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Abstract

This is a summary of the paper [FHS20]. The main result is the construction of bijections of the
three objects: non-commutative stochastic processes with monotonically independent increments; certain
decreasing Loewner chains in the upper half-plane; a special class of real-valued Markov processes.

1 Non-commutative probability

In non-commutative probability theory, operators on Hilbert spaces are regarded as random variables.

Definition 1.1. A non-commutative probability space (H, &) consists of a Hilbert space H and a unit vector
& € H, which defines the vector state ®¢ : B(H) — C via

De(X) = (€, X¢).

Here, B(H) denotes the space of all bounded linear operators on H and we use inner products which are
linear in the second argument. A densely defined closed operator X on H is called a normal random variable
if XX* = X*X. In particular:

(1) if X is a self-adjoint operator then we call it a self-adjoint random variable;

(2) if X is a unitary operator, then we call it a unitary random variable.

Our random variables X will be possibly unbounded operators, and so the domain of X may not contain
&. The resolvents 1/(z — X)) are useful in such cases.

Definition 1.2. Let X be a self-adjoint random variable on a non-commutative probability space (H,¢).
The distribution of X is the unique probability measure p on R such that

De((z— X)) = / L d2) = Gu(z), zeCt={weC:Im(w)>0}. (1.1)
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The function G, (%), which will also be denoted by Gx, is called the Cauchy transform of p or of X. The
F-transform (or reciprocal Cauchy transform) of y1 or of X (denoted by F), or Fx) is defined to be the inverse
of the Cauchy transform, i.e. as the mapping
1
F,:Ct - C* F,2)=—-—.
M ,U«( ) Gu (Z)

The reciprocal Cauchy transforms have an analytic characterization.

Proposition 1.3. Let F': C* — C* be analytic. The following statements are equivalent.

(1) F =F, for some probability measure p on R;
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(3) F(z) = 2(1+ o(2)) as z — oo non-tangentially.

In what follows we denote by C(S) the set of all continuous and bounded functions f: S — C, where S
is a topological space. If X is self-adjoint, we can define f(X) by functional calculus for f € Cy(R). Then
(1.1) can be generalized to

B(/(X) = [ f@)utde), [ R,
R
A basic (and crucial in this work) example of random variables arises from the classical probability theory.

Example 1.4. Let (€, F,P) be a classical probability space. Then (L?(Q, F,PP),1q) is a concrete non-
commutative probability space, where 1 is the constant function on € taking the value 1. If f: Q — R is
a real-valued F-measurable function, then the multiplication operator X : h — fh defined for A in the dense
domain

{he L*(Q, F,P): fh € L*(, F,P)}

is a self-adjoint random variable. The distribution of X in the sense of Definition 1.2 is exactly the usual
distribution of f, that is, Po f=1.

For further basics of non-commutative probability we refer the reader to introductions such as [Att, FS16,
Mey93].

2 Monotone independence

Independence is a central notion in probability theory. It can be formulated for o-subfields, which correspond
to *-subalgebras of B(H) in non-commutative probability. A striking feature of non-commutative probability
theory is that several notions of independence have been defined in the literature. Muraki has shown in
[Mur03] that the tensor, Boolean, free, monotone, and anti-monotone independences are the only five possible
universal notions of independence in non-commutative probability theory. We study monotone independence
in this paper. This independence was introduced by Muraki [Mur00, Mur0la, MurO1b] based on earlier work
on monotone Fock spaces [Mur96, Mur97, dGL97, Lu97].

Definition 2.1. Let (H,¢) be a non-commutative probability space.

(1) A family of *-subalgebras (A,),er of B(H) indexed by a linearly ordered set I is called monotonically
independent if the following two conditions are satisfied.

(i) For any r,s € NU{0}, i1,...,0r,5,k1 ..., ks € I with
> >0, > <kg<- - <kt
and for any Xy € A;,.... X, € A;,, Y € Aj, Z, € Ay, ..., Zs € Ay, we have
Pe(Xy - XY Zy - Z1) = Pe(X1) -+ Pe(Xi ) Re (V) Pe(Zs) -+ - Pe(Z1).
(ii) For any 4,j,k € I withi < j >k and any X € A;, Y € A;, Z € Ai, we have
XYZ = ®(Y)XZ.

(2) A family (X,),es of normal random variables indexed by a linearly ordered set I is called monotonically
independent if the family (A,),ecr of *-algebras is monotonically independent, where

A ={f(X.) | f € Cy(C), f(0) = 0}.

Remark 2.2. The following definition of monotone independence is also commonly used in the literature:

Hf r = 0, then we just assume j < ks < --- < k1, and similarly for the case s = 0.



(iii) For any n € N, 41,...,i, € [ and any X3 € A;,,...,X,, € A, , we have
Qe (X1 Xp) = Pe(Xp)Pe (X1 -+ - Xpo1 Xpt1 - - Xin)

whenever p is such that i,_; < i, > ipy1, where the first or the last inequality is eliminated if p = 1
or p = n respectively.

It can be checked that (i) and (ii) imply (iii). We prefer (i) and (ii) since our operator model satisfies
these stronger conditions. As noted in [Fra09a, Remark 3.2 (c)], the condition (iii) is equivalent to (i) and
(ii) if the vacuum vector ¢ is cyclic regarding the algebra generated by A;,i € I.

Remark 2.3. Monotone (and anti-monotone) independence of two random variables is defined for ordered
pairs (X,Y’), while tensor, free and Boolean independences do not need an order. Indeed, it is easy to see
that (X, I) is monotonically independent for all random variables X, where I € B(H) denotes the identity.
However, if (I, X) is monotonically independent for X € B(H), then we have X = IXI = ®¢(X)I, i.e. X is
a multiple of the identity. This also explains why we take functions f € C4(C) such that f(0) = 0 in ((2)).
If we remove the condition f(0) = 0, then we can take f = 1 and so X, must be multiples of the identity for
all but the maximal index.

Once a notion of independence of random variables is defined, one can introduce many concepts similar
to those in probability theory: convolution of probability measures, central limit theorems, non-commutative
stochastic processes with independent increments, and non-commutative stochastic differential equations.
For non-commutative independent increment processes, see the two books [ABKL05, BN+al06]. We also
refer to [Obal7], where the author shows how independences in non-commutative probability theory can be
applied to the analysis of graphs. The different notions of independence appear in connection with certain
products for graphs.

Assume that (X,Y) is a pair of monotonically independent self-adjoint random variables on a non-
commutative probability space (H,§) such that X 4+ Y is essentially self-adjoint. If x and v denote the
distributions of X and Y respectively, then it can be shown that the distribution A of X +Y can be computed
by

F\=F,oF,. (2.1)

Conversely, given two probability measures p and v on R, one can always find monotonically independent
self-adjoint operators X and Y with the distributions p and u, respectively (e.g. use the operators in [Fra09a,
Proposition 3.9]).

Thus the formula (2.1) defines the binary operation p>v := A, called the (additive) monotone convolution
of probability measures p and v on R.

Remark 2.4. Monotone convolution was originally defined by Muraki in [Mur00]. He first derived formula
(2.1) for compactly supported probability measures by computing the moments of (X + Y)™ when X and
Y are monotonically independent bounded self-adjoint random variables [Mur00, Theorem 3.1]. Then he
extended the definition of monotone convolution to arbitrary probability measures via complex analysis
[Mur00, Theorem 3.5]. Franz [Fra09a] constructed an unbounded self-adjoint operator model for monotone
convolution of arbitrary probability measures as mentioned above.

A non-commutative stochastic process is simply a family (X;);>¢ of random variables. In this work we
study the following monotone increment processes, which is an analogue of additive processes in probability
theory [Sat13].

Definition 2.5. Let (H,¢) be a non-commutative probability space and (X;):>0 a family of essentially self-
adjoint operators on H with Xy = 0. We call (X;) a self-adjoint additive monotone increment process (SAIP)
if the following conditions are satisfied.

(a) The increment X; — X with domain Dom(X;) "Dom(X}) is essentially self-adjoint for every 0 < s < .

(b) Dom(X;) N Dom(X;) N Dom(X,) is dense in H and is a core for the increment X, — X, for every
0<s<t<u.



(¢) The mapping (s,t) — us is continuous w.r.t. weak convergence, where g denotes the distribution of
the increment X; — X.

(d) The tuple
(Xt17Xt2 - Xt17 ce 7th - th—l)

is monotonically independent for all n € N and all ¢1,...,t, € Rs.t. 0 <t <ty < <t

Furthermore if X; — X has the same distribution as X;  for all 0 < s < ¢ (the condition of stationary
increments), then (Xy)>o0 is called a monotone Lévy process.

Note that the conditions (a) and (b) are rather technical; they are not necessary if (X;)¢>o consists of
bounded operators. We introduce an equivalence relation for two processes.

Definition 2.6. Let (H,¢) and (H’,¢’) be non-commutative probability spaces and let (Xt)¢>0 and (X])¢>0
be families of essentially self-adjoint operators on (H,¢) and (H',¢’) respectively. Then (X;) and (X}) are
equivalent if the finite dimensional distributions are equal, namely

(& fi(Xe) - fo(Xe ) m = (€ A(XE,) - ful(XE)E ) (22)
forall n € Nytq,...,t, >0, f1,..., fn € Cp(R).

Proposition 2.7. Two SAIPs are equivalent if and only if their distributions of increments coincide.

3 Markov processes

We give basic concepts on Markov processes. The main references are [RY99] and [Kal02]. In this section S
denotes a locally compact space with countable basis, and S denotes the Borel o-field.
A probability kernel k on (S,8) is a map k: S x S — [0,1] such that

(i) k(z, -) : S 2 B — k(z, B) is a probability measure for each = € S;
(ii) k(-,B):S 3z~ k(z,B) is a measurable function for each B € S.

For two probability kernels k and [ we define its composition
(kx1)(z, B) :/k(aj,dy)l(y,B) forzeS,BeS.
S

A family (kg)o<s<t of probability kernels is called transition kernels if it satisfics
ksu = kst * ki and kss(z, ) = 04(+) (3.1)
forall 0 < s <t <wandax € S. The former relation is called the Chapman-Kolmogorov relation.

Definition 3.1. Let (kst)o<s<¢ be a family of transition kernels. A stochastic process (My)i>o on (S,S)
adapted to a filtration (F3) is called a Markov process with transition kernels (kst)o<s<e if for each 0 < s < ¢
and B € § we have

P[M, € B|F,] = ku(M,, B) a.s. (3.2)

The distribution P o M Lon (S,8) is called the initial distribution. When we simply say a Markov process,
it is a Markov process with some transition kernels and some filtration. A Markov process is said to be
stationary if its transition kernels satisfy ks = ko+—s. Then we simply denote ko by k¢ and call (k¢)¢>o the
transition kernels as well. In this case the Chapman-Kolmogorov relation reads ks x ky = kg4 for s, > 0.



The equation (3.2) is called the Markov property. It is equivalent to

]E[f(Mt)U:s]:/Sf(ﬂi)kst(Ms7da:) a.s. (3.3)

for all bounded measurable functions f: S — C.

It is known that for a distribution p on (5,S) and a family of transition kernels (kst)o<s<¢ on (S,S)
satisfying (3.1), there exists a Markov process (My)¢>o with initial distribution p and (kst)o<s<¢ as transition
kernels. Moreover, the Markov process is unique up to finite dimensional distributions, namely, with respect
to the following equivalence.

Definition 3.2. Two stochastic processes (M)¢>0 and (Ny)¢>o are equivalent if
P[(M,,...,M;,) € Bl =P[(Ny,,...,N,) € B] (3.4)
for all times t1,...,t, > 0, alln € N and all B € S™.

Suppose that two Markov processes (My)>0 and (Ng)¢>0 have the same transition kernels (kg )o<s<¢ and
initial distribution p. Then they are equivalent, and actually the above common value (3.4) is given by

[ mon (o, (oo, dan) -y, (0o, d).
Sn

In this paper, we fix the initial distribution to be a delta measure. Then an equivalence class of Markov
processes is determined by (ks;), on which we mainly focus.
Investigation of SAIPs gives rise to the notion of monotonically homogeneous probability kernels.

Definition 3.3. We say that a probability kernel k is monotonically homogeneous (r>-homogeneous, for
short) if
5zl>k(y:'):k($+y7')7 x7y€R

and that a Markov process (My);>0 on R with transition kernels (kg )o<s<t is >-homogeneous if each kg is
>-homogeneous and the mapping (s,t) — kg (x,-) is continuous w.r.t. weak convergence for every = € R.

A probabilistic interpretation of this >-homogeneity is still missing, while this notion naturally appears
in the study of SAIPs.

4 Loewner chains

The distributions of processes with monotonically independent increments will lead us to certain families of
holomorphic mappings. These families turn out to be decreasing Loewner chains.

Definition 4.1. (1) Let (fs)o<s<¢ be a family of holomorphic mappings fs : CT — C* satisfying

(TM1) fss(z) =z forall z € CT and s > 0,
(TMQ) fsu = fst o ftu for all 0 <s<t< u,

(TM3) (s,t) — fs is continuous with respect to locally uniform convergence.

The family (f)i>0 := (for)e>0 is called a (decreasing) Loewner chain on CT. We will call the mappings
fst the transition mappings of the Loewner chain.

2) We call a Loewner chain (f;)¢>o an additive Loewner chain if lim,_.o. fs(iy)/(iy) = 1, or equivalently
> Y

fSt = F#st

for all 0 < s < t, where each pug is a probability measure on R.



In case of an additive Loewner chain, condition (TM3) is equivalent to
(s,t) = wst is continuous with respect to weak convergence.

For a Loewner chain (f;);>0, its range f;(C") is decreasing in time as a consequence of (TM2). Such Loewner
chains are called decreasing. Loewner chains appearing in SLE are also decreasing. In the context of complex
analysis, however, it is more common to work on increasing Loewner chains, where (TM2) is replaced by
fsu:ftuofst forall 0 <s <t <.

A basic property of Loewner chains is the univalence.

Theorem 4.2. All transition mappings fs of a Loewner chain are univalent.

5 Main results

5.1 Bijections of SAIPs, Markov processes and Loewner chains

The first goal is to establish one-to-one correspondences between SAIPs, >>-homogeneous Markov processes,
and additive Loewner chains, motivated by or extending the past works [Bia98, FM05, Fra09a, LMO00, Sch17].

Theorem 5.1. We establish one-to-one correspondences between the following objects:
(1) SAIPs (Xi)¢>0 up to equivalence,
(2) additive Loewner chains (Fy)i>o in CT,
(3) real-valued t>-homogeneous Markov processes (My)i>o0 with My =0 up to equivalence.
The details of the correspondences in Theorem 5.1 are as follows. If (X;):>0 is a SAIP, then the reciprocal

Cauchy transforms (Fx,):>o form an additive Loewner chain in C* by (2.1). Given an additive Loewner
chain (F});>0 in C*, the Markov transition kernels (kg )o<s<¢ defined by the identity

1 1
kt('rady):_—7 Z€C+7$€Ra
/yele_ys FiloFy(2) —x
determine a unique real-valued >-homogeneous Markov process (My)¢>o.
Finally, if (M})¢>0 is a real-valued >-homogeneous Markov process on (2, F,P) with filtration (Fi)¢>o,
then the non-commutative stochastic process (X¢)¢>o defined by

X,h = E[M;h|F}]

with dense domain D(X;) = D(M;) = {h € L?(Q,F,P) : Myh € L?*(Q,F,P)} is a SAIP. Note that the
conditional expectation P, = E[-|F,] is viewed as the orthogonal projection from L2(£2, F,P) onto the
subspace L?(Q, F;,P). Thus, with a slight abuse of notation, we may write X; = P, M, by viewing the function
M as a multiplication operator on L?(€), F,P) in the sense of Example 1.4. Note that ux, = ko (0, ) holds.

Remark 5.2. In the literature constructions of SAIPs have been limited to the case of bounded operators.
In [Mur97], Muraki constructed a monotone Brownian motion, i.e. a SAIP (X;);>o where the distribution
of X; — X, is the arcsine distribution with mean 0 and variance ¢ — s. More generally, monotone Lévy
processes consisting of bounded self-adjoint operators have been constructed in [FMO05, Theorem 4.1]. Jekel
[Jek20, Theorem 6.25] constructed (operator-valued) bounded monotone increment processes on a monotone
Fock space. Our construction based on classical Markov processes is different from all of them and has the
advantage that we can include any unbounded processes.

5.2 Stationary >-homogeneous Markov processes

The class of stationary >-homogeneous Markov processes may be of particular interest. It is not hard to
show that they are Feller processes. In this section we compute the generators of those processes and their
relation to the Berkson-Porta formula [BP78] for one-parameter semigroups of holomorphic self-mappings.



The stationarity means that ks = ko+—s, and so let us simply denote by k: = ko and call (k;)¢>o the
transition kernels of the Markov process. The associated Loewner chain has the so-called monotone Léuvy-
Khintchine representation proved by Muraki [Mur00] in the finite variance case. The general case follows
from Berkson and Porta’s result [BP78].

Theorem 5.3. (1) Let (My)>0 be a t>-homogeneous Markov process with transition kernels (ki)¢>0, and
let Fy = Fy,(0,.). Then Foyy = Fs o Fy for all s,t > 0, the right derivative A(z) = %‘t:OFt(z) exists
locally uniformly (and hence is holomorphic), and F; satisfies the equation

t
Fi(z)==z2 +/ A(Fs(2))ds, Fo(z) =z, z2€Cht>0. (5.1)
0
Moreover, the analytic function A is of the form
1
_A(2) :A,+/ T dz),  zecCH, (5.2)
R R— X

where v € R and p is a finite non-negative measure on R. The pair (v, p) is unique and is called the
generating pair.

(2) Conversely, given a pair (7, p) of a real number and a finite non-negative measure, define a function
A by (5.2). Then the solution to the equation (5.1) uniquely exists and defines a flow (Fy)¢>o on CT,
and then there exists a >-homogeneous Markov process (My)i>o such that Fy = Fy, o,y for all t > 0.

The above theorem is stated from the viewpoint of one-parameter semigroups of holomorphic self-
mappings. Here we relate it to the generator of stationary t>-homogeneous Markov processes, extending
the formula in [FMO05]. We start by introducing the free difference quotient 9: C*(R) — C(R?) by

f(@)—f(y)
Of)wy) =1 o T (5.3)
f'(x), T =y.
Then for f € C%(R) we have
F)—f(x)—(y—z) f'(x)
(0,01)(x,y) = { e » T (5.4)

Let B,(R) be the set of all bounded Borel measurable functions f: R — C.

Theorem 5.4. Let (My);>0 be a stationary >-homogeneous Markov process with transition kernels (k¢)¢>o.
Let Ty : By(R) — Byp(R) be its transition semigroup

(Tof)(z) = /R f@ k(e dy), € By(R),

which satisfies TsTy = Tsyy for s,t > 0. The generator of the transition semigroup is then given by

d

(G)(x) = —

=% (Tf)(z)

t=0

= f(2) + /R (1 4+ 92)(0:00)(x.y) + yf' ()} pldy)

for f € Cy(R) N C?(R) and x € R, where (v, p) is the pair in (5.2).
Example 5.5. If v =0 and p = dp, then the generator is
f(O)—f(;g+rf'(r)7 x40,

(G)(z) = {%f”(o), c=0,



and k:(0, -) is the arcsine law with mean 0 and variance ¢. The infinitesimal generator (see Theorem 5.3) for
the compositional semigroup (Fy)¢>o is given by A(z) = —%7 and hence Fy, o,.)(2) = V22 — 2t. The transition
probability of the associated stationary Markov process is

\/2t — y? x

7T(.Z2 _ y2 + 2t) 1(—\/27\/27) (y) dy + m5sigrl(x)\/12+2t(dy)'

This Markov process, when started at 0, is known as the AZema martingale (see e.g. [Eme89]).

5.3 Marginal distributions of SAIPs

It is another remarkable fact that a probability measure p can occur as a marginal distribution of an SAIP
iff its Cauchy transform G, = 1/F}, is univalent.

Theorem 5.6. Let p be a probability measure on R. The following statements are equivalent.

(1) F, is univalent.

(2) There exists a SAIP (Xi)i>0 such that the distribution of X is p.

(3) There exists an additive Loewner chain (F});>0 in CT such that Fy = F,.

(4) There ezists a t>-homogeneous Markov process (My)i>o such that My =0 and P o ]\41_1 = pu.

The idea of the proof of Theorem 5.6 is as follows. The equivalence between (2)—(4) is a part of Theorem
5.1. Under suitable Cayley transforms and a suitable time change, the Loewner chain (F};) can be transformed
into a Loewner chain on the unit disk that is differentiable regarding t almost everywhere and satisfies
Loewner’s partial differential equation. Then we can use recent work on Loewner chains [CDMG14] to prove
the equivalence between (1) and (3).

Remark 5.7. The equivalence between (1) and (2) of Theorem 5.6 is to be compared with classical probability
(see [Satl3, Theorems 7.10 and 9.1]): given a stochastic process (Y;);>0 with independent (not necessarily
stationary) increments, Yy = 0 and suitable continuity properties, the distribution of Y7 is infinitely divisible;
conversely any infinitely divisible distribution can be realized as such. The same statement is true if we
consider Lévy processes (namely, if we assume stationary increments). However, there exists a probability
measure /4 which is not monotonically infinitely divisible but F, is univalent. Therefore there exists a gap
between the laws of SAIPs and those of monotone Lévy processes.

Remark 5.8. R. Bauer has studied univalent Cauchy transforms in [Bau05] and he has also regarded Loewner’s
differential equation from a non-commutative probabilistic point of view, see [Bau03] and [Bau04]. The
relation to monotone independence is also discussed in [Sch17].

In view of Theorem 5.6, it is interesting to investigate univalent F-transforms from a (non-commutative)
probabilistic viewpoint. On the other hand, geometric function theory investigates univalent functions via
the geometry of their image domains.

The fact that a probability measure g on R is uniquely determined by its F-transform (due to the Stieltjes-
Perron inversion formula) poses a question about how properties of x and analytic/geometric properties of
F,, are related. For results in this direction, the reader is referred to [FHS20].

Finally, one can translate most of the notions and results we discussed into unitary operators, which
leads to bijections of unitary monotone increment processes, Markov processes on the unit circle and radial
Loewner chains in the unit disk. In the unitary case, we can further introduce a bijection to additive processes
on the unit circle, which was recently established in [HH].
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