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Abstract

Let a statistical model be a three-layer neural network. plateau phenomena have been observed in
singular regions where two hidden neurons can be rewritten with only one hidden neuron. Guo classify
dynamics of learning near singularity into five patterns. We introduce coordinate transformation
of parameters of the statistic model. Let us fix variables moving quickly and search trajectories
of learning of variables moving slowly. Amari calucalated stability and dynamics of learning near
singular regions. Firstly we constract a neural network as the statistical model by using Mathmatica.
Secondly we change an initial value of the statistic model and consider that the dynamics of learning
changing under the influence of a critical line in case the true distribution near the singular regions
is realizable by the statistical model. Thirdly over-fitting phenomena that a training loss decreases
but a validation loss increases have been observed in case the true distribution on the singularity is
realizable by the statistical model. In the early process of learning, over-generalization phenomena
that the validation loss decreases and becames smaller and increases and becames bigger than training
loss have been observed in case the true distribution is outside of the statistic model, We examine
the evolution of parameter and consider the dynamics of learning on the training loss surface and
validation loss surface.
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1 EH
EE 1 (AN HEIET—9,7AMT—9%)
R! EO—BDAHITRESHERER X 2 A 12T 5. FH0, Do DR EDOEBRDHEIHK D HERER 7 %M
FET 5. 0o = (Wi, Wiy, Wiy, Wiy, Wiy, why) ERCATH U T, RTEE S R EORERZH Y 2T —
RIFARNT—RET 3.
Y = f(x,00) + Z = wi; tanh(wi z + wi;) + wi, tanh(wisz + wiy) + Z.

T 2 (BAguElETIV)
NI A—=R O = (Wy, Wa, w31, w3z) € RO R ADEE f(2,0) 126 LT, RTEX S R LOMERERY %
BBOEMET LV E WS,

Y = f(z,0) + Z = w1 0(x, W1) + wa20(X, Wa) + Z = ws; tanh(wq Tx) 4 wss tanh(wo Tx) + Z

= w31 tanh(wllx + w21) + wso tanh(wux + w22) + Z.

Z :VC“, Wi = (’LU11, wlg), Wo = (wzl, ’w22), X = ({E, 1) K—Q—Z)
TE 3 (2BEFN, HOHH)
BEBUEIE TV Y DMED R EMERZRTED, FHET NV LWV,

exp <_M> _

202

1
0) :=
HAY DMED LM ETHEREZRTED, EOHE VD,

1 ly— £z, 00)]2
alole) = <= exp (T) |

E% 4 (Overlap singularity, Elimination singularity)
RTEDB/NT A — X% Overlap singularity £\ [1].

Ry = {9 S R6|W1 = Wz}.
RTEDB/8F A —XHH% Elimination singularity £\5 [1].
Ry := {6 € RS|ws; = 0} U {0 € R®|wsy = 0}.

FAEGELE 7 V1 Overlap singularity Tl f(x, 0) = (w31 +ws2)d(x, wi) £F X #, Elimination singularity
T f(2,0) = wa2p(x, Wa), w31d(x,w1) ERINS.
JERRSR 6 = (W1, Wa, w31, wsz) DO EERLR & = (a, b, v, w) NDROPELEEBEZZ Z 5 [1].

w31 — W32
a=wz —wy, b=——"7"
w31 + W32
W31 W1 + W32W2
V=——""—"—, wW=Ww3 + Ws2.

w31 + w32

ZD& EEIEER O FPEEER E ZHWTRTRIND.

1 1
w1 =V+ ia(b—l), W2:v—|—§a(b—|—1),

1 1
w3 = 510(1 + b), Wsg = 511)(1 — b)



y = f(x,00)+ Z VTR LT, BRIy, x.0) = (y— f(x,0))? LB, ZD¥ S FBFEH ISR LT, K

TEDTFHELTEHTS.
51(2/15, Xt 915)

Ot+1)—06(t) :=—n 50

EE 5 (BERIDEZAHREN)
PERESR O = (W1, Wa, w31, w32) ICX LT, FEARELNEZRTEDS.

b(0)i= = { 2,

- / Ol(y,x,0 ol(y,x,0
< <%> - f%q(gb{)dtydx L9 5.

(
(

855 e(y,x,€) = y — f(x,€) I LT, BB I(E) DERIZ OV TRAM Y 12 [1].

aul

10 = w0 (e x 92D 4 Lot - 20(v.a) + 0fa?)

ov
10(6) = (elx, o0 v) + 50— ) (e x e S a) + ()

() = ull - ) (erx o) ) + (i - ) (el O PG ) 1 0a?),

2p(x, v
(&) = —iwz <e(y,x, §)aT%a> +0(a%).

2 X,V 3 X,V
2T Qv,a) == (e(y %, &) & (aT G a) ), D(x,v,a) i= 3, ;1 gegosaiaja LED .

am0DEEL, 1, IF01) DA—K—L VT A=R (v, w) DEILIFHEL, 1,(€) = 1,() =0 TH 5 Vil
LERBIZ D, — /Tl 12 0@) DA =X =1, 1F0(a%) DA =X =L 08T A =& (a, b) 1TE E/T
% [3].

EH 6 (EFERDFEEAEN)

JERER € = (a, b, v, w) I U THEFEAEZRTED L.

. 06 (06N /oy, x.€)
= gt (aeT) < P >

DL EFRHRATDOWVTRAMY LD [1).

e | b2 +1 b b2 +1
vV =

T
B) lv + 2w2 aa lv + Ealw — bla — ?alb,
b 2b
W= —ally + 2, — —l,
w w
a= —bly + 2l,,
. 241 2 2(6% +1
b:_b + aTlv——blw+Mlb.
w

w2 w2

ZIZTRIA—=R (v, w) ZEGEE (v, w*) IZEZE LT, 8T X=X (a, b)) DEALE ST 5.
& = (v, w*,0,b) I LT, H(v*, w*) = Lw* <e(y,x,§)8;f§;3¥)>‘gig* LEDD.




TE 7 (BEBEHDEL DFBEOREM)
ﬁ%%ﬁu%xaﬂﬁbf,@%ﬁﬁﬂ&g:a—wﬂuwwwﬁm@jaﬁﬁﬁﬁ@ﬁ<@¢g@
BRHEIT DV TR D LD, B

HONAHERGRIC D 5 & & Ry FLETH D, HONEHIRRE LTV E & Ry DRENER H(v, w*)
DEAEIZE > TRD 3D2DHEEITH T NG [4].

(1) EHEHE & ADMEE R DG Ry ZALE.

(2) EATED 22 BADGA: Ry DFT b < 1 2l TEHAVLE, b > 1 &2l § DB NLE

(3) EHED 2 DL b EDHE: Ry DHTH > 1 2l THANLE, b2 < 1 &z THIBALE.

= (v, a,b) & LT, BRI I(E) DARUT D WTRAK Y 12 [1].
-1

lv(g) = g’w*(l - ZZ)Q(V*7a) + 0(33),
f_11-2% ¢ - 3
(€ = 5——-alH(v*,w')a+ O(a?),
la(€) = (1 - 2)H(v", w")a + 2—1410*2(1 —2?) <e(y,x, g)%ﬂg_é +0(a%),

b(€) = —baTH(v*,w*)a + O(a®).

am0DEEL(E)IF0@) DA—K—, 1,(€), [,(£), L,(£) 1F0(a%) DA —X— &b O(a") ERDIE%
T2 L& o T Ry DIEHETOEEFGRERIZDOWTRAE Y LD [1].

a=2(1-vV)HH*, w")a,
b(1 — b2 2b(b2 + 1
( I )aTH(v*,w*)a— ( *;— )

w w

b

aH(v*, w)a.

T 8 (BEBHMAEDEBDY M1 FIVR)
TRVX—BE h(a) = 1aTa (TR LT, BEIEROIE DZEBED XA F I 7 ZUTDWTRAE Y LD [1].
(1) Ry DIEFETH h = aTa = 252D pS 0 315, FPSTERO XA F 37 AERORTHENS.

2w*? (b* +3)?
I
3 BT

h(a) = +C.

(2) Ro N\ Ry OUEBFTIE h = b i b 3ot ZEARRD XA F 37 ABRDATRENS.

h(a) = w**log (|b| + ﬁ) +C.
EE 9 (BREBHDESDZEBEDY 1T I 2D5H5)
HRERD B NT A =R OYMEIZ & 0, FEREBROE OFFEOXA F I T A%RD 5 D2DGEITHTS
2].
(1) Overlap singularity: ¥ 54458 Ry THEMPMERH U THO DAL TEEL L.
(2) Cross elimination singurarity: FiEHIK Ry ZKilrd 5 & EZHEBER L TEODMHITIEDL.
(3) Fast convergence: ¥ SIS % JEEE TICHD M ITH S PURT 555
(4) Near elimination singularity: RS Ry (D EFEEMEM LU CHDOHAEIZIED L.
(5) Output weight 0: F#E4E® R TEB LU TEO A E TEREL R,



2 REBHOELICHITZEZEDYI1FIIR

2.1 Mathmatica lCBIFT5=a2—FIbxy NT—U DIERK
B F1, F2, T8 elem0, elem1, elem?2, elem3 % XD & 51Z Mathmatica IZ AU TED 5.

Flla] :== NetInsertSharedArrays[NetChain|[Linear Layer[l,” Weights”— > a,” Biases” — > None]|,” Linear1”],
F2[b] ;= NetInsertSharedArrays|NetChain|Linear Layer[1l,” Weights”— > b,” Biases” — > None]|,” Linear2”],
elem0 := ElementwiseLayer[# x (1/2)&], elem1l := ElementwiseLayer[# * (—1)&],

elem2[v_] := ElementwiseLayer|[# * (v)&], elem3[w_] := ElementwiseLayer[# * (w)&].

MDIZwpz = (v+2(b—1)a)z &V, ROESIZAIUTH 1 DLEMNZ netll 2 EE5.

netllla_,b_,v_] := NetGraph[elem0, elem1, F1[a], F2[b], elem2[v], Total Layer]],
NetPort[’ Input’]— > 1,1— > 3— > 4,3— > 2,4,2,5— > 6]

ws tanh(z) = Jw(b+ 1) tanh(z) & 0, RO LS5 AD U THE 1 DLEMNZ net12 2S5,

netl12[a-,b_, w_] := NetGraph[Tanh, elem0, elem3[w], F2[b], Total Layer]],
NetPort]"Input’]— > 1,1— > 2— > 3— > 4,3,4— > 5]

=] ]

1 o |
NetGraph y
p P # o NetGraph D o A # + o
Input 1 5 . Input 1 ) 3 5 Output
P + ° H
= Output
4
= Inputs Outputs
°
Input = Input:  vector (size: 1) Output:  vector (size: 1)
5
Inputs Outputs
Input:  vector (size: 1) Output:  vector (size: 1)

1: netll, netl2

F7wipr = (v+ 1(b+ 1)a) z, wss tanh(z) = 2w(—b+ 1) tanh(z) £ U, net21, net22 % FKIZE D TIX 2
ICHhEES.

] L]

NetGraph" - >
]

P " NetGraph p; » . =l

Inputs Outputs
°
Input Input:  vector (size: 1) Output:  vector (size: 1)

Inputs Outputs
Input:  vector (size: 1) Output:  vector (size: 1)

2: net2l, net22

RIZ wgy tanh(wy1z) = fw(b+ 1) tanh[(v+ $(b—1)a) 2] £V, RDE ST AT L T 3 DEMIT netl
EHLEES.

netla-,b_,v_,w_] := NetGraphlnetll|a,b,v], net12]a,b,w], Net Port]” Input’]— > 1,1— > 2]



%72 wap tanh(wyz) = fw(—b+ 1) tanh[(v + $(b+ 1)a) 2] £V, net2 ZFABRKIZED 5.

1T wsy tanh(wy12) + wsg tanh(wiaz) & O, KD & S5 ATI L TH 3 DAMNZ parameter Net % 7)1 X
5.

parameterNet[a_, b_,v_,w_] := NetGraph[netl|a,b, v, w], net2[a, b, v, w], Total Layer]],
NetPort]" Input”]|— > 1, NetPort[” Input”]— > 2,1,2— > 3— > NetPort[’Outputl”],” Input” — > enc]

i [ | [ ]
r 1 NetGraph
NetGraph L = = P o = o = + o
-] o =® L ® Input . Output1
Input Output 2 3
1 2

Inputs Outputs ° =]

Input:  vector (size: 1) Output:  vector (size: 1) Input Y
Inputs Outputs
Input:  scalar Output1: vector (size: 1)

3: netl, parameter N et

HBRBEE O R E B e UT, RD &L HIZATI LU TK 41T trainingNet Z 1 X E 5.

gaussianLikelihood[y_, p_] := PDF[NormalDistribution[u, 1], y]

trainingNetla_,b_,v_,w_] := NetGraph[< |”params”— > parameter Net[a,b, v, w],” lhood” — >

Threading Layer|[gaussianLikelihood],” neglog” — > Elementwise Layer|— Log|#]&]| >,

NetPort[” Output”],NetPort[” params”,” Outputl”]— > ”lhood” " lhood” — > "neglog’ — > NetPort]” Loss”||

NetGraph " ™ =
]

o =L # 1 °
Input Loss
params lhood neglog
o

Output

Inputs Outputs

Output: vector (size: 1) Loss: vector (size: 1)

Input:  scalar

4: training N et (UL L)

AT =R LT AT —=RIZNUT, RO & DIZAN U THEEBREY G, PR EES H 2D 5.

Gla-,b] := Mean[trainingNet[a, b, v0, w0][< |” Input” — > dataX,” Output” — > encldataY]| >|]
Hla_,b] := MeanltrainingNet[a, b, v0, w0][< | Input”— > testX,” Output” — > encltestY]| >|]



2.2 HEBHOELICBIZ2ZBDI1FIIR
Bl 1 FlET—%, ED3)
—3<z<3LDANX, o=0.05DHE Z 1L T, {l#T— X% 0.25tanh(0.2z) + 0.25 tanh(0.4z) + Z,

HONMi% qy|r) = \/2170 exp (_ ly—(0.25 tanh(o.zzgo.zs, tanh(o_4m))\2) YR B

a=02b=0v=03 w=05&)EONAEHPREEPER LD IZHD L & YHEIZE->TEFHOX
1 FIT A% 5 DDHGEITHITTEET 5.
2.2.1 Overlap singularity D% 4 F+3I X

HEEFNOPIIEE a =015, b= —1.8 v =03, w=05 T 5. HOMIAEHETILTEEA,
BERERE S ELERE LT, RDEIIZAHILTC=a—F b3y N —2% 200 AZEHIE5.
resultslla,b_] := NetTrain[trainingNetla, b, v, w], < |" Input’— > dataX,” Output” — > encl[dataY]| >,
” RoundW eightsHistories” ,” TrainedNet”,” RoundLossList” , LossFunction— > ” Loss” , M ethod— >
"ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MazTrainingRounds— > 200]

NI A=R q, b DEFIZIER L, FEREEIZNT 22/ EX 5 QLN EHRAERIZST 52282 K5 DA
INES

05
a
o 50 100 150 200 B e == e m e m e
-05
50 -03 -02 -0.1 0.1 02 03
e b
15 // b e e -
-2.0 — — o
-2
25

5: NT A=K a, b DZAL

FEBROMIN ZER L, FEELOZEMEK 6 DLEMIZFEHBEMI LOX A+ I 7 22K 6 DARNIZH
35,

0.92069
0.92068

0.92067

0.92066
10.92070

0.92085

0.92064 J\/\A
{loss}

0.92063

. Jo.92085
\7‘
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6: WL, FHERME LK1 F 37 2
EAE 0 = 0 THIFLTF h—2SR2 ), KOAMHIZEREL AL,
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2.2.2 Cross elimination singularity 414 >3 7 2

FHETVOMNEEEZ a =015, b=—-15,v=03, w=052F5%. HONMANPELHETNTEHIN,
BRI e WBREHEKE LT, ROESIZAALT=a—Fhrxy b7 —2% 100 H¥EIE5.
results2[a-,b.] :== NetTrain[trainingNet[a, b, v, w], < |” Input” — > dataX,” Output” — > enc[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > ” Loss” , M ethod— >
"ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MazTrainingRounds— > 100]

INTGA =R a, b DIEFIZEAER L, FEEEITN S 2 2% 7 O ERNZERFRERMI ST 5262 X 7 DA
2R

05
b g R e e — )
~" 20 40 60 80 I S S e S
-05
a
-1.0
-1.5
-2.0

T2 NT A=K a, b DAL

FEBROMA & B L, FEEEROZE2 X 8 DAMIZFEEBEMT LD XA+ I 7 22K 8 DARIZH
h¥5.

0.92044
0.92042
0.92040
0.92038
0.92036
0.92034

0.92032

8: Bk, FEELME LOXA F IR

FRALERR D = —1 MW T2 L SIE/RLTT 7 b —DRI Y HORMIZEET 5.



2.2.3 First convergence D% 1+ I R

FHETVOMHYEEZ a=0.05,b=0,v=03, w=05&7T5. EONMGENRFHETILTERIN, &
KB N ILELERE LT, ROESIZANLT=Za—F)baxy hT—2%2 5[HZHIES.
results3la-,b] := NetTrain[trainingNet[a, b, v, w], < |” Input” — > dataX,” Output” — > encl[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > ” Loss” , M ethod— >
"ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MaxTrainingRounds— > 5]

INTGA—=R a, b DIEFIZEAER L, FEEEITN S 226 % 3 9 OLEMNZERFERI ST 5262 X 9 DA
2R

b
2
0.3
0.2 —{a}
.................... ¢ SR e e ey pepepepepepe
0.1
—{b} s ©
1 2 3 4 5 -03 -0.2 -0.1 0.1 0.2 0.3a
-0.1
.................... S L L L
-0.2
-0.3
-2

9: NI A=K a, b DAL

FEBEELORS 2 ER L, ZEELDEE X 10 ORI ZEBRMHE Lo X1 F 37 2% 10 AN
s 5.

0.919836 A

—
0919834 Gaios "; ‘

s {
0.919832 0.91990 |
0919830 Vo J

091985 | - ¥,
0.919828
0.2

0919826 ———{loss}

0 1 2 3 4 ot 5
a e
/""y1

10: R EKk, PEBLAHE EOX A F I T A

HORAFZH S PORT 5.



2.2.4 Near elimination singularity D41 37 2

FHETFNVOEE o =07, b=—06,v=03,w=05&7T5%. EHOSMAHEHFETIVTEHRIN,
BB A BRI E LT, ROELDIZAALT=a—F)b 1y N7 —=2% 200 [MFHI 5.

resultsd|a_, b] := NetTrain[trainingNet[a,b,v,w], < |” Input”’— > dataX,” Output” — > encl[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > ” Loss” , M ethod— >
"ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MaxzTrainingRounds— > 200]

NTRA—=R q, b DECHI & MER L, FEEEICNT 5226 %2 X 11 O LEANEEFRERICNT 5284 %2 K 11 04
iz 9.

os \/\M --------- e S e

50 100 150

-0.5

11: T A =R a, b DEAL

FEBEOIS 2 FR L, ZEERDEE X 12 OEMNZZB BRI Lo X1 F 37 2% 12 DA
5.

0.92050

0.92045

0.92040

0.92035

0.92030

0.92025 M

0.92020 _—{loss}
0 50 100 150 200

12: ZEEBL, FEBRME LOX A F I X

FERERR D = —1 IO &, HONMIZEET 5.
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2.2.5 Output weight 0 D% 1 FI VX

FHETFNVOMEEL o =07, b=—-08v=03,w=05&T5% EHOSMAIHEHFETIVTEHRIN,
BRI WBREHEEE LT, ROESIZAALT=a—Fhry b7 —2% 100 H¥EHIE5.
resultsbla-, b] := NetTrain[trainingNet[a,b,v,w], < |” Input”— > dataX,” Output” — > encl[dataY]| >,
” RoundW eightsHistories”,” TrainedNet”,” RoundLossList” , LossFunction— > ” Loss” , M ethod— >
"ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MazTrainingRounds— > 100]

NI A—=R q, b DILHIZ/ER L, FEBEBIST 228/0%2 K 13 O EANCEERERIGT 62842 X 13 04
EIINE 3

0.5 [a] WS e e e e e e e
20 40 60 80 100 - -
-0.2 0.2 0.4 0.6 0.8 1.0
-0.5
N . TP D A S ...
AR {b} 1
-15

13: T A =R a, b DEAL

FEBEOIS 2 FR L, ZEEEDEE X 14 OEMIZZB BRI Lo X1 F 37 2% 14 AN
9 5.

0.920320
0.920315
0.920310
0.920305
0.920300
0.920295
0.920290 -
0 20 40 60 80 100

14: EERSR, FEEEME O X1 F IR

FERERR b= —1 TEWMLTT I =20 HO/MHEIZEELZ .
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3 BEE - BEtESIIRZEDIIFTIVIR
3.1 Mathmatica iCHIFTE=Za—FILRxYy NT—UDIEK
B F1, F2, T elem0, elem]1, elem?2, elem3, elem4 % XD X 512 Mathmatica (Z AT U TED 5.

Flla] :== NetInsertSharedArrays[NetChain|[Linear Layer[l,” Weights”— > a,” Biases” — > None]|,” Linear1”],
F2[b] := NetInsertSharedArrays|NetChain|Linear Layer[1l,” Weights”— > b,” Biases” — > None]|,” Linear2”],
elem0 := ElementwiseLayer[# * (1/2)&], elem1 := ElementwiseLayer[# * (—1)&],

elem2[v_,d_] :== ElementwiseLayer[# * (v) + d&], elem3[w_] := ElementwiseLayer|[# x (w)&],

elemd|c] := ElementwiseLayer|# + (¢)&].

FIDIZa=(a,c),v=(v,d) &7 5.
Tx = (v+3(b—1)a) x £ 0, KD &S AH L TH 15 DLEHIC netll & IHAXE 5.

W1 X =
netllfa-,b_, c_,d_,v] := NetGraphlelem0, elem1, F1[a], F2[b], elem2[v, d], elem4[c], Total Layer]],
NetPort] Input’]— > 3,3— > 6— > 1,1— > 4,1— > 2,4,2.5— > 7]

ws; tanh(z) = Fw(b+ 1) tanh(z) £ O, KO K ST AT LT 15 AR net12 2SS HES.

netl12[a-,b_, c_,d_,w_] := NetGraph[Tanh, elem0, elem3[w], F2[b], Total Layer]],
NetPort]"Input’]— > 1,1— > 2— > 3— > 4,3,4— > 5]

-] "

NetGraph| = g™
p e % H P 7 1 NetGraph p R 5= » o . .
1 Input 4 = 3 5 Output
# + o ™
5 Output
2 Inputs Outputs
put = Input:  vector (size: 1) Output:  vector (size: 1)
5
Inputs Outputs
Input:  vector (size: 1) Output:  vector (size: 1)

15: netll, netl12

FrowaTx=(v+30b+ 1)a)Tx, w3z tanh(z) = 2w(—b + 1) tanh(z) &V, net2l, net22 % FKIZED T
16 (2T ES.

o a L}
NetGraph|| B Za R T o u NetGraph| I “a o ” u . —
. pe . Output

Inputs Outputs
2 nput: vector (size: 1) Output: vector (size: 1)

Inputs Outputs
Input:  vector (size: 1) Output:  vector (size: 1)

16: net21, net22

RIZ wzy tanh(wqTx) = Jw(b + 1) tanh[(v + 3(b— l)a)Tx] LY, RDOESITATILTH 1T DLEMNZ

netl Z 15,
netlla_,b_,c_,d_,v_,w_] := NetGraphlnetll|a,b,c,d,v], net12[a,b, c,d, w], Net Port[’ Input’]— > 1,1— > 2]
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¥ 72 wap tanh(waTx) = 2w(—b+ 1) tanh[(v + (b + 1)a)Tx] &0, net2 ZFEBRIZED 5.

B2 wsy tanh(wy Tx) + wsg tanh(wo Tx) &0, KD K 512 AF U TH 17 OFHEBNZ parameter Net % Hi 7
XH5.

parameterNetla_,b_,c_,d_,v_,w_] := NetGraph[netl|a,b, c,d,v,w],net2[a, b, ¢,d, v, w], Total Layer]],
NetPort[” Input”|— > 1, NetPort[” Input”’]— > 2,1,2— > 3— > NetPort[”Outputl”],” Input” — > enc]

r 1 NetGraph|
NetGraph L = = P - = o =[] 5 o
1 ° L] L 9 Input . Output1
Input Output 2 3
1 2

Inputs Outputs ° ]

Input:  vector (size: 1) Output:  vector (size: 1) Input 1
Inputs Outputs
Input:  scalar Output1: vector (size: 1)

17: netl, parameter Net

HBEEE 2 FARABBE LT, RO LS IZASLUTH 18I trainingNet 21 &85,

trainingNet[a_,b_,c_,d_,v_,w_] := NetGraph[< |"params”— > parameterNet[a,b, c,d,v,w],”loss” — >
MeanSquaredLossLayer[]| >, NetPort]” Output”], Net Port[” params”,” Outputl”]— > "loss”]

[ o ]
NetGraph é B . B,l o
Input Loss
params loss
o

Qutput

Inputs Outputs

Input:  scalar Loss: real

Output: vector (size: 1)

18: trainingNet(2 FEii7E)

AT =2 LT AR T =R UT, RO K SIZAT UTEEBERE G, LB RBER H 2ED 5.

Gla-, b] := Mean[trainingNet[a, b, c0, d0, v0, w0][< |” Input” — > dataX,” Output’ — > enc[dataY ]| >]]
Hla-,b_] := Mean|trainingNet|a, b, c0, d0, v0, wl][< |” Input” — > testX,” Output” — > encltestY]| >
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32 BEBEBIITFBEDII4FTIVR
Bl 2 AT —49, 7RANT—49, EDD)
—3<x<3LDANX,0=0.00DFE Z 1T LT, FI- 7 A M T —X% 0.25 tanh(3z)+0.25 tanh(3z) + Z

B DM % q(y|$) _ \/2170- exp (_ |y(0.25 tanh(3m31-2025 tanh(3:c))|2) LEDD.

T — 2219 DLEMZ, TANTF—2 %2 19 DAANZH T S.

)

06 .
L]
-.ﬁ o ® s 06 o - @ «®
° e . °
0.4 . o 8 « ® aw ¥
04 ° °
L]
.
02p 55
-2 -1 1 2 -2 1 1 2
-0.2 -0%
> o
. e-04 . 04
., . o T gv *, . .- . i o .
¢ -0.6 -06

19: AT — &, F AR F—&
a=0,0=0,¢c=0,d=0,v=3, w=0.5 i OE@%E%}’#%%%EEEJ:Q:Z’DE)t%vi@?‘»@%ﬁ:?i}%é@?
LY SERPE TV Y

, , =05195E, HONMHNEHEET MIZE -
TEHINS. BERERE 2 T2 RIEG2T AT —RE LT, XKOESCANLT=a—-F )L
v M 300 HFEHIES.

resultslla-, b] := NetTrain[trainingNetla,b,0,0,v1, wl], < |”Input”— > dataX,” Output” — > enc[dataY]| >,
All, ValidationSet— >< |"Input” — > testX,” Output” — > enc[testY]| >, LossFunction— > 7 Loss”,
Method— >7"ADAM?”,” Initial Learning Rate” — > 0.1, BatchSize— > 30, MaxTrainingRounds— > 300]

- NEEK OIS 2 ER U, ZEEE DL & X 20 DN NABREDZEAL 2 X 20 DAERNZH T 5.

0.00183116 0.0021704 {test, loss}
0.00183114 0.0021703
0.00183112

0.0021702
0.00183110

0.0021701
0.00183108

{train, loss} 0.0021700

0 50 100 150 200 250 300 0 50 100 150 200 250 300

20: FHEEL - PULEK

FEBRIEAD S 2 DNCRESBIINL T, @FEPNEETWS.
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- PULEROZ(LE R 21 ORI, FIFE - TA DT RO LITEEBRO=2—F LRy P OHNE
B 21 OEHNZHIIT 5.

ound St i
D 0
50 100 150 200 250 300 04 . . s b |
0.2
1073 —— validation
~—— trainin,
9 -3 -2 -1 i 2 3
-0/
, o of04
. ° -
¥ D

21: F# - UL, FEBEDO =2 —-J V% v b
RDESIZANLT=a—F0ay bT—2% 300 HIZEHIES.
results2]a-,b_] := NetTrain[trainingNet[a,b,0,0,v1,wl], < |”Input’— > dataX,” Output”— > encl[dataY]| >,

” RoundW eightsHistories”,” TrainedNet”,” RoundLossList”, LossFunction— > " Loss”,
Method— > " ADAM?”,” Initial LearningRate” — > 0.1, BatchSize— > 30, MaxTrainingRounds— > 300]

INTA—=R a, b DEFIZMER L, ZEEEIN T 52402 X 22 DLERNZEFFRERIZN T 5262 X 22 D4
iz k9.

b
2
0.3
02
.................... ] PR o oo oo
0.1
g a
A& g3 0.2 ~01 0.1 0.2 0.3
50 100 150 200 250 300 “—{b}
T R
—02
2

X 22: XT A=K q, b DEAL

BREM e =0,b=+1 128U T, FHBEEEE EDOX 1 F 327 22X 23 DLEANC P ELHER LD X1 5
I 2%X23DAMIZENT S.

[
0.0021715§

0.0018312} \
0.0021710

0.0018311 ¢
0.0018310} 0.0021705 e S

1 E
00018500} 4 y 0.0021700§ /1

s 7 <

. 7 0.0021695
703\\ 7 b \\\\
= 02
0.0 S

B 23: Y - Pk EoX 1 FI T A
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3.3 BEMELESIIEZODYITIVR

Bl 3 (AET—4, 7ANT—49,EDOLH)

—3<z<3LEDANX, oc=0.05DHF Z 1T LT, ilflT— X% 0.5tanh(4.82) +0.4 tanh(5z —10)+ Z &
ED, 21 <z <3 EOAS X, MG ZITHLT, T AT —&% 0.2tanh(52—10)+0.2 tanh(52—10)+0.5+Z
LEDL. BEONGE q(y|$) _ _1 exp (_ |y7(0.5tanh(4.8z)+0.4tanh(5m710))|2) THEDD.

V2 202

AT — &% %M 24 DFEMNZ, T AT — R %M 24 DEANZHTIT 5.

1.0 . 1.0
. ° . .
o ¢ ce e 2 . & o
. e & .
. &
0.5 08 % " .
L]
oy : . 06
~2 -1 . 1 2 3
04
-0.3)
02
L ] L]
L]
:. P e * o, 10-
-1 0.0
22 24 26 28

B 24: AT — K, FA T4

a=02b=011,c=—10,d = —4.44, v = 4.88, w = 0.9 & O EDOHAEHFREL LD < 12H 0 . @EIN
bR ITHEDFEEDXAF IV A%ERT 5.

FEETNVOUIMEEZ 0 =0.2,b=0.11,c=-18,d = —4.44, v =4.88, w =09 £F5H L, ¢ = —18 L i
ET D0, BEODHENFEETIVZ Lo TEEHI N, BEREHE 2 FTRAK, MAEESE2 T A T —
RELT,RDESIZASLTZa—F 2y b 20 AIZFX 5.

resultslla-,b] := NetTrain[trainingNetla,b, —18, —4.44, v1, wl], < |” Input” — > dataX,” Output” — > enc[dataY’]
| >, All, ValidationSet— >< |” Input”— > testX,” Output” — > enc[testY]| >, LossFunction— > " Loss”,
Method— >7 ADAM?”,” Initial Learning Rate” — > 0.1, BatchSize— > 30, MaxTraining Rounds— > 20|

- KR DRS &R U, R L D2 %2 X 25 OAEANZINALER D2 A& X 25 OARIZH T 5.

0.20

0.4
0.15

03
0.10 02

{train, loss} {test, loss}
0.05 0.4
5 10 15 5 10 15

25: FEEL - PULEK
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28 - PULHK DL 26 () S5,

loss

rounds

2

B

10t

b

<

\

8 10 12 14

—— validation

g
=

[——
><ﬂ__.f—a——-f—~

—— training

B 26: F& - P

MALEEDNRAD U CTHEEEL LD B/NEIL R BINUTEEEELE LV RS R 3BREREIEES TV,
FARNTF—=ZDEIZZa—I 0%y bOHEINIOWTES 2 X 27 DEANZZEE % %2 X 27 DAANZFRT.

1.0

0.5

1.0 °

*ogge” ® ofgo
P2 s 4 a3
[ X O... ‘:\.'o-
L ]
0.5
2 3 -3 -2 -1 1 2 3
-0.5
-1.0

X 27 FHEE] - FEHEDO=_a—F N2y b

RDESIZANLT=Za—=F 2y b7 —=2% 70 AIZEIE5.

results2[a-,b_] := NetTrain[trainingNetla, b, —18, —4.44,v1,wl], < |” Input” — > dataX,” Output” — > encl[dataY’]
| >,” RoundW eightsHistories”,” TrainedNet”,” RoundLossList”, LossFunction— > ” Loss”,
Method— >"ADAM?”,” Initial Learning Rate” — > 0.1, BatchSize— > 30, MaxTrainingRounds— > 70]

NI A= a, b DELHIZERL, FERBEIZST 2862 28 DLEANCEERERIINT 582K 28 DA
I

6

5

4

{a}

{0}

20

30

40

50

60

70

28: NI A =R a, b DEAL

17




TANT—REBGIEGL L TROEIIIZANLT=a2a—F )V xY NT—=2% 70 [MFHI 5.
results3la-, b] := NetTrain[trainingNet[a,b, —18, —4.44,v1,wl], < |" Input”— > dataX,” Output” — > enc|dataY’]
| >, All, ValidationSet— >< |” Input” — > testX,” Output” — > enc[testY]| >, LossFunction— > ” Loss”,
Method— >"ADAM”,” Initial Learning Rate” — > 0.1, BatchSize— > 30, MazTraining Rounds— > 70]

2 PACERE DL AR 29 DEMNZ, TAMTF—RDLIZEBHBO=—a—F V32 v bOH %X 29 DA
Bz 3 5.

20 40 60
)\ —— validation

29: FH - PULERK, FEBEO=a -T2 v b
BRERZ b= +1 120 UC, ZH BRI Lo X1 F I 7 2 &M 30 0L PALHELME Eo &1 ) 3
7 A% 30 DAMICHIIY 5.

B 30: 2 - PUBRERME LOX A FI 7 A
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