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Macdonald BI#(D & 2 ffiD Affine FHEL L L T, IEEH Ruijisenaars BIE & WX 2 BY
B3 2019 FEICH A I N7z, ZOREIEDH %87 X — % ORGIRIC X - T, K Ruijsenaas
HAZOBEHREE %54 % 2 L3 PRI T 5. M Ruijsenaars {1 30 4 fERE IR
fepecd b, FEEBOMAG ORI EHRAAR L EEE 2ot Ty, —7, EEHF
Ruijisenaars BBUIHLAG ORIV ER T TERINTE D, COB#OWHE2IHRE Z &
T, f6M Ruijsenaars fEFIROEGMEMEIC 7 70 —F$ 25 2 EBNTE 5. KETIZ 2 D%
DH BRI (F8H Ruijsenaars BIBANOHRER & 135472 %) 12%f L T, Ding-Iohara-Miki &
. (BF toroidal gl; fR%0) @ intertwining fEFFIC L 29814 5.2 5. X 512, Macdonald
B & 2 DML & JEEH Ruijisenaars B & OS2 DT H fEHICHIHT 2. 14,
AEE [1] DNFICIED .

k=1
AFTIELT D & 9 72 ¢-FEEECHEMN Gamma BB DR S 2 w5 -
) 0032001_ el ) ) m::wv 0.1
(a;q) nl;[l( " "a), (a;q) (0™ 0 (0.1)
(@;¢:p)00 = J[ =g "p" "a), (02)
n,m=1
(qp/a; ¢, p)so
[(a;q,p) = ot D f/o0 0.3
(@:2.7) (a;¢,P)s (0:3)
FlBHn <micL T,
n<i<m

R R=T 4 ¥ a VORHTIFIERINTIZ [2] 1259 . ARITIZ0DAP SR H3—T 4> 3
Y% 0 =(0,0,...) EEE PIZLoT—T ¥ aryekoEhzRT.

1 Macdonald B8# & FEEE Ruijsenaars B#

% 971 Macdonald BIEUZ DWW THIT 2. AR§TIE, AFLATABR ECERI N @O
Macdonald £ & 135874 O | A RERBER

A =Cllzy/z1,23/22 ... ;2N /TN-1]] (1.1)
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Lo EELS.

Definition 1.1. ¢,t, s = (s1,...,sNn) % generic B#HE /T X —% LT 5. JWANFHREER A
F® Macdonald fEHI3 Dy (s;¢,t) %

tmk/xg 1-— $Z/txk
_— — Tz .
YT | o | e

-1 1<t<k k<t<n
LREFT D, JTITT,,, &

Ty F(x1,...,2n) = F(x1, ..., qvk, ..., ZN). (1.3)
WKLo TEF 2EDEMHETH 5.

CDOEHFE Dy OEEREICIERD & 9 ZilAGbEmNHRARB G 26Tk D, i
VT H H7: Macdonald BE%L & FEIZIL TV 5. ARECIZHIZ Z41% Macdonald BI% & MR 2 LI
15,

Definition 1.2. BI% f9'~ (x; s|q, t) € C[[wa/w1, 23/ 20, ..., 2N /oN_1]] &

fo(asslg,t) = > en(0sslgt) [ (x/@)% (1.4)
0eMpn 1<i<j<n
ko TEFKT S, 28, My = {0 = (0:)1<ij<n|0ij € Z>0, O, = 0 if k > 1} 1ZIEE
BB AT R D L= (e LR ARIH30) 7 N x N TR0 BEE L §5. 7R %
en (05 slq,t) &

N (0; ] ﬁ 11 ook 0in 000t /555 ),
(I7 a>k: eza_eja)qs /3 ) .
k= 21<z<J<k o
y ﬁ H jk+Za>k( ia™ Ja)qS]/tslﬂ ) Oik (1 5)
k=2 1<i<j<k —0jkt 2 ask(0ia—bja) g /Sza )

LEERTS.
Fact 1.3 ([3, 4, 5]). BISC /o' (2 slg. 1) 1XE8AE 2 B <, AT I R

D (s:q.t) [N (2 8]q,t) = (s1+ -+ sn5) fON (23 5]q, 1) (1.6)
DU—DFTH 5.

Remark 1.4. ## ® Macdonald R [2] 1WA Q(q, t)[z1, . .., vn]SY EIZ/EH
EREYVI (A ES

N x; — tw;
Z J' Ty, (1.7)

DOFEEREE L TEERI N, (F, INZ2HENNTEREE AR L 723 O % Macdonald ¥t
BRIBLE PR, ) S—F 42 ay A= (A, ) KEoTRT AL T4 RENB. ARioh



9 WiV H B 7% Macdonald BI%LC fO'V 13, 89 X =% 5; % 5, = MtV ERIERILT % & @ HED
Macdonald ZH{RICHIT T 2. DD, =T« /a VOREIDUN K NDEE s; =itV !
95 L, BB O (2 8|q, t) (2 = [Tis1 2 ) WAERMDZIEA E 220 EAME SRR

N
Dy fON (a5 8]q, 1) = > ¢tV fON (x50, t) (1.8)
i=1
itz T. ZDXHIT N IFETDNN—=T 4 ¥ a VITABET % Macdonald %I % @lif L 7-
HDIZHEH> T3,

JEE H Ruijsenaars BA%%1d Z @ Macdonald BA%% fo'v % & 2 Affine b L7 b DI > TEH
D, RDOLIHIICEEINS.
Definition 1.5 ([6]). BI¥ f9'~ (x, p|s, kla.t) € Qg,t, )[[pwa/a1, . ... pry/en—1,pr1/zy]]
%z

N NG (155 /500, k)

al A A() NG
U (@ pls kg t) = > ] NG—) H [I(pzass/twars—1)*

AD AN epij=1 N )@) m)( sj/silq, k) B=1a>1
(1.9)
é’.%%ﬂ%?% Z 217 %IIL'ZO)/J\\?‘ ;]:;&[E]E’Jk Tit+ N = X4 é’.n“?ﬁb
k|N k
NG (ulg. m) = NS (ulg, ) (1.10)
— H (uq—ui+/\j+1 —it+7. q),\ B H (u q/\a pg o—B-1. Q)ug oo
j>i>1 B>a>1
j—i=k (mod N) B—a=—k—1 (mod N)
LT

Macdonald IR i — 0 (g =€t =¢° L BWT B ZEE) 2BV T Jack LA &
XN 5 WML USRI T 5 2], Jack I L 13 Calogero-Sutherland B8 & > 9 & 2 H]
e —XtE BRI DN 2L b =7 v oEEME GRS (CSHEA) offths. i
& MBRDHHRER 12 I8 > T, FEEHT Ruijsenaars BIBUTIEE TR CS 514 [7, 8] D% 5.2 % C
EDTPRINTL S, JEEERM CS A & 13D CS AR oIEEHE{ (NI b=
7 VDI AT % X 9 BIEADEN) TH D, Atai, Langmann 12 £ > T 2019 FFICEA X 1
Fo. N UE, IO ¢ 0 1T B EBRIC BT Affine TN 2L R =7 ¥ JEE RO
R E 525 L) 2 LR, k — 1R TR Ruijsenaars fEFHZ OB A% %2 52 5 &
WY ZELTFRINT WS [6]. 72 L, JEER Ruijsenaars BIEUZ [ A BIBUC R D20 (R34
ERZHDD o Tz, L 6] Tl JEER Ruijsenaars B FIN DT T £
BRAc2 L PRBEZonTw5

2 DIM f{#K
AFETld Macdonald BI% f9'v IEE H Ruijsenaars BI%K ng[N @ Ding-Iohara-Miki Uiz
BT 2 HEE %N T 5. %713 Ding-Tohara-Miki {83 (DIM %) D&% 5 2 %. DIM

VIEREICIE [9) I X o CESEAFEO FHDE Z 5N T\ 553, 15 Ruijsenaars {EHFE L 3O Y 4 7D b D
THDEIENTD-oTEY, ZOEFEAZOmIE% & > THHEM Ruijsenaars fEAF IZBIL7 0.
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B3 E A toroidal fRECPHEHM Hall R & SIEIEN 2B TH D, Affine B FHED H B FED—f%
ftThs. ZDREE Macdonald ZHR EF U 2 DDEFENRNT XA —F ¢, t € CX ZFfD.

Definition 2.1 ([10, 11]). Ding-Iohara-Miki f\# U = U, & I3AIT

)= aiz, )= ) Yra (2.1)

nez n€lx>q

125 TR S 103 BRSO H D, DUT O FRBIR A il
PH (@)t (w) = (T Pu/2) Tl (W)t (z), ¢ ()2 (w) = g(¢T2z/w)H at (w)y (),

(2.2)
FE @) =t E), e ) = Ly ), (23)
ot (20 ()] = SR (e ot (2u) = ooy ), (24)
G (a0} () (w) = G (a/ ) (w)a* (2). (25)
ZZIZ
R = B O R I (R A S NI CE S8

nel

EL7.

Remark 2.2. 2% (2) 12899 % Serr BIfR%Z DIM REDEZBIFRRIcED 2550 H 5.
72 UARG T ) 2BITIE Serr BRI FITIIICHE 72 S 5 7= O MG L 2.

Fact 2.3 ([10]). DIM %%/ 1% (fiAH7%) Hopf REOME RS, KE A BUTOART

EzZens .
A(cHV?) = A2 g 12 (2.7)
Alt(2)) =2t () @ 1+ 9 (¢f] (1) z) @z (c)2), (2.8)
Ala(2)) = 2 (c2) ® T (cprz) + 1027 (2), (2.9)
A(*(2)) = 05 (el *2) @ 9E () 2). (2.10)

cZie cﬁ/z = 1251, ﬁ/z 1®ctl2 &Lz, WOS & RBAEHC DV TIZEIKT 3.

Remark 2.4. G ¢, ¢g 1& DIMARED L & 2> T b, —ISHLIED ¢ = (t/q)/?,
(g Jbg )V = (/)™ L LCEIT 2 L &, 2ORBDERZE L~ (n,m) FHLE S,

ARiTld ZORED 2MiFIDRIEZ VS, 1O HIZHBIR

1 — g/
[(In, (Lm] = ’nm&n_l_mp (211)

12 & o> THEZ % Heisenberg A& {an|n € Z} IC k> TR IS, F2HZAZ|0) (n>012xf L
Ta,|0) =0 X>TEE DAY A PRI PV) ITXo TERIND Fock 22 & T 5.
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Fact 2.5 ([12]). uZ 0 THRWVEHFENNIFI XA = L §2. NIk >TEE 2REBEERM p, - U —
End(F) 1% DIM RO KB B> T3 -

M2 (H) M, at(z) o (=), 2 (2) = uE(2),

(2.12)
P(2) =0T (2), PT(2) e (2),
zziz,
n(z) = exp (Z ! _ntin a_nz”) exp ( - Z ! —nt” anz_”) (2.13)
n=1 n=1
_ _ - - —n/24n/ n = =t —n/2,n/2 -n
£(2) —exp< nzz:l —a 2nl2q_ 2 )exp(n_l —. t"anz ) (2.14)
ot (2) = exp < - Z ! ;tn (1-— t”q_”)q”/4t_”/4anz_”), (2.15)
n=1
- _ -t __yn_—n\,n/d;—n/ n

¢ (z) =exp <n§::1 - (1 —t"g ™M) a2 ) (2.16)

YLt £ 2 OEBORE % R Fock 22t % FIHY & FH &, horizontal I & HIES.

b ) DDERBUIL )L (0,1) RBL (vertical BBLE HIEE) T, =T 4 ary A Itk->T
NRIRXEITALRENBERY PV N DIEZ %R FOU = Spann{|\)} LOEETH 3.

Fact 2.6 ([13, 14]). u A0 E T 5. L FOEMIZ DIM %o FOU FoFBx 52 5 :

N =N, (2.17)
£(N)+1
Z AL (gt ufz) A+ 1), (2.18)
()
z(2)[\) = ¢ AL (N T u/z) [N - Ly, (2.19)
=1
YH(2) |A) = ¢ 2B (u/2) ) (2.20)
P(2) |N) = ¢ P2 B (z/u) ) - 2.21)
222, Ay, € Qle.t) & B (2) € Qa,[=])
2L NN ity (] g Alp—iti—1
H 1 1(‘1 )\i]—l‘i\jt—i-l-j;Ei_q)\i—)\j'-‘rlz—i—&-j) )’ (2'22)
o q q
_ B 1 —glitr—N s (1— qu —Ai+1p—jti— 1)(1 q)\j+1_)\it_j+i)
_ 1
A)\’i B (1 —t )1 —q i+1 )\r‘rlt 1 H ]+1 )\Z—‘rlt Jj+i— 1)(1 _ q)\j_)\it_j_i_i)? (223)
Jj= H—l
1— A1—1 0 1— Ai 1— Aig1—1p—i+1
Bl (z) = 14 tzpp (L=t 2)(1 —¢ t2) (2.24)

1— q’\lz Pl (1 _ q)\i+1t—iz)(1 _ q)\i—lt—z’—&—lz)’

O Ry § S o | Gl Bahia i) (2.25)
A 1—qg Mz Pl (1 — g Aitrtiz) (1 — g~ ritlp—1z)” '




ZDORBOMEE % RO Fock 2efie 7OV e # 2 ticd 3. MEo2o0FB LT,
DIM fR#( D intertwining fEHE XK T 5 Z LB TE L. I 5ICZN% T, Macdonald B
B IEEHR Ruijsenaass Bz EBIT 2 2 L3 TE 5.

Fact 2.7 ([15]). M #¥8 L35, w=—vu DL E HIHFHFE (intertwining fFHF)
(IL,M+1),w

o (0.1),v: (1, 3M), u  FOD @ FOM) y FLMAL) (2.26)
DIME—(FEL T, (0| D(|0) ® |0)) =1 &
a® = ®A(a) (Va € U) (2.27)
729, Rk
(1, M),u; (0,1),v L FAMEY L (LM g po) (2.28)

(1L, M+1),—vu |~ %
DIME—EE L T ((0| ® (0))@*|0) =1 &
Ala)d* =d*a  (Va € lU) (2.29)
7% 729

Z O intertwining EFHZEDITH1%E3E 13 Igbal, Kozcaz, Vafa (& %\ IZHEH, FH) O refined
topological vertex & FFIZN 5 K123 L, 5RILYT — VD Nekrasov 77 FCBI % % P 3
%2 EDTE S (15 Intertwining fEFHE @, @* 12 3 5D Fock DRI DGR (25D Fock
DT WD S 1 DD Fock ZENDEMR, b LG Z D) TH 5D, vertical LELIC
BIFEX7 FVEEEL T, 290 horzontal EIRDMDOEHRZNY T 2 LB TE 5.

Definition 2.8. /S—7 4 > a2 ¥ M IZXL T,

(LM +1),—uv ] (1,M) (1,M+1)
q’* [(0, 1,5 (1, M), u| P (230
%
dr(a)=d(N@a) (Vae FLM) (2.31)
K> TERT 5. FRIC,
o [ (L, M), u;(0,1),0 (1,M+1) (1,M)
[ (LM A1), —vu | T T (2.32)
%
=N o5\ (vaeFETY). (2.33)
AEP
LEET S,

2D &y, @} 13 Heisenberg A% a,, 12 & > TEHAMICEC 2 ENXTES. (AR TIIEIET 5.
) ZD a, X BEREHOT, intertwining {EHRE DO A Z D778 FE 2 ERICEIHT 5 2
EMTES.



Definition 2.9. fHH XD FZ2EAT 5 :

- [(1,0)71); o, BL “8/”} o® [(0,(11)77%9);,(1163)714]

q)cr. |:’U' US/U.U:| — (171)7_ S (2 34)
P 0l B [(1,0),v;(0,1), us/v o 1,1), —us | . ) .
< | 0 L (1,1),—’&8 ] 0 _(07 1)75;(170)7u_ | >
o [(L0),v: (0, 1), us/v] o [ (1,1),~us
P | o: ’LLS/’U /L K L (1:1)7_us A _(0, 1),8;(1,0),u (2 35)
7 57)‘ T 0| d* _(170)7U§ (07 1)7“‘9/1’ ) i (171)’_%9 ] 0 '
< |25 (1,1), —us ] 0 _(07 1),8;(1,0),u_ |0)

3 Macdonald B8#®D DIM A# D intertwining fEARIC X B FER R

HIfiiCE A L 72 intertwining fEfA 3 & Macdonald BIBUZIRGBIRDH 5. 2 DHHii ¢l inter-
twining fEHFZE Z fllAa G T { 2 & T, Macdonald B%x & FEE 4T Ruijsenaars BIE L8
TEHILZ2RHT 5.

Definition 3.1. u = (u1,...,uy) & v = (vi,...,on) Z NHDORFIXA=5 DI LT 5. {F
3%

TV (w,v,w), TV (u, v, w) ® }‘(10 ® ]:(10 (3.1)
1<i<N 1<i<N
7z
T (’U/,’U,'U.)) = Z ® @CL Vi s ) ( (0) _,U @) (3 2)
" wy, M(k 2
p@ L p(N=1)ep 1<k<N

TV (u,v,w)

V'U/’U.w =
T (0. 0) = G w0, ) 0)

LEHT S, 20T, wy = Uy 10) = [0)® - |0) & L7

V1 V-1

Notation 3.2.

® FL0 (3.4)

1<i<N
&L

COERZTY (u,v,w) 1 N =2 DA, ¢ — LISHBET 2 ERICE T, Virasoro fi%k
D Primary ICMIGT % Z EBEHEEIREICE DRI NTW 5 [1]. N B RDOGEITH Wi
@ Primary IS L, 5 XIC AGT i (TV 0 b 2 OMBIRI & 5 Koty — P HwD
Nekrasov 77 ECBIEL & DXIIE) 1B TEHEREHZHEL 5 [16)].

KD THZ TV OB (BERTN 72 BTid 2 <, vertical 81 & horizontal B 1%H] %
ANEZ 15 D) THS.



Definition 3.3. &%

o 1,0) id®--Qidodcr: 1,0
(@ fg?J)) o F0) SRR, ( ® }"(01) SN),®I5%1>

1<i<N 1<i<N-1

5%
1d®---QidRQPT ®id D id®---®id
o FiVe & FO (3.5)
1<i<N

ZED (0 = WUNqy) | fERSR

V1. UN
(u, v, w) ® .FOl ® .7-"01 (3.6)

1<i<N 1<i<N

% (3.5) DL~L (1,0) RBUCPE 2 H22HIRHAE (0]---|0) & LTERT S, ISICEHE
TH(u,v,w) %

0.0 = T vl 0 30
LRI L b DT 5. 7L, [0) = () o0 |0) £ L7
IHRRDE)BNRNIRA—Y DR EHZZ S,
Definition 3.4. &5 1 <i < NIZXL T,
TV () =T (wi2) =TV (v,wi2)| g, (3.8)
L<k<n)
THE) = T w2) =T (v, w2)| oy, (3.9)

1<k
£95%
e & 9 12 L 7% intertwining fEF 3 % T Macdonald BI8t& 1i8l4 2 2 £ 3T E 7.

Theorem 3.5 (Appendix A of [16]).

O T (@ 50T (52) - TL(sw) 0y =[] LE/Z5D g (s g g/t)  (3.10)

DAL 5.

JEEH Ruijsenaars B, k= /N DBAICET, KD & 9 7% intertwing {EHZKD L —
7 (vertical BBUZBIT 2 p- b L — R ISHET 2 D) 2L THIRTE 2.

Definition 3.6. N flD/X7 X =% D u = (uq,...,un) XL T

AT = (v oy e,y e,y g,y ) (3.11)



L TP (@, p; s) zj:iNao) L FNO)

4 —1t=8 .
Floo TP ntes, u®)
TP@ms) = Y P QT a1 (k1) Yk
w® N ep 1<k<N w0 P Y — *y_lt_éi’ka:k
(1O =)
(3.12)
LIEFRT 5.
Theorem 3.7 ([1]). ¥ A =% Dflz®) (0<i<N) %
¥ = (vt ey sy .y ) (3.13)
£9%. ZDEE
<0‘ ;f-lloop(w(O)vp; 81)17'2100P(w(1)7p; 52) e %]i]OOP(w(N—l)jp; SN) ’0>
B i—‘i? q;w N (@, V]t g, 1) (3.14)
1<i<j<N i/ Si34)oc0
DI D LD, T T
s=(s,...,sy), sp= t%sk, (3.15)
= (2),...,2y), ) :p_%ajk (3.16)

EL7.

4 Macdonald BE#DOEAZR & DR

i Cik R 7z ng[N DERRNIE vertical BREUCBIT A FL—RERZ2ZEHTES. DD, 3
HT A€ End(FONSNY TR LT, Try(A) & p DI TR

Try(4) = > p=m RV A N, (4.1)
ADep
(1<i<N)
A) =)y @@ Ay (4.2)
<)\| — ()\(1)‘ R ® <)\(N)| (4'3)

LEERT DL,

(0 ,’flloop(m(O)’p; s1) - ”ﬁ?op(m(zv_l)’p; sn)[0) = Trp<7~§§1 <S(N—1);$N) 7-1H <8(0);m1) )
(4.4)

EHELSIENTES. T2,
sO = (vt sy, oyt sy s,y sN), 0< i< N (4.5)

EL7.



F21%, vertical &P & horizontal RIADREHE % A4 2 T horizontal ZHUBI T2 ML —2%
AT % & Macdonald BS oM~ v wBEic Lk 5> 7 b felhp(a:; slg,t,p) (AT ® Definition
4.1) BENZ. o1 TH LTV IARENCE i 22D DTH 2 L\ wfFskk: [16) Z w2 &
JEE T Ruijsenaars BIEL fQ[N Dk =t"YN gL L, felhp(a:; slq, t,p) DB3—ET 5 Z L DNEH
TZE5.

Definition 4.1. B 3 (@; slq. t,p) € Q(q,t. 8)[[p, 22 /1. ., wn /oy 1] &

;}lip(m;sm,t,p) = Z elhp(e slg, q/t,p) H (fﬁj/fci)eijv (4.6)

9eMy 1<i<j<N

EEFT S, I EHAY Y BB

I'(q"a;q,p) (qp/a;4,p)
S} G 4,P)n = =N F(a7Q>p e U 4.7
(@52 2)n '(a; q,p) ) (a;¢,p)so (4.7)
Z AT
i al O(q>a>ria=0iats, /51 q, p)g,,
cyr0;slet,p) =] ]I % :
k=2 1<i<j<k O(g>e>+lia=0inlgs; /s;: 4, p)o,
N k+za k(eza a . .
X J > I qS] /tslﬂ q7 p)()m (4,8)
- k+z (ezaf 'a) 3 2. p
k=21<i<j<k ! o>k ’ ‘Sj/éia%p)ﬁik
L7
Theorem 4.2. p, s;11/s;, Tiy1/7; (i=1,...,N — 1) pry /oy DIERNFEHRE L LT,
S (@ p¥ |8 1N g, 1) = € x [ (s32]g, 1, p) (4.9)

BT 5. 2 I,

o (pa/tia.p)eo \" U(tw;/xiiqp) (tsj/5i50)o0
¢ = ((1% ) I == ][] —2—= (4.10)

P)oo(PidsP)oc) | iy Tlazs/zizap) | o (a55/si30)o

EL7 F7oa & s 1d Theorem 3.7 LRI DTH D

s =(s),...,8y), s,= t%sk, (4.11)

' = (2),...,2%), ) =p Ny (4.12)

AEHRRE L WigRIC O LTI 1] 22w, o b L =22 EHBRIZEIT % 2
5D FIRITIE, MFL-@%%?@]EM{’PFH?% M7 B THIPORMR S 2E 2 2 L 2ERLTEL.
AfETId k=t~ VN DA ITB T, JEEH Ruijsenaars B fg[N %z DIM R D intertwining
EFIFRIC X - THERR L, Macdonald BI%D & 2 Ol fI1P 235liCdh % L) T & % FL
BHL 7-. L75>L, F&H Ruijsenaars BB k=t~ VN Tldal iR —» LICBWTEHNS. &
B—RDGEITE T S fg[N DB MR, Witz ATz o152, S512[6] T
REIN% ( DODWHEZIEHT 2 2 EN5BOFEL L THEIN T 5.
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