Tight relative t-designs on two shells in hypercubes,
and Hahn and Hermite polynomials
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AHEOANBFRARE—K, AT K, KT Yan Zhu K & OHLFEMFLIZHED <,

(X, %), #={Ro,Ry,... . R}, BRFTYV T = avAx—0, L, Ay Ay, ..., A,
ZEETH. Eo, By, ... B, ZIRIGREETLE TE (TVVI—Ya v AF—LDERN T
DREAMZLHBEEFIZDOWTIX[S, 20| F 2SI niz\»), MU, Ey, By, ..., B, 13 Q-ZHX
B2 83 5, [FLHI X TIRATAT SN ERIEFHITH 2RO RS C-RE%E My (C)
9%, AR EZEXMx(C)DILTH 5, 72, X THADVBRATAIT S N-EHRKHER
7 MERKRDRT C-RZ M EMEZV =CY¥ L, BEOTILI—MEEZ ANS,

Yw) % X DEANEBAIEG LT D, TDE Y CXPDw:Y — (0,00) TH
%, 12 UARTIHwy) =0 (y € X\Y) & LTwDEHREZ X 2AICHEL, X512
X LOBEEZARIZV OeRA—HT 5, oTwe VIFFFAXT MLTHD, 2D
Y =suppw &5, IRDEFEZ Delsarte [9] 12X 5 :

Definition 1. A weighted subset (Y, w) of X is called a t-design in (X, %) if E;w = 0 for
1<Kt

ZDEZRIFMEBITH %25, Delsarte [9, 10] i Johnson A F — L & Hamming A F — LD
BE T A Y OBER (BEAZHF L) MEE t-(v, k\) THA VRO t OERR
FleZNTNEMETH S 2R LTz, MOV DO HMWLRT Y VT —Ya vy AF—
LDRINZDWT, T OREEO R AE RS 2% S vt w5 ([10, 12, 21, 25)),

X OWPESY OFMERZ MLVEY eV 255, 1HES {y)} DEGIFEIC § &L
ez s, IR, THE] ze X 2[EHET %, Delsarte [11] 1 t-T %1 » OHE&ZIRD
LR U 72

Definition 2. A weighted subset (Y,w) of X is called a relative t-design in (X, %) (with
respect to x) if Fyw € span{E;z} for 1 <i < t.

Delsarte [11] 1£ Z DX -7 51 izt LT o, RN U TH A RRHEEAT
252 TW5, AT n Ryt Titk Q, (= 2 ¥ Hamming AF — A H(n,2)) IZIEHT
50, ZOEGGREAES X ={0,1}" 2HRIZT{1,2,...,n} DB EESREOES LFH
—HL. x=(0,0,...,0) 292 &, HXt-THA VIFEAZFHU A ER 35987
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AV EAETHD, THhbE, {1,2,...,n) DIERED i KEHES (727200 <) 1T L,
ZNe &7y JDEBDOMD i I TRESEMTH S,

Delsarte (2 & 5 Q-ZTHAAF — L ED -7 51 > OMERIL, Delsarte-Goethals-Seidel
[13] 12 & D SEEALERIE % 5509 2Bk t-7 1 >~ OEERICBE S 1, 21k & 512 Neumaier—
Seidel [22] (cf. [14]) 12 K D EBDFRLNEKE EDOZ—2 ) v R -7 A VIR I 203,
A—2 )y Nt-THA Vida—2 Vv REMIZRT S -7 51 OB L AeE 5,
ZOFIZDWTIEIRN-IEN 3] 2L W5, HE BT 2V X, Xy,..., X, &

Xi={yeX:(r,y) € R;} (0<i<n)
EREDD, iz, HANESHDIES YV w)ITH LT
L=Ly={l:YNX #0}

EBEE, Yw) E e, Xy TYR=—FEINDE, 2WVWHILITTH, ZDEE, RVKD
HASR

Proposition 3 (cf. [3, Theorem 4.5]). Let (Y,w) be a weighted subset supported on
Lper, Xe. Then, (Y,w) is a relative t-design if and only if

(w,v) = Z <u|)}()jg> (Xp,0)

lel

t
for everyv ey . _ EV.

Z DFEHRIL TR, Terwilliger REXDHEARMN A HIEZ AW TEBIZRINS, £0<i<n
XU, W58 B = B (x) € Mx(C) %

{1 if y € X,

(y € X)
0 otherwise,

(E)yy =
WEDEDD, 115 Ef iZE (X, Z) DIIRNEETLEMIEND, (X, Z) D Terwilliger fX
BT =T(x) 2k, BT Ag, Ay, .. Ay (BOOVIXFEIBR EET By, By, ..., By) RO
NAREEILES EY, ..., EF ETERIND Mx(C) DEFRIETH 5 [27], Delsarte HEmT
B T CTAE R S 1 2 TR ET & % Bose-Mesner (RIS EE R 8 E 2 72 U705,
X t-7 A1 > DARFEITIET LRI T H % Terwilliger REX D FGm & AHMEAI R\ (cf. [6]),
Y IVEIZE LT

X, =EX=A4i (0<i<n)

EVHEADPKD LD LS, T-NFETEIZOWT
Ti = span{X, : 0 <i < n} = span{E;i : 0 <i < n}

ERBIENIND, Tildkn+ 1IRTEN T-IEETHD Z L 5T SHEND SN (cf. [27,
Lemma 3.6]). UIEUIEE T-HIBEEIFIENS, @E3 2 RTICE, Y BwecVOTi
NDPFS " 38 D ITHETT KR,

ARFE DD HFERIIIRDIERTH - 72 -
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Theorem 4. Let (Y,w) be a relative t-design supported on | |,., Xy. Then (Y N Xy, Ejw)
is a relative (t — |L| + 1)-design for every ¢ € L.

FEHAIZSZER, Delsarte [11, Theorem 8.4] (Z X % Assmus-Mattson BUEIEDEE T K 5 JHIFE
HH[26, Theorem 4.3)| B2 ZDE FAMNTH DM, Z DFERIFIKA-IKRA-Zhu [7, Theorem
3.3] DFER O & Aded, TSI E IR (17, Proposition 1] Of§HRE —f&ALL 7%
DTH 5,

IRN-IKIN [3, Theorem 4.8] I3AHXS t-7 ¥+ > DY A XD Fisher AEXNZR LU T ¢

Theorem 5. Let (Y,w) be a relative 2e-design (e € N) supported on | |,.; Xy. Then

Dﬂ>&m<§:EQ<§;EV>-

el

Definition 6. A relative 2e-design (Y, w) is called tight if equality holds above.

Xiang [28] 1& n IXRTCHESL iR Q, IZDWVWT, RTDLe L e< (< n—ecZmzT5H
IZ Fisher FUAER DAL ZFHELT-

mm<§:ﬂg<§;EV>=fmg5mkeiJ

lel =0

Xiang D#E R D Terwilliger {%% FI\WW 72 BIEERH IZ [6, Theorem 2.7, Example 2.9] % 2@ X
N7z,

P, ARETIZ Q, LD XA MM 2e-TH A U 2ELRT S, L] =1 DEHEITEED
24 MeMAYE 2e-T YA > TH Y., Delsarte BG [9] IZ X2 TI T A e D Q-ZTHAAF —
LEFETD, ¥/ L={k} £T2L. IRD e RZHADEFE LN R TELTRITNIER
LW EEHERIND ¢

1>€Rm

B, ZHER PO X, HMEBMELLEADOREETH S Askey AF—24[18, 19] IZET 5
Hahn ZIHA (19, §1.5) D—FETH 2, KN 1] 1IXZ DRI BRHERMEEZHNT, e =5
X UCHEEAR R A MHAYE 2e-T A VDG 2GR LUDFEEL RN & 2FH LU
(cf. [15, 23, 29]). AROHMWIEI NS DFERZ |L| =2 DEGHITHERT 2 & TH D, X
DFE Cihinz HED 5 -

—&, —e,e—n

k —
¢J®_3E<k—n+Ll—k

Assumption 7. For the rest of this report, let (Y, w) be a tight relative 2e-design (e € N)
in Q,, supported on two shells X, LI X,,,, where

e<l<m<n—L(<n—e).

ZOBEIFTH, F—BEEZKSBOTIFRNI LITERET S, EBE EH4 LD
DOV zIVADHIE (Y N Xy, Bjw) K (Y N Xy, Bfw) EENENMEE (2 - 1)-T YA
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NZBDT, BIZIXE L l<el>n—e RO XiiFIZEBERTY I %D, o
THEEIIMEE 2e-T A VIZhoTWE, Thbb, ZHIFAREWNIZ|L =1 DHET
Hb, m<ehrm>n—eDEELEKTHD, T/, K70y 7OMHELEZES Z &I
o, temPBENENN —LEn—mIZTEDEZDT, BREIZHUTIDEHEIT>T L
DEREIFETELDTH D,

AFED—DHDEFERIZIRTH 5 :

Theorem 8. Recall Assumption 7. The following hold:

(i) Y induces a coherent configuration of type [“5 4 ].

(ii) The zeros of the polynomial

@bﬁ’m(f) =3kF <_§’ —ee—n-—l
m

—n,—¢

1>€Rm

of degree e are integral.

EHFDLIHNX o™ (€) HXIE Y Hahn ZTHADO—FETH 5, FFHTIZ Q, D Terwilliger
RIXD KB Gm % §EF 9 5 (cf. [16], [20, §10]), 723:3 e = 1 DIGEIFIRN-IN-IN [5] 28
WMOFo>TWDB, e=2DEEIZDWVWTEINIZHEARNS,

Example 9. e =2 D & &

ey 1 (FOE2)A=n) (A =(=2)(=1)(1 —n)(2—n)
T e e o B croppes oo Y
oo —1E | (n—1)(n—2)e(e 1)

(m—m)t  (n—m)(n—m—1)0(—-1)

Y7235, AR Zhu [7] RO ST A — RO R A MR AFFA Y EBF TS

—1—

n £ m £
22 6 7 3,5
22 6 15 1,3

i DINI R U7 B SISHEN IC B THh D, — T, FUGRXZ[7, §6] T. IRD/NT A —X
D XA MEX A-T YAV OFAE - FFFEEDRIFIR L 725 Tz

n £ m £
37 9 16 i4(71 +/337)
37 9 21 L(55 ++/337)

14
41 15 16 55(237 £V/1569)
41 15 25 5:(153 £/1569)

U U7 6 F IR TR L, JEREDPEL ITHm I N5,



I, WN 1] DGR D |L| = 2 DBZENDHER 275 2 5, AR TIXEFEMIEERGR L 2V,
Hahn ZI{AOMR & U T Hermite ZIHAPGE S5 NS Z L IERSHSNTE D (cf. [18, 19]).
JN I Hermite ZIHADZE S ONFEZ FHWTIRD & 5 Rigimziro 7z ¢
Step 1: HDEFE L7z e > 5120 LTIHEWZR XA MAAYE 2e-(n, k) THA >~ (2T

n > 2k) BWRRMEGFET 2 LIEL. INHIZHINT 208 k/n € (0,1 DEGDHE
FRW1/20ATHY, ERIEOFHINZRNTn=2k+1 ¢85 %ERT,

Step 2: ¢¥F(&) =D ja &t ERT L, BRVBRTRBEATHLI L LY /a9 € Z (0
i <e) &N, Schur [24, Satz [[ IZ X 2RDEHEZHNT, n=2k+1251%
NIRRT H DI L ZRT ¢

Theorem 10. Let a,t € N (a > €). Then the product of £ consecutive odd integers

<
-
N

s=(2a+1)(2a+3)---(2a+2¢ - 1)

has a prime factor greater than 2t + 1, except for the following cases: (i) € = 2 and
§=25-27; (i) t=1ands = 3" (i > 2).

PAEDEGRZINE 7T DRIMD T T |L| =2 DHBEITHER L 7ZWDTH S0, FEx DM

RHo7z, FIZIX, +OKREReIZDVTRIED XA MM 2e-T ¥ 1 ¥ DIRERE D 5
EREL T, Witnd 2 zy-FH LD (¢/n,m/n) € [0,1? DEFMREFZZAD L. yKaH
12282 Z 8 I3REDZDTH LM, o2V TIHIL EZX RV (LBbNhD), £z,
EFED Schur DEHZ fm(E) ICHAL LS5 LTH, (DEHR LSNPSR VDOT, ER
SEEBMERTE N T U D WREEDPRATE v, TEDITAERLIZZVEEWD, B
BRPETIX 0 IZRM 2 52 8T, IROEMZZEAL 72 -
Theorem 11. For any 0 € (0,1/2), there exists eq = eg(6) > 0 with the property that,
for every given integer e > ey and each constant ¢ > 0, there are only finitely many tight
relative 2e-designs (Y,w) (up to scalar multiples of w) supported on two shells X, 1 X,,
in Q, satisfying Assumption 7 such that

¢ <c-nd.

B, Schur OFEHIIFDOFE FTIHHEZ VDT, FFHOFIEREH L TIROMES
L. 11 OFFHNIZAWTRE L7 -

Proposition 12. For any ¥ > 0 and § € (0,1/9), there exists & = £y(V,9) > 0 such that
the following holds for every given integer € > €y and each constant ¢ > 0: for all but
finitely many pairs (a,b) of positive integers with

b<c- a5,
the product of € consecutive odd integers
(2a+1)(2a+3)---(2a+2¢—1)

has a prime factor which is greater than 28 + 1 and whose exponent in this product is
greater than that in

(b+1)(b+2)---(b+ [0UE]).

bt



WA-SE A [2, 4 WD ORDERE EDO XA hea—2 )y R -FH A B /40
FERZFD, ARREOMERIIE S OFER (O—H) D Q, ITRIT ML L ALE S,
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