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ABSTRACT. We study some tree properties and related indiscernibilities. First,
we show that there is a tree-indiscernibility which preserves witnesses of SOP;.
Secondly we introduce notions of antichain tree property and show that every
SOP1-NSOP> theory (having SOP; but not SOP2) has an antichain tree by
using that tree-indiscernibility. And we construct a structure witnessing SOP1-
NSOP3 in the formula level, i.e. there is a formula having SOP; but any finite
conjunction of it does not have SOPy. (This work is joint work with JinHoo
Ahn at Yonsei University.)

1. INTRODUCTION

The notion of SOP; and SOP5 were introduced by Dzamonja and Shelah in
[1]. It is known that the implication SOPy = SOP; holds but it is still unknown
whether the converse is true or not. We focus on the problem of equality of SOP;
and SOP,, and discuss some related topics.

2. TREE INDISCERNIBILITY FOR WITNESSES OF SOP;
Let us recall a notion of SOP; in [1].

Definition 2.1. Let ¢(x,y) be a formula in T. We say ¢(z,y) has I-strong order
property (SOPy) if there is a tree (a,)nec<w2 such that

(1) For all n € “2, {¢(x,a,4) | @ < w} is consistent, and

(2) For all n,v € <“2, {¢(x, a;~ 1)), ¢(x, @y~ ©0y~»)} is inconsistent.
We say T has SOP; if it has a SOP; formula. We say T is NSOP; if it does not
have SOP;.

In this section, we develop a tree-indiscernibility which can be applied to wit-
nesses of SOP;. The outline of proof came from [1]. But the proof in [1] omits some
important step. We leave sketch of proof here, explain what proof of [1] omits, and
how we complement it.

Definition 2.2. For 77 = (0o, ..., 0n), 7 = (Lo, ..., vn) (ni,v; € ©”2 for each i < n),
we say 7 /2, U if they satisfies
(i) 7 and 7 are A-closed,

(i) n; < n; if and only if v; < v; for all 4,5 <n,

(iii) 7~ d Qn; if and only if ;,7d Jv; for all 4, j <n and d < 1.
We say 7] =g U if they satisfy (i), (ii), (iii), and

(iv) ;7(1) = n; if and only if 1,7 (1) = v; for all 7,5 < n.

1



2 JOONHEE KIM

We say 7] ~, ¥ if they satisfy (i), (ii), (iii), (iv), and
(v) n“( >—77J if and only if 1,7 (0) = v; for all 4, j < n.
(vi) n; ~(0) for some ¢ € “>2 if and only if v; = 77(0) for some 7 € ¥>2,

for all 7 <n.
(vii) m; = 07 (1) for some o € “>2 if and only if v; = 77(1) for some 7 € ¥>2,
for all : < n.
We say (ay)pew>2 is a-indiscernible (3, y-indiscernible, resp.) if 7 = 7 (77 =3 7,
]/~ U, resp.) implies a5 = ap.
Recall the modeling property of a-indiscernibility in [2].

Fact 2.3. [2, Proposition 2.3] For any (an)new>2, there exists (by)pcw>2 such that
(i) (by)yew>2 is a-indiscernible,

(ii) for any finite set A of L-formulas and A-closed 7) = (1o, ..., M), there exists
U rq 7 Such that by =a ap.

In order to make the proof shorter we introduce some notation.

Notation 2.4. (i) For each n € “>2, I(n) denotes the domain of 7.
(ii) For each n € “~2 with I(n) > 0, n~ denotes 7y;(;)—1 and (1) denotes
() = 1).
(iil) For 7 = (0o, ..., M), cl(7]) denotes (no AN, ..oy Mo An) "o ™ (M ANy cvey M A
M)

(iv) n and v are said to be incomparable (denoted by n L v) if n 4 v and v L 7.

Note that n = n~"t(n) for all n with I(n) > 0. The following remarks will also
be useful.

Remark 2.5. Suppose (7o, ..., M) &~ (Vo, ..., Vn). Then it follows that
(1) m An; =g if and only if v; Av; = vy for all i.j.k <n,
(ii) m; < m; if and only if v; Qv for all i,j <n,
(iif) for all 4,5 <mn, if n; L n; then n; An; =n; Ay,
(iv) mi~(d) <n; if and only if v;7(d) Jv; for all i,j <nand d <1,
(v) m; ~{d) <n; if and only if v; ~(d) dv; foralli,j <nandd <1,

Lemma 2.6. Suppose p(x,q) witnesses SOP1. Then there exists a y-indiscernible
tree (dp)new>2 which witnesses SOPy with .

Sketch of Proof. Suppose ¢(x,7) witnesses SOP; with (an)pev>2. For each n €
“>2, put by = a,~ 0y Gy~ (1y. By Fact 2.3, there exists an a-indiscernible (¢, )necw>2
such that for any 7 and finite subset A of L-formulas, 7 =, 7 and by =a ¢y for
some 7. Note that ¢, is of the form ¢) "¢} where |c)| = |¢}| = |g| for each n € “>2.
For each n € “>2 with I(n) > 1, we deﬁne dy, by

, A if t(n) =0
dy = { CZ, if t(n)=1

and put d, = d’<0>ﬁn for each € “”2. We show that ¢ witnesses SOP; with
(dy)new>2 and (dp)new>2 is y-indiscernible. Then (p(x,y), (dy)yew>2) witnesses
SOP;. One can show this by using the fact that (c,),cw>2 is based on (b,)pcw>o.
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To show that (d,),ecw>2 is y-indiscernible, suppose that (ng, ..., 7n) ~y (Yo, ..., Vn).
For each i < n, let o; = (0)"n; and 7; = (0)"v;. By definition of (dy)yew>2, it is
enough to show that d ...d, =d. ...d, . Clearly (0o,...,0n) =y (T0,...,.Tn). It’s
not difficult, but after a rather laborious calculation, one can show that

cd({(og s y0n)) Ra (g 5oy Th ))-
By o-indiscernibility of (¢;)ne«>2, we have Cal((o5 o)) = Cal((r i) In

: o o ,
particular, we have CooniCr = CroniCo By definition of (d;),ecw>2,
/

d d d d _ >Ed;,A d
0

oy, —(0) Tog (1) o, —(0) Ton, (1

! !
(0) "o A(1>"’dT;A<0>dﬂ?A(1>'
Note that in general, if me,..m¢, = ng,...ng, and 9 < ... < i, < k, then
Mg, Mg, = Ng;, --N¢,;, Since we assume (1o, ..., M) Xy (L0, -+, Vn), We have t(o;) =
t(r;) for each i < n. Thus
dy,..d, =d_..d_
as desired. This shows that (d,),c~>2 is y-indiscernible, and completes the proof.

O

Note that even if ig < ... < i, <k, jo < ... < Je < Kk and mg,...mg, = ne,...n¢,, it
is not sure that mg, ...mg, = ng, ...n¢; . Soif we want to say dy, ..d;, =d. ..d
from the fact that

! / / / — / / 4 !

05“<0>d05“(1>'”d077“(0>d0;”<1> - dTJ”<0>dTJ”<1>"’dn?“(0>dn?“(1>
in the last paragraph of proof of Lemma 2.6, it must be guaranteed that ¢(o;) = ¢(7;)
for each i < n. This is why we introduce ~, and find a 7-indiscernible witness of
SOP; first, not directly find S-indiscernible one as in [1]. The proof in [1] uses
the similar argument in this note, tries to show directly that there exists a f-
indiscernible tree witnessing SOP; without using 7-indiscernibility. So, by the
problem mentioned above, the proof ends incomplete.

Theorem 2.7. If o(x,y) witnesses SOP, then there exists a B-indiscernible tree
(en)new>2 which witnesses SOP1 with .

Proof. By Lemma, 2.6, there exists a y-indiscernible tree (dy),ecw>2 which witnesses
SOP; with . Define a map h : “~2 — “>2 by

0 if 7=

h(n) = q h(n~)~(01) if t(n) =0

h(n™)= (1) if t(n) =1,
and put e, = dp(,) for each n € “>2. Then (e,)ycw>2 is G-indiscernible, and ¢
witnesses SOP; with (e;),ce>2. a

—~

3. ANTICHAIN TREE PROPERTY

In this section, we introduce a notion of tree property which is called antichain
tree property (ATP) and explain how to construct an antichain tree in a SOP;-
NSOP; theory. Simply the concept of antichain trees is opposite to the concept of
SOP5, in the following sense.

Definition 3.1. (i) A subset X of “>2 is called an antichain if it is pairwisely
incomparable (i.e. for all n,v € X, n 4 v and v 4 n. We denote it L v).
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(i) A tuple (¢(z,y), (ay)new>2) is called an antichain tree if for all X C “~2,
{¢(z,ay) |n € X} is consistent if and only if X is pairwisely incomparable.

(iii) We say ¢ has antichain tree property (ATP) if ¢ forms an antichain tree
with some (ay)yew>2, T has ATP if it has an ATP formula, and T is NATP
(non-ATP) if it does not have ATP.

And the definition of SOPy can be written as follows. Notice the difference
between (ii) of Definition 3.1 above and Definition 3.2 below.

Definition 3.2. We say (¢(x,y), (a,)yew>2) witnesses SOP, if for all X C “>2,
{p(x,a,) : n € X} is consistent if and only if X is pairwisely ‘comparable’.

In this sense we can consider ATP to have the opposite nature of SOPs.
If an antichain tree (¢, (a,)nec«>2) is given, we can find a witness of SOP; and a
witness of TPy by restricting the parameter set (a,),c«>2 as follows.

Proposition 3.3. If (o(z,y), (ay)new>2) is an antichain tree, then p(x,y) wit-
nesses SOP1.

Proof. By compantnss, it is enough to show that for each n € w, there exists
hy, : 22 — “>2 such that

(i) {o(z,byr) 27 < n} is consistent for all n € "2,

(i) {@(x, by~ (0)~v); @(x,by~(1y)} is inconsistent for all n,v € "=2 with n —(0)

“von (1) €22,

where b, = ay, () for each n €= 2. We use induction. Define hq : °22 — “>2 by
ho({)) = (1), ho((0)) = (011), and ho((1)) = (0). For n € w, assume such h,, exists.
Define h,4q : "7122 — “>2 by

(1) if 7 =)
hpi1(n) =< (011)"h,(v) if = (0)"v for some v € "2
(0Y " hn(v) if 1= (1)"v for some v € "Z2.

It is easy to show that (¢, (b,),en>2) Witnesses SOP; for each n € w where b, =
@hr, (n)- =

Definition 3.4. We say a formula ¢(z, y) has TP, if there exists an array (a; ;)i jew
such that {¢(z, a; j,), ¢(x, a; j, } is inconsistent for all 4, jo, j1 € w with jo # j1, and
{e(x, ai,f@i)) biew is consistent for all f : w — w. We say a theory T has TPy if
there exists a formula having TPy modulo T

Proposition 3.5. If (o(z,y), (ay)nee>2) s an antichain tree, then ¢(x,y) wit-
nesses TPs.

Proof. For each n € w, choose any antichain {ng,...,n,—1} in “>2. Define h,, :
nxmn— “>2 by _

i) = 0™ (0)7.
Then {p(x,an, i f@i))) yi<n is consistent for all f:n — n and {¢(z,an, ) }j<n 18
2-inconsistent for all ¢ < n. By compactness, there exists h : w X w — “>2 such
that <<p, <bi,j>i7j<w> witnesses TP2 where bi7j = ah(i)]‘). O

Now we show Theorem 3.7 which claims that an antichain tree exists in any
SOP1-NSOP5 theory. Before we begin the construction, we need a lemma.
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Lemma 3.6. For any c:“1”2 — w, one can find g : “72 — “172 and i € w such
that

() 9n) (1) < gl (1)) for all y € >2 and 1 < 1,
(ii) c(g(n)) =i for allm € “1>2.

Theorem 3.7. Suppose there exists p(x,y) which witnesses SOP1 and there is no
n € w such that \[_, (@, y;) witnesses SOPo. Then there exists (by)pcw>2 such
that (p(x,y), (by)new>2) forms an antichain tree.

Sketch of Proof. By Theorem 2.7 and compactness, there exists an §-indiscernible
(ap)yew1>2 which witnesses SOP; with ¢. Define a map h : “~2 — “~2 by

(1) it 0=
h(n) = h(n~)7(001) if ¢(n) =0
h(n=)™(011) if t(n) =1.
For each i,k € w and n,§ € “1>2, put
L= {h() : ') =i}, La(n) = {n~w v e Li}
Jle={e(1f) dewl le(m) ={n"v:veld
15 = {€A<1O>77£A<1 >}7 15(77) = {UAV HUAS 15}
M; =L;U 1h((0i>), M,(n) = {77/_\1/ S Mz}
MF=1L;U lﬁ((0i>)’ MFn)={n"v:veMF}
mf = h((07) " (1%), mi(n) =n"m}.
For each X C “1>2, let ®x denote {¢(z,a,):n e X}.
Then one can show that here exists 7 € “*~2 such that ®,y,(,) is consistent for

all i € w. By S-indiscernibility, we may assume 7 = (). For each n € “72, put
by = apy)- Then (p(x,by)),ew>2 is an antichain tree. O

Corollary 3.8. If T is SOP; and NSOPs, then T has ATP. The witness of ATP
can be selected to be strong indiscernible.

Proof. If a theory has SOP; and does not have SOPs, then the theory has a formula
which witnesses SOP; and any finite conjunction of the formula does not witness
SOP5. So we can apply Theorem 3.7. The theory has a witness of ATP. Further-
more, we can obtain a strong indiscernible witness of ATP by using compactness
and the modeling property in [3]. O

As we observed in the beginning of this section, one can find witnesses of SOP;
and TP, from a witness of an antichain tree by restricting the set of parameters.
But we can not use the same method for finding a witness of SOP5.

Remark 3.9. The following are true.

(i) Suppose (¢(z,y), (an)new>2) is an antichain tree. Then there is no h :
#22 — “>2 such that (p(z,y), (by), o»=,) satisfies the conditions of SOPs,
where b, = ay(,) for each 7 € 229,

(ii) Suppose {¢(z,y), (a,)new>2) witnesses SOP5. Then there is no h : 222 —
“>2 such that (p(z,y), <b”’>n€222> forms an antichain tree with height 2,
where b, = aj(, for each n € 222.
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Proof. (i) To get a contradiction, suppose there exists such h. Then h((00)),
h({01)), h((10)), and h((11)) are pairwisely comparable in “>2, so they are lin-
early ordered. We may assume h({00)) is the smallest. Since h({0)) and h((00)) are
incomparable, h((0)) and h((11)) are incomparable. Thus {p(z,b)), ¢(x,ba1))}
is consistent. This is a contradiction.

(ii) To get a contradiction, suppose there exists such h. Then h((00)), h((01)),
R({10}), and h((11)) are pairwisely comparable in ¥~ 2, so they are linearly ordered.
We may assume h((00)) is the smallest. Since h((0)) and h({00)) are incomparable,
h((0)) and h((11)) are incomparable. Thus {¢(z, b)), ¢(2,b11))} is inconsistent.
This is a contradiction. O

But it does not mean the existence of an antichain tree prevents the theory
having a witness of SOP3. We will see in Section 4 that there exists an example of
a structure whose theory has a formula ¢(z,y) which forms an antichain tree (so
it witnesses SOP1) and A, _,, ¢(z,y;) do not witness SOP; for all n € w. But our
example has SOP,.

We end this section with the following remarks. They discuss the possibility of
that the concept of ATP can be helpful for solving the problem of equality of SOP;
and SOPs.

Remark 3.10. If the existence of an antichain tree always implies the existence of
a witness of SOP3, then SOP; = SOP; by Corollary 3.8.

Remark 3.11. If there exists a NSOPs theory having an antichain tree, then
SOP; 2 SOP, by Proposition 3.3.

4. AN EXAMPLE OF ANTICHAIN TREE

In the last section, we showed the existence of an antichain tree in SOP;-NSOP2
context. It is natural to ask if an antichain tree exists without classification theoret-
ical hypothesis. We construct a structure of relational language whose theory has
a formula ¢(z,y) which forms an antichain tree and A,_, ¢(z,y;) do not witness
SOP;, for all n € w. Note that ¢ also witnesses SOP; by Proposition 3.3.

We begin the construction with language £ = {R} where R is a binary relation
symbol. For each n € w, let a,, € w be the number of all maximal antichains in
n>2 and 3, be the set of all maximal antichains in "~2. We can choose a bijection
from «, to 3, for each n € w, say u,. For each n € w, let A,, and B,, be finite sets
such that |A4,| = a, and |B,,| = |"~2|. We denote their elements by

A, ={al 1l < o},
B, = {by :ne€">2}.
And let N,, be the disjoint union of A,, and B, for each n € w.

For each n € w, let C,, be an L-structure such that C, = (C,; R°), where
RC» = {{af,by) € ApxBy i m € pn(l)}. For each n € w, let v, be a map from
ap U™ 2 to anyq UTH1>2 which maps ¢ + ¢ for all ¢ € a, U ™2, and define
v Cp = Cpyy by af — a:l:(ll) and by > bZIYl]). Then ¢} is an embedding. So we
can regard C,, as a substructure of C,, 11 with respect to ¢}. Let C be |J Cn, A
and B denote |J,,, An and |, _,, Bn respectively.

Then we have the following observations.

n<w



TREE-INDISCERNIBILITY IN SOP; AND ANTICHAIN TREES 7

Proposition 4.1. R(z,y) forms an antichain tree in Th(C).
Proposition 4.2. A,_, R(z,y;) does not witness SOPy for alln € w.

But Th(C) has a witness of SOPs. Let p(z,y) = ~Jw(R(w, ) AR(w, y))AIz(x #
z#y #xAJw(R(w,z) A R(w, 2)) A —Jw(R(w,y) A R(w, 2))). Then ¢ says “y is a
predecessor of « in the set of parameters.” (i.e., y < x) So, (p(x,y), (by)new>2) Wit-

nesses SOP2, where b, = by for some n € w. b, is well-defined by the constructions
of C.
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