Note on Jacobi polynomials of binary codes
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Abstract
We investigate the Jacobi polynomials of binary codes in genus 1 and give the
generators of a ring which is related to the Jacobi polynomials.

1 Introduction

The Jacobi polynomial is contained in the invariant ring of a group related to the binary
codes. Under this relation, we show that the invariant ring for a group given can be
generated by the Jacobi polynomials of the binary codes. We refer to [2] for the basic
theory of Jacobi polynomial. The reader can see [1] for the generalization of Jacobi
polynomial for the binary case.

Let Fy = {0,1}. A code C of length n here means a linear subspace of F%. For
x,y € I}, the inner product z - y is defined by

Ty =Ty + -+ 2y, €y

and we denote by x x y the number of the indices is such that x; # 0 and y; # 0.
For ¢ = (cy, ..., ¢,) € C, the weight wt(c) is the number of nonzero ¢;. The dual C* of
C' is defined by the set containing all x € F} such that

r-y=0
for all y € C. The code C'is called Type II if it satisfies the following conditions.
1. C is self-dual, that is C = C*.

2. The weight wt(c) of ¢ is the multiple of 4 for all ¢ € C.

In this paper, the code used is d whose generator matrix is

11 1 100 ...00¢0@O0
00 1 111 ...00@0020
00 0 00O ...1T1T1T1
10 1 010 ...1010

We close this section by giving the definition and the example of Jacobi polynomial.
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Definition 1.1. The Jacobi polynomial Jac(C,v) of the code C' with the reference vector
v is defined by

JCLC(C, ,le, Y, 2, 'LU) — Z xn—wt(v)—wt(u)—i—u*vywt(u)—u*vzwt(v)—u*ku*v'
ueC
Example 1.1. Let C = d§ and v = (1,0,0,0,0,0,0,0). The Jacobi polynomial of C' with
the reference vector v is

Jac(C,v) = z"w + T3y *w + T2ty + 4" 2.

2 Results
Let G be a group generated by the matrices
10 1 O 10 00 n 000
n{o 1 0 1 01 00 0n 00
2110 =1 0 [’{0 0O ¢« Of’{0 O nn O
01 0 -1 00 0 1 000 n

where 7 is the 8-th primitive root of 1. The group G is of order 192.
We denote by R the invariant ring of G:

Clzx,y, 2, w]G.

The dimension formula of R is

. o 18t + 21810 + 58¢2* 4 47¢32 + 35¢40 + 21148 + ¢6
E (dim R)t" = :
(1 _ t8)2 (1 _ t24)2

n

From the dimension formula of R, we have the following proposition.

Proposition 2.1. The invariant ring R can be generated by the Jacobi polynomials of
binary codes of length 8, 16, 24, 32, 40, 48, 56 with at most 10, 21, 60, 47, 35, 21, 1
reference vectors, respectively.

Using the Jacobi polynomials of the binary codes of length 8 and 24, we have the
following result.

Theorem 2.1. The ring R can be generated by 10 Jacobi polynomials of the binary codes
of length 8 and 25 Jacobi polynomials of binary codes of length 24.
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