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Using the ISCZ method based on stabilization theory

to construct three-dimensional convex hulls
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Abstract

The ISCZ method (Interval-Symbol method with Correct Zero rewriting) was proposed based on
Shirayanagi-Sweedler stabilization theory, to reduce the amount of exact computations as much as
possible to obtain the exact results. This method is the floating-point interval method using zero
rewriting and symbols. Zero rewriting rewrites an interval coefficient into the zero interval if the
interval contains zero. Symbols are used to keep track of the execution path of the original algorithm
with exact computations, so that the associated real coefficients can be found by evaluating the
symbols. The key point is that at each stage of zero rewriting, one checks to see if the zero rewriting
is really correct by exploiting the associated symbol. In this paper, we show the efficiency of the
ISCZ method by applying it to three-dimensional convex hull construction.

1 (FC®IC

R LG [1] (&, ERGHETIITT 2 EALER R 7T ) Xaic L, 202 EH L GELGHET
EITLTHHEOHERIHI L, RERMNMPESNS X512T 37-0DMHTH %, ik [4][5] TlEZD
LEACFIE. E£RFERETH S ISCZE (3]) 2. MET7 LTV XLD—DTH5, Graham D7 LTV X
DAL, 2 0T DIMEREK T ORI EEBR 1T o 720 RFRTIX. ISCZ IE%R 3 XTE 71T Y XA D
—OTHAHF 7 MBEIEA L. 3 RTOM i T O ERER 21TV, ISCZ EOAIMZ RS,

3, 2T, REMHEEE ISCZIECDOWTEET S, 3HITIE., 3X0nhE7ra ) X LD—DT
HBX 7 VUEEZRENT %, 31T TTEBEZRIAT 22 VRV X MR LTOH LW A4 77 %
BB, 3.2FH T, ISCZiE%R 3 XM D 70D F 7 k7 L) X A U -5 E% 525
IZDOWTRR S

*1 E-mail: 656200020@st.toho-u. jp

*2 E-mail: kiyoshi.shirayanagi@is.sci.toho-u.ac.jp



2 B8
2.1 REEH
RDTNTY R L% NG ZEACBEROEE Z I T 5, 7Rl [1] 227z v,
o F—RiF, TRTOLZHERE R[z1, - , 2] DT DR S, RIZEBEDEIMETH 5,
o T —RMEDHEEIX. Rz, -, 2m NONBEETH 3,
o F—& L0, FEFAEROL TIZZUL0 DATH 5.

HREEDARHEF DS 0 2 WS EIKRIZ, If7C = 07 then ... else... D X 512, HD 0 DEDIT K > THIEHH
NBZZeTH2, oT. C=0DRHHIZ C>0RC<ORETDHINV, FLZ77RD7LITY XA
. FEHA0OREMW 7 LT XL LR, I FLAYDOHANEDO 7T LTI ZLEZZD T 5 R A B0,
DI IADT NN X LEEAHETH B,

T, BED 3DODHEL ¥ MiE.

o 7LV X LADKHEIFZE Z 2\,

o F—RMEHIZBWT, 5209 DR E XEREICEZ %,
o MFBOFHEDERTT, KEBRBOLaEMZ 2175,
TH3, Thbb, WELLENEZTLIY ZLEZRDE SIS,

XMEEE 7 — 2B XHGREZIEOES, KGR (A, B] 725K T, A, B € R[4, B] 3%E
{’I" S ]R|A S r S B} %%H*T%o

XRES @ “IHEE o c {+, -, x, =} L,

[A,B]¢[C,D] =[min(AcC,AoD,BoC,BoD),max(AcC,AoD,BoC,Bo D)

TOEHmZ | FEkEA 0 %2 b OulGER M3 2 HATT. S XEHRE (A, B] e L.
A<O0<BROIIFIAB %0,0] CEEHA K, 25 TRVALIZZDEZ LR L,

/%‘ ]\j] fe R[Ila"' ,Im] %
f= 3 Tiimal oy
i1, 5im

ERLUT &, [T 20U {Int(f);}; %
Int(f); = Z (@i ) (biyeiy, )Tt ol

i1y im
TEHRT D, T, TRTD iy, by WKOWT,
(@iyvvin)j S Tigeigg < (biyi)j for Vj
(0i i )i = (@iy i )j —> 0 @8 j — 00
Tk, B2
Inf(f); — f

&L
XT. ABGE LT AT X 5% Stab(A) ¥ EL b RBLEHEGROEARTHTH %,



FE 1 (RECEROELRTRE)

AGAERR 0 ORBII7 LTV RLAT, A f € Rz, o) WHULIEEK TS 228k, 2Ot
E. FIONT BEREDEWS {Int(f);}; TR L. 2 ndHFEL T, j > n 8 BIE. Stab(A) & Int(f); 12
I LIEHHT L,

Stab(A)(Int(f);) — A(f).

iz 720, ANE—2RTDZIHNITLTWER, ANEdDBAA, ZHADARESTS I,

2.2 ISCZ3%E
2.2.1 P URILGEXRE

K e RS YRV ZHASDELBE (O v RAMERM) 2EAT 2, K, fEke FEED
HEROXETH 5, Y ARME. 743 ) RLAETHCEHN S HEBO log (Ftsk) ZH 2 Difibh s, i
2R ANREDI1/3 2 1/6 £33, ZHHDNEE 3 DXEIEZN241[0.333,0.334] £ [0.166,0.167] TH
2, XC, 13T BV RLE s, 1/6 10T 2 R Aekt e LT, REeflasbese, zhz
A1, [[0.333,0.334], s] & [[0.166,0.167],¢] £7% %, K2, ZHoOBOER, FIZE. iz,

[[0.333,0.334], s] + [[0.166,0.167], ¢] = [[0.333,0.334] + [0.166,0.167], s - ]

LEFT S, [0.333,0.334] + [0.166,0.167] 1< L Uil O XMHEEZF 5, > ¥ RES s+t IZFHUTE
K7y VRN T, MBEREMLTZ 2 28T EAUIMTD L,

7Y RADFEITHD 5 WVIFETHRIC. BREWIHU T, ¥ Y RVE EMGRE GEBIH) Ersse
MTEDL, FEOMHELRHITEZIX, DL YRALDN s+t Thoize TR, sI1T1/3 %, t121/6 XA
L. +QEMEDEK®E 52T, 1/3+1/6=1/2 2187 %,

O UFIMTERXED Z ¥ % interval-symbol, & 2 WIXHIZ IS & FEER,

2.2.2 FEF
A ZAREE S 0 DR LITY XL T2, ISCZHEDTHEIZRDEY TH S,

R-to-IS : & AJIRE r % [[A, B], Symbol,] \CEH¥T %, T2, [A,B]idr OTHEDLNTFEEDX
. Symbol, 1&r ZE T VRV (UF. AN VRV ERESR) THD,

IS EE ! ISHEZRXD L SIZHTT 5 !

[[A, B],s] + [[C, D], t] = [[A, B] + [C, D], s + ]

[[AvB]aS]_[[O’D]at] [[A,B]—[O,D],Sit]

[[A; Bl, s] x [[C, DI, #]

Fixbb, KEEFTOWTIXEEE Z HV, & YAV OWTIINE, A, fEOEAN
B YRV 4, - x B0 T, ESWSEHEMNMTbW»Z2LERT 5,

[[4, B] x [C, D], s x t]

ELWEAOEHTZ I [TEDIS [[4,B],s]| THL., A<0< BR5IE, s ZZHUTHIET 258 r(s) 18T
T5, BL. r(s) =046 RDORT v F1IEY, £ 5 TRITFAUI. FHEZ LI T R-to-IS IZR 5,



IS-to-R : HH D VR DFRDEAN S R EFRETRHIET 2 ANBREERA L, HES VR
JTEHA O EMW 2 5 2 TEBEIIEITT 5,

Z DFE%E I1SCZ i (IS method with correct zero rewriting) ¥ FES,

X T, HEKEE j T Int(f); & Stab(A) KAN L7z EDOFERTBRE. HL7ALITVZLHFDTRTD
PrFMIPELWRLIE, BEOMN f %2 ACATI LTz EOFETRREL SE2IC—T %, ISCZIETIE.
B ZICBWT, ZADEL WL E S 2R T 5, 2612, EH1ITED, IRTOELaHEMHLZH
ELL R AKEENTFIET B, 18- T, ISCZIKIFARARAT vy 7 TR T L, ZOHIDKIS RO v R v
FIELWIERERE R 52 %,

INEEMHICE LD B,

FIE 2 (ISCZ EDFLLM L IEHMY)
ABAN T TEERT T332 L, 20 E, AN 3 ISCZEEE. BICHRRAT Yy 7 TKT L, IF
LWESER, $hbb, AT O hRUHEREZEZ 5,

ISCZ EDFAIE, HADELMZRETIVEN BV 2 TH S, [LEDIS [[A, B, s] IH L, A<0<B
TRVERD, EMFEEZRAX Y 732 2B TE, FEVNGHEZ T, #1537, EOTHRVMRE
ICDWTHOIERABEZEBIZ N TES, Mo T, AFEE. A0S BTRVWESENAL0LSBT
HELGEEIDDBZITNEZVIEEENTHE 0D TN TE 3,

23 YURILUR b+

ISCZ ETld, HMEREITHZIToBRCIS DY Y RAEDHBRL T LES Zehdb b, zhzlill
B, ISTHARDO Y Y FIVCHABERH WS, 2518, FARKDIED XS RS hihrERT VA M E
RT3, ZhEIYRLY 2RISR ([6]) IS-to-R DERIC, TD¥ ¥ ALY R b & W THEEAZ BT
T3,

1. R-to-IS #4719,
2. (W) K =02 L, ¥¥&LY R Symbol List #2744V A + (BEERLDYARL) T 5%,

3. 22D 18 [[a1,az], 8], [[b1, ba], ] AT B 0 € {+, 2, %, 2} ZRD X SITWEFHKT 5,
ijﬂ\ IZFEﬂg‘Bﬁj\%§+ﬁ L\ %@%ﬁ%@ BFﬂﬂ{%ﬁ% [Cl, 82] = [(11, (12] < [bl, bQ] k?%o
K+ K+1¥2L, HLWIS [[c1, 2], K] ZED. Symbol_List DARJBIC (o,s,t) 2T 5,

4. (147T) [[dy,do], K] DS I DB 25882 35, K % Symbol_List D K fFFHDEHIEE#Z, LUT
WENC AT S Y RMCATE D ETZ DM ZITV, B VRLICHIET 2 EBDOMRA L. MihT 3
W E L, S r(K) 2105 %,

I FEAES
11

X —
3 6

+ g —-% = [[0.332,0.334], 5] x [[0.165,0.167], ] + [[0.443, 0.445], u] — [[0.449, 0.501], v]

[0.054780,0.055778], 1] + [[0.443, 0.445], u] — [[0.449, 0.501], v]
[[0.497780, 0.500778], 2] — [[0.449, 0.501], ]
[[~0.003220,0.051778], 3]

DFHEMER S VRV R MTIRTET 3155,



K IS Symbol_List
FIME | 0 i
1MEHE | 1| [[0.054780,0.055778],1] [(x,s,t)]
2[\H | 2 | [[0.497780,0.500778],2] [(%,s,t),(+,1,u)]
3MHE | 3 | [[[0.003220,0.051778],3] | [(X,s,t), (+,1,u),(*,2,v)]

LIt %,
22T, #O3EHE®D IS [[—0.003220,0.051778], 3] IZIEHT 5 £, —0.003220 < 0 < 0.051778 & 75T
W5, o T, IELWEOSHRZ XD, 28l r(3) 1EL T 5., BRI,

1. Symbol List ® 3 BHOEZEZ BT 5, SHIL. (—,2,v) TH 3,

2. Symbol List 2 U Cit gzl 2, S,

(1,2,v) //Symbol_List @ 2 H&HDEZEZ ST 5,
= (2, (+,1,u),v) //Symbol List ® 1 FHDLELEZZMT 5,

= (i,(—i—,(k,s,t),u),v)

3. B Y AMIHIET 2 FRHORA L, XET2WEEML. FEHEEITT 5. SN s =
t=gu=730=3TWHETSDT,

Wl

ENE kL h
(-,(+,(><,s,t),u),v)—{{(3><6)+9} 2}_0
BLEED, +(3) =0 THEDT, IS DRSS [0,0] B2z 3,

([~0.003220, 0.051778], 3] — [[0,0], 3]

3 ME7ILI)XLADER

RARD ISCZ EZMMET NI Y X LD—DTH5F 7 Mk (F/Dt% Jarvis DITHER) (THEA L. 3
FILD I ERERR DI EEFEREIT D0 KD 3 TouEK TOX 7 VEEE 7NV TV XL TH S,
FILIdV XL 1 (X7 LEEE)

1. nfHDED 55, F—fREICIE2W 3 8% @5 T MDD TN TOENZDFHD EICHB, T

FZOFHDO—SHCHAET 2 ) bDEROT S, TD 35 (p1, p2, p3) HHEZ FHIZNME 2 MK T %
7% %,

2. FH DA popz il LT FHIZRIRX B2 EAD TR O o/ mpy ZROT 5, M popsps 1™
TOHNT2 5,

3. U psps e LTFIH2. EFT Z 2 RHIXMEULRD NS,



Z :T\ )f_\:';pi @@*,ﬂ%% (xi,yi,zi) tb;‘}:) t\

1z oy oz
| Y M REEET S
G(pispjs Pk, 1) = ) xj Ui z] >0 < 3 pi,p;,pk EMID S
BV H2 L HFROME
1 Xy yl Z]

DFALT 2 DT, ¥ 7 MEEEITEGE 0 ORI T VLTV XL TH S, Eo T, RENMHGRDOEHSE
'fq:%?lj_'ﬁfc j—o

3.1 PYRILYXDFEEL

ISCZER X7 MaEEET AT Y ZLITEA L, FHHEBEREZT-72 XDER 1. ANWE20< XY, Z <
1000 %723 7 ¥ X 2ER SN BHOM (X,Y, 2) I U TEBETT- B ERM 2, et Tik
Y ISCZETHAREZHDTH B,

ANSEFC | 100 | 500 | 1000 | 2000

ISCZiE | 11.95 | 948.2 | 15619 | 82932
FEMFE | 0719 | 21.39 | 85.17 | 291.4

& 1 3outh BT ()

ISCZ BB T EILTIE L R, KIEICEIHERBZE Lz, ZHUIS VRV Y 2 N DFERFERKTH - 7-D
T, a7 L0RERIT- T2,
WERDFETIE., 7TV RLDEBEICS Y ARLY X O L2755, BBk T e

do{
Symbol_ List:=[1; K :=0; // 2RI DAL
A TR
for i from 1 to sODE —3 do {
[/ETDORZEHRRL, RDOMEIZEENSHZ KD B
}
A = KD MEDH
}while fHETERK

L2L, 2O7BT7ILTIEY YAV Y R MIRETREIEBERED for XD DR LILHIC X > T, RO
WHAIL TRELSEEIN TV, BRINIEZ AT AL 100 R TESY YRV Y R P DOESIEHRAKT 1673,
500 51T 8473, 1000 55T 16973, 2000 5T 33973 £ 7o C\We, Z 2T, RiltRilHEREEZR I W=D
2. 7TV XLDRGERICS Y ALY X M Z2HIIET 2 DTIER . BRERET AN TY YARLY X
FEIIHET 228 T, S YRLVY R MNIREAGEITEBEIEL VWX ST 0S5 ARLITO X512
=17



do{
A JHEm
for i from 1 to ;D —3 do {
Symbol_ List:=[1; K :=0; // 2>HRILJZ DA
J//ETORZEHRR L, RDOMTUZEENSHZ KD B
}
A = KD MUl
}while HELDITERK

Fieo &7 u 70 28E LI TRD B LD HEBRE 2 TERT 5 22, SUHD
HEBREZIINES XS5, ZHICED. VARV R FDOEXIFANARICEGER L, mAT41 %
Rotze Fioy 70T T AUERT & BGEER CRHARFE 2 LLIR L 72,0

ANEEC| 100 | 500 | 1000 | 2000

BEERT | 11.95 | 948.2 | 15619 | 82932
WER | 1.881 | 46.82 | 183.5 | 740.4

= 2: 3T (1)

B S UARALY R POEXRIRRBICIZ 3 DDH LWT A F7E2EA LR Z T K2 SRR
A L =,

3.2 ETEMEER

3XITIMERE 7 VTV X ADFE 7 MUBEET ISCZ BEOMR R MR T 2 72012, fild TRLARWHEM R
IEBUHFI 2 ISCZ IED IR 2TV, (A EL K X2 0%\ %, ¥z, EPUHFIHE. ISCZ
B GEME —UIE DA VR ) IEMERTHEIC X 2 MR & HLi S 5,

FFEMIE. OS: Windows 10 Enterprise LTSC, CPU: Intel(R) Core(TM) i5-8250U, CPU @ 1.60GHz
1.80GHz, #%XEV (RAM): 8.00GB TH b, HUH Y 7 b & Maple 2020 Z{EH L 7=,

Bl AN:0<X,Y,Z <1000 Ziilif23 7 > X 2ERSI N OM (X,Y, Z)2000 51



X 1: 1SCZ i X 2: VrUEFIE

ISCZ IETIINEENT S U ETHEZHEGRTE 72 (K 1), M LUT, IELUEZE TIIEENTZ 100 £ T LT
DIMEEHERT 2 Z e B TERD -7 (K 2),

2 AJ1 I REREZT T YR MERINEROM (X,Y, Z)2000 £
~1000 < X,Y <1000, 0 < Z <2000 , 2000%(X?% +Y?) < 1000%(Z — 2000)2

3: ISCZ i 4: ELUERTE

ISCZ LTI 9 DLETME R R T E 72 (K13), MU T, TPUERHE CIIREEN % 100 £TLEIFE=D
AR T 2 2N TERI 72 (K 4),

B3 A RET T Y R MERS B OM (X,Y, 2)2000 st Ly (VX VY, VZ) 2o 7z
HD
0<X.,Y,Z <200, (X —100)? + (Y — 100)? + (Z — 100)? < 100



X 5: 1SCZ ¥ X 6: VTUEFIE

ISCZ IE TN 9 LLETME 2R TE 72 (K5), MU T, ELUERHE CIIREENT % 100 £TLIFE=R
MEZ RT3 e B TER2 -7 (K6),
ILMEFIE, ISCZ . EHEFIATOERMZ, B3 R4DEHTH 3,

| A | 100 | 500 | 1000 | 5000 | | A | 100 | 500 | 1000 | 5000 |
SERUE | 0.172 | 4.219 | 17.34 | 498.4 SERUE | 0421 | 5.110 | 20.65 | 448.2
ISCZ ik | 1.801 | 45.30 | 181.2 | 4657 ISCZ 1k | 1.782 | 47.20 | 186.3 | 4854
Rt | 6.812 | 160.0 | 596.9 | 31226 Rt | 7350 | 367843 | N | N\
7 3 3Zontel- B AT (B) # 4 3 Xonithel-REEOA T ()
3.3 EZE

IEUEEHETIIREENTZ K EC LTH IELWHEEZ R TE R o720 ML T, ISCZ iETIZELERAYER
FEIEHTCTIE LW 2 /R T E 72, o Ty 3XITMUM D ¥ 7 M EGE 7 L3 X LIRS % ISCZ i
DOHEMMEEHERTE Iz F7o, ISCZ K. EMERTHE X D SR 2 H T, R AR O
AR, BRI R 2 B L 2728, ISCZ AR X W HETH %,

4 Fr&
o DUHRINYRAFERIHEBICIMZ 3720DFH L WT A4 F7ZEA L2 2T KIEA R o Riins
MERTE T2,

o 3TUTIMEMERDF 7 FEEET LTV X AT 2 ISCZ IEOBEMNE R MR TE R, /- MEH
ROBE. Hona WA EICIEL WYY TH B 0%, FHETRDZZ e R LICKIET 3 2 2l
—HRICEEL WS, ISCZ R 213, BOBRIDDEDARERDPEICELVWI CZREL TN 5,

o SHOEIX. 3 XTMEMKICB W T, Lazy Evaluation with Expression-dags([7]) & ISCZ LD
R 2175 2 TH S,



Acknowledgements

This work was supported by the Research Institute for Mathematical Sciences, an International Joint
Usage/Research Center located in Kyoto University. Also, it was supported in part by JSPS KAKENHI
Grant Number JP18K11172.

2 £ X B

[1] Kiyoshi Shirayanagi, Moss Sweedler: A Theory of Stabilizing Algebraic Algorithms, Technical
Report 95-28, Mathematical Sciences Institute, Cornell University, 1995. 92 pages.

[2] Kiyoshi Shirayanagi, Moss Sweedler: Remarks on Automatic Algorithm Stabilization, Journal of
Symbolic Computation, Vol.26, No. 6, 1998, pp.761-766.

[3] Kiyoshi Shirayanagi, Hiroshi Sekigawa: Reducing Exact Computations to Obtain Exact Results
Based on Stabilization Techniques. In Proc. International Workshop on Symbolic-Numeric
Computation 2009 (SNC2009), 2009, pp. 191-197.

[4] B 3, B8 B (el 7 v 3 ) R A0 RGE, AR 225 4 [MIKXER, 1995, pp. 1-6.

(5] EH0 R, PO 3t bR iED < ISCZ DM DG, RIMS afZedt & 1815 % 2012,
pp- 133-142.

(6] EIHN #R, BE)II 7 e (bR ICED < ISCZ IEDO AR DOWT, RIMS ##%est 5 1814 & 2012, pp.
29-35.

[7] Stefan Schirra, Martin Wilhelm: On Interval Methods with Zero Rewriting and Exact Geometric
Computation LNCS 10693, 2017, pp. 211-226.

10



