAIE {x,y,2}, {¥,), 7} (5225 6 50
352, {x,x,y,y, 2} EWERDFE, UL >oTANIZRAKEd D 3-AP L2 2 L 27z
., 2fHBDZDIZ4-APD L ZIZ[ESN 5,

NFd D 3-AP & 27E —d D 3-APIXFA—HTE 2056, AND3-AP DAEERAZEd #0 IX
Eal < I T H B, £ dITHULT, MIET 5 AND 3-AP IFE A2 HL 005,

1
#HAPD3-AP) < 2 p"-2= "
8



ADEREWER g:= <%)§ T—HRkT Y X LITED, A D random subset B % 2< %, X = |B|
LBk,

—_

A\3 2 1
E[X] = qlA| > (-) 2(A3p3)" =2A"
p
ZIZTY=#BWND3-AP) B &,
E[Y] =#(A D 3-AP) x ¢° < p"-¢° = A"

Lo TEX-Y]>A"Thb, DD A\BIZHIGT 5 ADHDEE CHEFELT, ClX
3-APZEERWAC| > AN TH D, THFEE10IZFET 5, O
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